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In this paper, we examine the influence of a spatially correlated noise
on a 2D polymer-like particle. The molecule is modeled with harmonic
potential for bonds and angular interactions and a global Lennard–Jones
potential. We present a method for generating a spatially correlated noise
if the time and spatial terms in the correlation function factorize. The dy-
namics of polymer’s shape transformation process is investigated by means
of Fourier analysis. An increase in correlation length results in the envi-
ronmentally induced stiffening of the chain.
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1. Introduction

The noise-induced behavior of molecules has been intensively researched
on over the past two decades in the context of biophysics, as it seems cru-
cial for the understanding of the intracellular transport and conformation
transitions in bioparticles. The attention of researchers is currently drawn
by phenomena like sub-diffusion which has been recently related to the tem-
poral correlations in the thermal noise [1]. However, while the presence of
white or time-correlated noise can lead to a spatiotemporal order in a variety
of systems [2,3], little is known about the effects that arise from the spatial
organization of the noise itself. Therefore, in our work, we have focused on
the influence of a Gaussian noise with purely spatial correlations (SCGN)
on the shape of a long polymer-like particle.
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We have developed a 2D model of such a molecule, characterized by mul-
tiple and well-localized energy minima that relate to the numerous possible
shapes of the polymer chain. Then, the time evolution of such a system has
been simulated, under the forcing of SCGN, to examine whether the trans-
duction between energy minima (thus, the chain’s shape as well) is affected
by the spatially structured noise as compared to the case of uncorrelated
random forcing. For a range of correlation lengths λ and noise amplitudes
kT , we have gathered data regarding the shape coefficient and analyzed the
asymptotic behavior of its power density spectra.

The paper is organized as follows: first, in Section 2 we briefly discuss
the method of spatially correlated noise generation ; in Section 3 we present
our 2D model of polymer-like particle; in Section 4 we define the shape
coefficient, which has been measured in our simulations; Section 5 covers
our simulation methodology; the Fourier analysis of our data is discussed in
Section 6; Section 7 summarizes our results.

2. Generation of SCGN

Let us define two Gaussian variables ξi and ηi, correlated in the following
manner

〈ηiηj〉 = δij , (1)
〈ξiξj〉 = Sij . (2)

The Eq. (2) defines a symmetric and positively defined correlation matrix
Ŝ, whose matrix elements are equal to (Ŝ)ij = Sij . To obtain a vector of N
correlated variables ~ξT = (ξ1, . . . , ξi, . . . , ξN )T from an uncorrelated vector
~ηT = (η1, . . . , ηi, . . . , ηN )T , first one must find the Cholesky decomposition
of matrix Ŝ

Ŝ = L̂L̂T . (3)

Here L̂ is a lower triangular matrix. Generating ~ξ from ~η requires calculating

~ξ = L̂~η . (4)

The above algorithm can be also found in [4].
In our simulation, the variable ξi is the function of both time t and

position ~ri (namely, ξi(t) = ξ(~ri, t)) that represents a stochastic, yet spatially
structured forcing driving a Langevin particle. Therefore, we assume the
spatial and temporal parts of its correlation function to factorize and we
have chosen this function to be〈

ξ(~ri, t)ξ(~rj , t′)
〉

= Sij(t) =
2kTγ
m

e−
|~ri−~rj |

λ δ(t− t′) . (5)
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In Eq. (5) k is the Boltzmann constant, T stands for temperature, γ denotes
the friction coefficient, m is a particle mass, and λ refers to a correlation
length. The norming factor is chosen in such a way that for λ → 0 it is in
agreement with the Brownian diffusion.

To numerically solve a ξi(t)-dependent differential equation, one has to
perform a Cholesky decomposition of the matrix Ŝ(t) for every integration
step, as Ŝ(t) depends on current positions ~ri(t). These frequent decomposi-
tions are the most computationally expensive part of our simulation.

Additionally, our model is two-dimensional, which means that one has to
find a vector (ξx,i(t), ξy,i(t))

T for every position ~ri(t). For the sake of simplic-
ity, we assume the x component to be independent from the y component,
which allows us to generate them independently.

In the Fig. 1, a result of a single generation procedure for the regular
network is presented. There is a distinct pattern of ordered clusters for the
correlated noise and no regularities for the non-correlated one. However,
this pattern of clusters changes entirely for different ~η.

Fig. 1. The comparison between snapshots of vector field ~ξ(~ri, t) for regular net-
work.

3. The model of 2D polymer-like molecule

Our model is based on bead-spring approach, yet extended to two dimen-
sions (so ~rTi = (xi, yi)T ), and supplied with angular interactions to provide
bending of chains and Lennard–Jones interaction that introduce excluded
volume. The bonds between beads ith and (i+1)th are modeled with har-
monic potential

UR,i = 1
2kR(|~ri+1 − ~ri| − d0)2 . (6)
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The angular interaction results from harmonic potential applied to beads
ith and (i+2)th

Uψ,i = 1
2kψ(|~ri+2 − ~ri| − l0)2 . (7)

The Lennard–Jones interactions are applied between every two beads

ULJ,ij = ε

(
σ12

|~ri − ~rj |12
− σ6

|~ri − ~rj |6

)
. (8)

The resultant potential for N beads reads

U =
N−1∑
i=1

UR,i +
N−2∑
i=1

Uψ,i +
1
2

N,N∑
i=1,j=1

ULJ,ij . (9)

With the Lennard–Jones interactions switched off (ε = 0), the geometry
that minimizes energy is given by conditions{

|~ri+1 − ~ri| = d0 ,
|~ri+2 − ~ri| = l0 .

(10)

If positions of (i+1)th and ith satisfy the relation |~ri+1−~ri| = d0, there are
always two equivalent possibilities to chose ~ri+2, so the Eq. (10) is fulfilled.
For N beads, this ambiguity leads to 2N−3 different chain shapes for the
even N , and 2N−3 + 2N/2−2 for the odd N . All of these conformations have
the same energy, equal to 0.

Introducing the ULJ,ij disturbs the condition (10), but the numerical
investigation shows that a general rule of two possible bead’s positions that
minimize the energy remains valid for a wide range of potentials’ parameters.
However, these conformations are no longer equienergetic.

An effective potential well that a single bead moves in can be easily vi-
sualized when ith bead’s 4 nearest neighbors are taken into consideration.
Having analyzed the resultant energy landscape, we have chosen the param-
eters of potential (Table I) so the effective well has 2 distinct minima for
most of local geometries. Fig. 2 illustrates the energy map for the chosen
parameters. We have analyzed the influence of local geometry disturbances
on the energy landscape. While changing angles between bonds leads to an
asymmetry in minima depth, this effect seems to be insignificant in com-
parison to the decrease of energy barrier resulting from local stretching of
the polymer (Fig. 3), which can easily facilitate the process of conformation
transition.
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TABLE I

The parameters of the model chosen for simulation. The bracket for kψ indicates
two values investigated.

Parameter N m kR d0 kψ l0 ε σ γ

Value 40 1 1 5 5(1) 8 5 4.85 5

Fig. 2. Energy landscape for a single bead. The parameters of potential have been
chosen according to Table I, with kψ = 5. Points j − 2 to j + 2 reassemble the
local geometry of chain. j1 and j2 are the two possible positions of jth bead that
minimize energy. Umin and U(0, 0) denotes minimum energy and the height of
energy barrier, respectively.

Having determined the potential U , the chain dynamics is govern by the
following system of 2N equations of motion{

ẍi + γẋi + ∂xiU = ξx (~ri, t) ,
ÿi + γẏi + ∂yiU = ξy (~ri, t) .

(11)

In Eq. (11) the coefficient γ is the friction constant, ξx(~ri, t) and ξy(~ri, t)
are SCGNs, bead mass is assumed to be equal 1.

The equations (11) describe both the inertial and dissipative dynamics
of the system, but we have investigated only the over-damped regime by
choosing relevant parameters. However, the inertial terms have not been
neglected entirely, to provide a better accuracy.
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Fig. 3. The influence of chain extension on the energy barrier height, ∆E =
U(0, 0)− Umin and ∆R = | ~rj+1 − ~rj−1|/l0.

4. Shape coefficient

The previous section emphasizes that for the proposed (Table I) param-
eters set, every bead has two positions that minimize the energy, which are
separated by a potential barrier. Hence, when a fluctuation–dissipation feed-
back is provided to the system by the stochastic forcing and the friction, the
chain geometry is going to fluctuate near one of the minima, occasionally
taking transition to another minimum. We identify these jumps as confor-
mational transitions. Thus, in order to track such events, it is convenient to
systematically describe a current chain shape by the sequence of numbers
κi = ±1 indicating the chain’s bending direction at ith site.

To determine κi one has to perform the following transformation
∆~ri = ~ri − ~ri−1 = (∆xi,∆yi)T ,
φ = − arccos ∆xi

|∆~ri| if ∆yi > 0 ,

φ = −
(

2π − arccos ∆xi
|∆~ri|

)
if ∆yi ≤ 0 ,

~r′i+1 = R̂(φ) (~ri+1 − ~ri−1) .

(12)

In Eq. (12) the matrix R̂(φ) performs a rotation about a given angle φ.
Once the ~r′i+1 = (x′i+1, y

′
i+1)T is found, the κi value is chosen according to

the following rules
y′i+1 > 0 ⇒ κi = 1 ,
y′i+1 < 0 ⇒ κi = −1 . (13)
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The series of κi for i = 2, . . . , N − 1 completely determines the minimum
energy structure that the chain geometry is closest to. However, as we are
interested in the dynamics of shape transformation process, let us define
the shape coefficient K, equal to the absolute value of the average bending
direction

K =
1
N

∣∣∣∣∣
N−1∑
i=2

κi

∣∣∣∣∣ . (14)

The coefficientK ≈ 0 indicates that there is approximately the same number
of positive and negative κi, while there is 0 < K < 1 if one of the bending
directions predominates.

In the light of Eq. (14), K(t) represents the time evolution of the bending
direction surplus, thus providing the collective description of chain shape.
The short-time behavior is strictly dependent on the number of conformation
transitions that occurred between two measurements, atK(t) andK(t+∆t),
assuming that this period is short enough that there is only a limited number
of transitions during ∆t. Hence, the short time regime informs us about the
susceptibility of the polymer conformation to disturbances inflicted by the
noise.

5. Simulation methods

In order to examine theK(t) dependence on λ and kT , we have simulated
the time evolution of the system described by Eq. (11), using parameters
from Table I. For the numerical solution of Eq. (11), we have applied the
classical 4th order Runge–Kutta method modified for stochastic differential
equations [5], with an integration time step equal to 1/128 time units. While
we are not interested in inertial effects introduced by ẍi and ÿi, we have set
γ = 5, which is enough to over-damp the system. Additionally, to enhance
equilibration process, which occurs at the beginning of each run, we have
temporally increased γ to 10 units and returned to its standard value after
25 time units.

The cases of strong (kψ = 5) and weak (kψ = 1) angular interaction have
been investigated. We have collected data of K(t) for the correlation lengths
ranging from λ = 0 to 20 units and kT = 2 to 12 units, increasing these
parameters at 5 and 2 units intervals respectively and repeating simulations
40 times for each pair of λ and kT , to provide reliable statistics. During each
run, which has been started with different initial positions, the K(t) values
have been registered for 1124 time units at the step of 1 unit, with first 100
units rejected from further analysis for the reason of system equilibration.
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6. Fourier analysis of the K(t)

The Power Density Spectrum (PDS) of K(t) reveals the contribution of
high and low frequencies in the shape transformation process. To obtain a
quantitative measure of the λ and kT influence on conformation transitions
dynamics, we have approximated the asymptotic behavior of PDS by the
power-law function. Using A(ω) to denote an averaged PDS spectrum, we
assume

A(ω) ω→+∞−→ ωα . (15)
The Fourier Transformation of K(t) has been performed to obtain the

PDS from each run. These PDS have been mean-valued for corresponding
λ and kT , log–log scaled and a linear function α lnω +C has been fitted to
their high frequency tails (ω > 0.05). In all cases, the regression error for
α was lower than ∆α = ±0.005 and the coefficient of determination R2 has
been included in a range 0.89 ≤ R2 ≤ 0.93.

The averaged PDS are presented in Fig. 4. The data for both k2 = 5
and k2 = 1 are qualitatively similar, being most divergent for λ = 0.

Fig. 4. The representative selection of mean-valued PDS.

The obtained α(λ, kT ) are illustrated in Fig. 5. It is evident that α is
falling as there is an increase in λ, for both k2 = 5 and k2 = 1. However,
while for k2 = 5 the α(λ = const., kT ) varies insignificantly with the rise
in kT , the analogical dependence for k2 = 1 tends to grow distinctly with
kT for lower λ, but this effect attenuates as λ elongates.
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Fig. 5. The values of exponents α plotted against its parameters.

7. Interpretation

As stated above, the short-time behavior of K(t), which is strictly re-
lated to the conformation transitions rate, is governed by high frequencies
in PDS. Therefore, the exponent α, being a straightforward measure of this
high frequency contribution, reflects the fact, that the presence of spatial
correlations in the thermal noise lowers the number of conformation transi-
tions per time unit. Additionally, the non-zero λ makes this rate less sensi-
tive to the temperature growth, however this effect depends on the angular
interaction strength.

The decline in conformation transition rate can be understood as an
environmentally induced stiffening of the chain. Its dependence on λ comes
as no surprise, as the noise within λ range is effectively invariant, so the
subsections of the chain shorter than λ experience almost no relative forcing
and so their shape is conserved. However, at the length scale larger than
λ these parts still move in an uncorrelated manner that leads to the local
geometry disturbances and results in conformational transitions.

Our simulations indicate that the externally introduced spatial correla-
tions in the thermal noise affect the system that is subjected to it. However,
the other aspects of this interaction and its physical justification require
further investigation. Especially, the physically valid formula for spatiotem-
poral correlation function, derived from microscopic consideration, is yet to
be identified. However, we have shown that the effective means to simulate
these kinds of systems are available, providing that the spatial and temporal
parts of the correlation function factor out.
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