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REMARKS ON DEFORMATION QUANTIZATIONON THE CYLINDERJ.F. Pleba«skiay, M. Przanowskia;bz, J. Tosiekbxand F.J. Turrubiatesa{aDepartment of Physis Centro de Investigaión y de Estudios Avanzados del IPNApartado Postal 14-740, Méxio, D.F., 07000, MéxiobInstitute of Physis Tehnial University of �ód¹Wólza«ska 219, 93-005, �ód¹, Poland(Reeived February 8, 1999; revised version reeived September 23, 1999)Some problems of the deformation quantization for the partile on theirle are onsidered. It is argued that, from the physial point of view, itseems to be neessary to deal with �quantized� lassial phase spae. Theompat form of the Moyal �-produt is given.PACS numbers: 03.65.CaIn memory of Professor Moshé Flato and Professor André Lihnerowiz1. IntrodutionThe idea of deformation quantization was introdued by Bayen, Flato,Fronsdal, Lihnerowiz and Sternheimer, in their beautiful papers [1℄ where,starting from the old ideas of Weyl [2℄, Wigner [3℄, Moyal [4℄, Gerstenhaber[5℄ and Vey [6℄, they �... suggest that quantization be understood as adeformation of the struture of the algebra of lassial observables, ratherthan a radial hange in the nature of the observables.� This quantizationarises as a deformation of the usual produt algebra of the smooth funtionson the lassial phase spae and then as a deformation of the Poisson braketalgebra. The deformed produt is alled the �-produt (in our paper weall it the Moyal �-produt) and it has been proved that suh a produtexists for any sympleti manifold [7,8,9℄. (Reently it has been shown byy e-mail: pleban��s.investav.mxz e-mail: mprzan�k-sg.p.lodz.plx e-mail: tosiek�k-sg.p.lodz.pl{ e-mail: fturrub��s.investav.mx (561)



562 J.F. Pleba«ski et al.Kontsevih [10℄ that a deformation quantization exists also for any Poissonmanifold). This result evidently justi�es the suggestion of Bayen, Flato et al.However, the ruial point is to make that formal deformation quantizationbe a physial theory orresponding to quantum mehanis. Although itappears to be an easy problem in the ase of Cartesian phase spae R2n ; itis not so in more general ases.In this paper we deal with the deformation quantization on the ylinderand we show that it seems to be neessary to redue the lassial phase spaeR�S1 to the following subset: ~Z�S1. This result is in agreement with theprevious results by Mukunda [11℄, Berry [12℄ and Kasperkovitz and Peev [13℄and we suppose that similar redution or quantization of the lassial phasespae will be observed in other ases when the topology of the oordinatespae is non-trivial.Our paper is organized as follows. In Setion 2 we onsider the deforma-tion quantization on R � R. We deal with operator bases: bU(�; �) (unitarybasis), b
(p; q) (the Stratonovih-Weyl quantizer) and bI(�; �) (bI(�; �) :=bU(�; �) bP with bP being the parity operator) and we �nd the relations be-tween these bases. Then the Moyal �-produt and the Moyal braket arepresented.In Setion 3 the deformation quantization on the ylinder R � S1 isinvestigated. We argue that from the physial point of view one should usethe disrete Stratonovih-Weyl quantizer given by Mukunda [11℄, rather thanthe usual Stratonovih-Weyl quantizers onsidered by Gadella et al [14℄ orArratia and del Olmo [15℄. Finally, the ompat form of the Moyal �-produton the ylinder is found and it is pointed out that in the ase of (physial)deformation quantization on the ylinder the lassial phase spae R � S1should be quantized to be ~Z� S1.2. Deformation quantization on R � RWe reall some results onerning the deformation quantization on theCartesian phase spae (for details see [1-4,13,16-20℄). The sympleti 2-form! is de�ned by ! = dp ^ dq; (p; q) 2 R2 : (2.1)Let f = f(p; q) be a tempered distribution on R2 and ef = ef(�; �)ef = ef(�; �) := ZR2 f(p; q) exp f�i(�p+ �q)g dpdq (2.2)



Remarks on Deformation Quantization on the Cylinder 563its Fourier transform. Then, aording to the Weyl rule, the quantum oper-ator orresponding to f is de�ned as followsbf = W (f(p; q)) := 1(2�)2 ZR2 ef(�; �)bU (�; �)d�d� ; (2.3)where the family of unitary operators nbU(�; �) : (�; �) 2 R2o is given bybU(�; �) := exp fi(�bp+ �bq)g ; (�; �) 2 R2 (2.4)with bp and bq being the momentum and position operators, respetively.Using the Baker-Campbell-Hausdor� formula we getbU(�; �) = exp�� i2~��� exp(i�bp) exp(i�bq)= exp� i2~��� exp(i�bq) exp(i�bp) : (2.5)Using also the relationsexp(i�bp) j qi =j q � ~�i ,exp(i�bq) j pi =j p+ ~�i (2.6)one quikly �nds that the unitary operator bU(�; �) an also be written inthe following equivalent formsbU(�; �) = +1R�1 bU(�; �) j qidqhq j= +1R�1 exp(i�q) j q � ~�2 idqhq + ~�2 j ,bU(�; �) = +1R�1 bU(�; �) j pidphp j= +1R�1 exp (i�p) j p+ ~�2 idphp� ~�2 j . (2.7)Employing (2.7) we easily obtain the important relationsTr nbU(�; �)o = 2�~ Æ(�)Æ(�) (2.8)



564 J.F. Pleba«ski et al.and Tr nbU+(�; �)bU (�0 ; �0)o = 2�~ Æ(�� �0)Æ(� � �0) : (2.9)Multiplying the both sides of (2.3) by bU+(�; �), taking the trae and using(2.9) one gets ef = ef(�; �) = 2�~Tr nbU+(�; �) bfo : (2.10)From (2.2) and (2.3) it is evident that we an relate f = f(p; q) and bfdiretly aording to the following rulebf = ZR2 f(p; q)b
(p; q)dpdq2�~ ; (2.11)where b
 = b
(p; q) is the operator-valued distributionb
 = b
(p; q) := ~2� ZR2 expf�i(�p+ �q)gbU (�; �)d�d� (2.12)alled the Stratonovih�Weyl quantizer [18�20℄.From (2.7) and (2.12) we getb
(p; q) = +1Z�1 exp� i�p~ � ���q + �2Ed�Dq � �2 ���b
(p; q) = +1Z�1 exp�� i�q~ � ���p+ �2Ed�Dp� �2 ��� (2.13)Then one quikly �nds the following important properties of b
(p; q) :b
+(p; q) = b
(p; q) (2.14)Tr nb
(p; q)o = 1 (2.15)Tr nb
(p; q)b
(p0 ; q0)o = 2�~Æ(p � p0)Æ(q � q0) (2.16)Consequently, from (2.11) and (2.16) we havef = f(p; q) = Tr nb
(p; q) bfo : (2.17)



Remarks on Deformation Quantization on the Cylinder 565Therefore (2.15) whih an be rewritten in the form Tr nb
(p; q)b1o = 1means that under the quantization proess the obvious orrespondene1$ b1 (2.18)holds.Then one gets also the useful onditionsTr nbU+(�; �)b
(p; q)o = exp f�i(�p+ �q)g ;Tr nb
(p; q)bU (�; �)o = expfi(�p+ �q)g ; (2.19)whih enable us to write the orrespondene between two operator basesbU(�; �) and b
(p; q) in the following formb
(p; q) = ~2� ZR2 Tr nbU+(�; �)b
(p; q)o bU(�; �)d�d� ;bU(�; �) = ZR2 Tr nb
(p; q)bU (�; �)o b
(p; q)dpdq2�~ : (2.20)It is well known that there exists a lose relation between the Stratonovih-Weyl quantizer b
(p; q) and the parity operator bP de�ned bybP := +1Z�1 j qidqh�q j= +1Z�1 j pidph�p j (2.21)(see [21℄ and [13℄ for details).De�ne bI = bI(�; �) := bU(�; �) bP : (2.22)Of ourse bI(0; 0) = bP . Substituting (2.7) and (2.21) into (2.22) one getsbI(�; �) = +1Z�1 exp(i�q)���q � ~�2 EdqD� q � ~�2 ���= +1Z�1 exp(i�p)���p+ ~�2 EdpD� p+ ~�2 ��� : (2.23)



566 J.F. Pleba«ski et al.From (2.23) we easily obtainbI+(�; �) = bI(�; �) = bI�1(�; �) (2.24)i.e., the operator bI(�; �) is both, self-adjoint and unitary for every(�; �) 2 R2 .Then from (2.22) with (2.24) one hasbI(�; �) = bU ��2 ; �2� bP bU ���2 ;��2� : (2.25)Finally, omparing (2.13) with (2.23) one arrives at the following importantrelation b
(p; q) = 2bI �2p~ ;�2q~ � =) b
(0; 0) = 2bI(0; 0) = 2 bP : (2.26)Consequently, the operator bases b
(p; q) and 2bI(�; �) overlap for theR2 ase.As we will see in the next setion this situation hanges drastially whenthe ylindrial phase spae is onsidered.Let the funtions f1 = f1(p; q) and f2 = f2(p; q) orrespond to theoperator bf1 and bf2, respetively, i.e., f1(p; q) = W�1( bf1) = Tr fb
(p; q) bf1gand f2(p; q) = W�1( bf2) = Tr fb
(p; q) bf2g. The question is what a funtionorresponds to the produt of operators bf1 bf2. Denoting this funtion by(f1 � f2)(p; q) := W�1( bf1 bf2) and employing (2.11) and (2.17) one quikly�nds(f1 � f2)(p; q) = Tr nb
(p; q) bf1 bf2o= RR4 f1(p0; q0)Tr nb
(p; q)b
(p0; q0)b
(p00; q00)o f2(p00; q00)dp0dq0dp00dq00(2�~)2 (2.27)using (2.13) we haveTr nb
(p; q)b
(p0; q0)b
(p00; q00)o= 4 exp �2i~ [(q � q0)(p� p00)� (q � q00)(p� p0)℄	 . (2.28)



Remarks on Deformation Quantization on the Cylinder 567Substituting (2.28) into (2.27) one gets the Moyal �-produt of f1 and f2[4,16-20℄(f1 � f2)(p; q) = 4 RR4 ff1(p+ p0; q + q0)� exp�2i~ (q0p00 � q00p0)	 f2(p+ p00; q + q00)gdp0dq0dp00dq00(2�~)2 : (2.29)Assuming that f1, f2 2 C1(R2 ) we an expand f1(p + p0; q + q0) andf2(p+ p00; q + q00) in the formal Taylor series at the point (p; q) 2 R2 . Thenperforming some simple manipulations (see [20℄ for details) we obtain thefollowing formal result (also alled the Moyal �-produt of f1 and f2)(f1 � f2)(p; q) = f1 exp� i~2  !P � f2 ; (2.30)where  !P is the Poisson operator !P :=  ���q �!��p �  ���p �!��q = !ij  ���xi �!��xj ; i; j = 1; 2(x1; x2) � (p; q); (2.31)!ij stands for the inverse tensor to the sympleti form ! de�ned by (2.1),i.e., !ij!jk = Æik.Then the Moyal braket is de�ned byff1; f2gM := 1i~ (f1 � f2 � f2 � f1): (2.32)One quikly �nds thatlim~�!0 ff1; f2gM = f1 !P f2 := ff1; f2gP (2.33)(assuming that �f1�~ = 0 = �f2�~ ).Gathering, we are led to the following onlusion.Let C1(R2)[[~℄℄ be a linear spae of formal power seriesa(p; q; ~) = 1Xk=0 ~kak(p; q) (2.34)with ak(p; q) 2 C1(R2). Then the assoiative, non-ommutative algebra(C1(R2)[[~℄℄; �) where the Moyal �-produt is given by (2.30) is alled theMoyal �-algebra and this algebra is the �rst known example of the so alleddeformation quantization [1,8,9,22℄.



568 J.F. Pleba«ski et al.The Lie algebra (C1(R2)[[~℄℄; f�; �gM ) known as the Moyal braket alge-bra, is a deformation of the Poisson braket algebra (C1(R2); f�; �gP ).Now we �nd the Fourier transform f̂1 � f2 of f1 � f2. From (2.3) and(2.10) one gets� ef12 ef2� (�; �) := �f̂1 � f2� (�; �) = 2�~Tr nbU+(�; �) bf1 bf2o= ~(2�)3 RR4 h ef1(�0; �0)Tr nbU+(�; �)bU (�0; �0)bU (�00; �00)o� f2(�00; �00)id�0d�0d�00d�00 . (2.35)ButTr nbU+(�; �)bU (�0; �0)bU (�00; �00)o= 2�~ exp� i~2 (�0�00 � �00�0)	 Æ (�0 + �00 � �) Æ (�0 + �00 � �) : (2.36)Substituting (2.36) into (2.35) we obtain� ef12 ef2� (�; �)= 1(2�)2 RR2 ef1(�0; �0) exp � i~2 (�0�� ��0)	 ef2(�� �0; �� �0)d�0d�0 (2.37)(ompare with [13℄).The Weyl orrespondene between the tempered distributions on thephase spae R2 and the operators in the rigged Hilbert spae (or the Gelfandtriplet) S(R) � L2(R) � S0(R) ; (2.38)where S(R) is the Shwartz spae and S0(R) is the spae of tempered dis-tributions on R, has two natural properties. Namely, if f = f(p) then from(2.11) and (2.13) one hasbf = ZR3 f(p) exp�� i�q~ � ���p+ �2Ed�dpdq2�~ Dp� �2 ���= +1Z�1 f(p) j pidphp j= f(bp); (2.39)if g = g(q) then



Remarks on Deformation Quantization on the Cylinder 569
bg = ZR3 g(q) exp� i�p~ � ���q + �2Ed�dpdq2�~ Dq � �2 ���= +1Z�1 g(q) j qidqhq j= g(bq) : (2.40)Another important question whih should be also onsidered is the one on-erning the transformation law for the Stratonovih-Weyl quantizer b
 =b
(p; q) under the harateristi group for our physial system i.e., the Galileigroup q0 = q + vt+ q0 ;t0 = t+ b ;p0 = p+m0v; b; q0 2 R ; (2.41)where t; v and m0 denote time, veloity and mass, respetively.Inserting (2.41) into (2.13), using also (2.6) one quikly �ndsb
(p0; q0) = +1R�1 expn i�(p+m0v)~ o ���q + vt+ q0 + �2Ed�Dq + vt+ q0 � �2 ���= +1R�1fexp� i�p~ � exp� i�m0v~ � exp�� i~(vt+ q0)bp	� j q + �2 id�hq � �2 j exp� i~ (vt+ q0)bp	g= +1R�1fexp� i�p~ � exp�� i~(vt+ q0)bp	 exp� i~m0vbq	� j q + �2 id�hq � �2 j exp�� i~m0vbq	 exp� i~(vt+ q0)bp	g= fexp� i~ [�(vt+ q0)bp+m0vbq℄	 b
(p; q)� exp�� i~ [�(vt+ q0)bp+m0vbq℄	g : (2.42)The formula (2.42) says that b
(p; q) transforms aording to the irreduibleprojetive unitary representation of the Galilei group.



570 J.F. Pleba«ski et al.Finally, we onsider some fats onerning the Wigner funtion and theevolution equations.If b� = b�+ is the density operator representing the state of our systemthen aording to Weyl orrespondene (2.17)� = �(p; q) := W�1(b�) = Tr nb
(p; q)b�o : (2.43)Wigner funtion w = w(p; q) is de�ned to bew = w(p; q) = 12�~�(p; q) : (2.44)It is an easy matter to show the following relationsb� = b�+ () w = w ; (2.45)Tr (b�) = 1() ZR2 w(p; q)dpdq = 1 ; (2.46)Tr �b�bg+bg� � 0() ZR2 (g � g) (p; q)w(p; q)dpdq � 0 ; (2.47)where the overbar stands for the omplex onjugation.[Note that by (2.47) the states in terms of deformation quantization, arede�ned as the positive funtionals on the Moyal �-algebra i.e., the funtionalsw = w(p; q) whih satisfy the onditionZR2 (g � g) (p; q)w(p; q)dpdq � 0 (2.48)for every g = g(p; q) (ompare with [23℄)℄.The expeted value of an observable bf readsD bfE = RR2 f(p; q)w(p; q)dpdqRR2 w(p; q)dpdq : (2.49)The Liouville-von Neumann evolution equation takes the form ofdwdt = fH;wgM (2.50)



Remarks on Deformation Quantization on the Cylinder 571where H is the Hamiltonian of our system.Finally, the Heisenberg equation an be written as followsdfdt = ff;HgM : (2.51)3. Quantization on the ylinderHere we deal with the quantization of the system onsisting of a spinlesspartile on the irle S1. The phase spae is now the ylinder R�S1. Wedenote the angle oordinate by � 2 [��; �) and the momentum onjugatedwith � by p 2 (�1;1). The sympleti form ! is! = dp ^ d� : (3.1)First we reall the quantization proedure given by Mukunda [11℄ andBerry [12℄ and we also onsider some results obtained by Kasperkovitz andPeev [13℄ although we don't use their formalism in whih the extension ofthe period to 4� is assumed.By analogy to the R2 ase onsider the family of unitary operatorsbU(�; �) = expni��~ bp+ �b��o ; (�; �) 2 R2 : (3.2)However, as the operators (3.2) at on the Hilbert spae L2(S1), � must bean integer.Moreover, for any k; l;m 2 ZbU (m; � + 2k�) j li = fexp �� i2(� + 2k�)m	 exp� i~ (� + 2k�)bp	� exp�imb�� j lig= (�1)mk exp �� i2�m� exp � i~�bp� j l +mi= (�1)mk bU (m; �) j li ; (3.3)where j li denotes the eigenket of bpbp j li = l~ j li; l 2 Z : (3.4)Hene, bU (m; � + 2k�) = (�1)mk bU (m; �) (3.5)



572 J.F. Pleba«ski et al.and therefore, in order to have the family of independent unitary operatorsone an take �� � � < �: Gathering, in the present ase the analogue ofthe family (2.4) readsnbU (m; �) : m 2 Z;�� � � < �obU (m; �) = expni� �~ bp+mb��o : (3.6)Then bU (m; �) an be written in the form ofbU (m; �) = 1Pk=�1 bU (m; �) j kihk j= 1Pk=�1 exp �� i2�m� exp � i~�bp� exp�imb�� j kihk j= 1Pk=�1 exp�i� �k + m2 �	 j k +mihk j (3.7)or in terms of the oordinate basis j �i+�Z�� j �id�h� j= b1; h� j �i = Æ(S) �� � �0� ; (3.8)(where Æ(S) (�) is the Dira delta on the irle S1), in the form ofbU (m; �) = +�Z�� bU (m; �) j �id�h� j= +�Z�� expnim�� � �2�o j [� � � ℄id�h� j= +�Z�� exp (im�) ���h� � �2 iEd�Dh� + �2 i��� ; (3.9)where the symbol [��� ℄ means that [��� ℄ := ���+2k� with suh a k 2 Zthat [� � � ℄ 2 [��; �):Then one �nds the following relationsTr nbU (m; �)o = 1Xk=�1 exp (ik�) Æm;0 = 2�Æm;0Æ(S) (�) (3.10)



Remarks on Deformation Quantization on the Cylinder 573and Tr nbU+ (m; �) bU (m0; � 0)o= Æm;m0 1Pk=�1 exp� i2m (� 0 � �)	 exp fik (� 0 � �)g= 2�Æm;m0Æ(S) (� � � 0) : (3.11)Now we are going to �nd the Weyl rule of quantization on the ylinder. Letf = f(p; �) be a funtion on the ylinder and let bf = W (f(p; �)) be theorresponding operator.We an expand bf with respet to bU (m; �) basisbf = W (f(p; �)) = 1(2�)2 1Xm=�1 +�Z�� eF (�;m)bU (m; �) d� ; (3.12)where eF = eF (�;m) is some funtion. By the analogy to the R2 ase onean expet that eF (�;m) should be assumed to be the Fourier transform off(p; �). But if so then a severe problem arises. From (3.12) using (3.11) wegeteF (�;m) = 2�Tr nbU+ (m; �) bfo ; m 2 Z and� � � � < � : (3.13)Thus (3.13) shows that the operator bf given by (3.12) de�nes the funtioneF (�;m); m 2 Z; only for � 2 [��; �): Consequently, if we want eF = eF (�;m)to be the Fourier transform of f = f(p; �) we are not able to extrat allthe information about this transform from the formula (3.12) but only itsvalues for �� � � < � (and not for all � 2 (�1;1)). Thus one annot alsoreonstrut the funtion f = f(p; �) from the orresponding operator bf .Therefore we propose another interpretation of the expansion oe�ientseF (�;m) (This approah within slightly di�erent formalism was given byMukunda [11℄).Consider the following distribution on the ylinder R�S1F = F (p; �) := 1Xn=�1 f(n~; �)Æ(p� n~): (3.14)



574 J.F. Pleba«ski et al.Then we de�ne eF = eF (�;m) to be the Fourier transform of FeF = eF (�;m) := 1Z�1 dp +�Z�� d�F (p; �) expn�i��~p+m��o= 1Xn=�1 +�Z�� d�f(n~; �) exp f�i (�n+m�)g : (3.15)From the de�nition (3.15) it follows that eF (� +2k�;m) = eF (�;m) for every� 2 (�1;1) andm 2 Z. Hene, the formula (3.13) gives all the informationabout eF and, onsequently, about F given by (3.14). But of ourse F isompletely de�ned by the values of the funtion f = f(p; �) on the followingset ~Z�S1 � R�S1 : (3.16)Conluding, the Weyl rule of quantization given by (3.12), (3.14) and (3.15)gives the one to one orrespondene between funtions on ~Z�S1 � R�S1and the operators in the Hilbert spae L2(S1):Inserting (3.15) into (3.12) one getsbf = W (f(p; �)) = 1Xn=�1 +�Z�� f(n~; �)b
(n; �)d�2� ; (3.17)where b
(n; �) := 12� 1Pn=�1 +�R�� exp f�i (�n+m�)g bU(m; �)d�;n 2 Z;�� � � < �: (3.18)Comparing (3.17) and (3.18) with (2.11) and (2.12) we �nd that b
(n; �)resembles very muh the Stratonovih�Weyl quantizer b
(p; q). The importantdi�erene is that b
(n; �) is de�ned on Z�S1 and not on all the lassial phasespae R�S1. Therefore we all it the disrete Stratonovih-Weyl quantizerfor the ylinder.From (3.18) with (3.10) and (3.11) one quikly gets the following prop-erties of b
(n; �) b
+(n; �) = b
(n; �) ; (3.19)Tr nb
(n; �)o = 1 ; (3.20)Tr nb
(n; �)b
(n0; �0)o = 2�Æn;n0Æ(S)(� � �0) : (3.21)



Remarks on Deformation Quantization on the Cylinder 575Then using (3.7) or (3.9) we haveb
(n; �) = exp (�2in�) 1Pk=�1fexp (2ik�) [j 2n� kihk j+ 2� 1Pl=�1 (�1)l(2l+1) exp f�i (2l + 1) �g j 2(n+ l)� k + 1ihk j℄g (3.22)or (ompare with [11℄)b
(n; �) = +�Z�� exp(i�n)���h� + �2 iEd�Dh� � �2 i��� : (3.23)Employing (3.21) one an easily extrat f(n~; �) from (3.17) to bef(n~; �) = Tr nb
(n; �) bfo : (3.24)Note also that b
(n; �) leads to two natural relations whih hold also in theR2 ase (see (2.39) and (2.40)). Namely if f = f(p) then by (3.17) with(3.22) bf = 1Xk=�1 f(k~) j kihk j= f(bp) (3.25)if g = g(exp(i�); exp(�i�)) then by (3.23)bg = +�Z�� g(exp(i�); exp(�i�)) j �id�h� j= g(exp(ib�); exp(�ib�)) : (3.26)We now prove a simple theorem that shows how restritive is the ondition(3.25).Theorem 1 There doesn't exist a family of operators in L2(S1).nb�(p; �) : p 2 R;�� � � < �o suh that i) Tr nb�(p; �)o = a 2 R for everyp and � ii) 1R�1 dp �R�� d�2�f(p)b�(p; �) = f(bp) for every f = f(p):Proof. Assume that ii) holds true. Then,1Z�1 dpf(p) +�Z�� d�2� hk j b�(p; �) j ki = f(k~) (3.27)



576 J.F. Pleba«ski et al.for every j ki and every funtion f = f(p). Hene12� +�Z�� d�hk j b�(p; �) j ki = Æ (p� k~) : (3.28)Summing up both sides of (3.28) with respet to k and using i) one getsa = 1Xk=�1 Æ (p� k~) (3.29)whih is, of ourse a ontradition.This theorem leads to an important onlusion. If one wants the quan-tization of the partile on the irle S1 to satisfy a simple and natural on-dition (3.25), then the orresponding Stratonovih-Weyl quantizer must bede�ned on J�S1, where J is some disrete subset of R. Moreover, it is aneasy matter to prove that J = Z. Indeed we haveTheorem 2 Let nb�(�; �) : � 2 J � R ; � � � � < �o be a family of oper-ators in L2(S1) suh that i) Tr nb�(�; �)o = a 2 R for every � 2 J and� 2 [��; �) ii)P�2J �R�� d�2�f(�~)b�(�; �) = f(bp) for every funtion f = f(p) onR�S1, then J = Z and a = 1.Proof. Let f = f(p) be of the formf = f(p) = � 1 for p = m~0 for p 6= m~for some m 2 Z. Then from i) and ii) one hasX�2Jf(�~) +�Z�� d�2�Tr nb�(�; �)o =X�2Jaf(�~) = Tr ff (bp)g = 1 : (3.30)Hene m 2 J and a = 1. As m is an arbitrary element of Z, Z � J. Letnow �0 2 J be any element of J and assume the funtion f = f(p) to be ofthe following form f = f(p) = � 1 for p = �0~0 for p 6= �0~ :



Remarks on Deformation Quantization on the Cylinder 577Thus we have (rememeber that a = 1)P�2Jf(�~) +�R�� d�2�Tr nb�(�; �)o = f(�0~) = 1 = Tr ff (bp)g= Pk2Zhk j f (bp) j ki = Pk2Zf(k~) : (3.31)Hene �0 2 Z=) J� Z. Consequently, J = Z. The proof is omplete.This result an be interpreted as the quantization (disretization) of thelassial phase spae. In another word one an assume that the deformationquantization on the ylinder onsists not only in the Moyal �-deformation ofthe usual produt algebra C1(R�S1) but also in reduing the lassial phasespae R�S1 to its subset ~Z�S1. We suppose that similar disretization ofthe phase spae should be observed for other oordinate spaes of non-trivialtopology.Of ourse this hanges the original idea of deformation quantization andalso the idea of an axiomati approah to the Stratonovih-Weyl orrespon-dene between funtions on the phase spae and the quantum operators[14,15,18,19℄.Now we study the rule of transformation for b
(n; �) under the followinggroup of transformations ating on Z�S1n0 = n+ n0; n0; n; n0 2 Z;�0 = [� + �0℄; � � � �0; �; �0 < � : (3.32)Substituting (3.32) into (3.22) after straightforward alulations one getsb
(n+ n0; [� + �0℄) = bU(n0;��0)b
(n; �)bU+(n0;��0) ; (3.33)where, aording to (3.6),bU(n0;��0) = exp�i���0~ bp+ n0b��� : (3.34)(Compare (3.33) with (2.42)). Thereforeb
(n; �) = bU(n;��)b
(0; 0)bU+(n;��) : (3.35)Consequently, having b
(0; 0) and the group property (3.33) we an �ndb
(n; �) for every n 2 Z and every � 2 [��; �).An interesting question arises. Assume that we don't know the family ofoperators nb
(n; �)o whih enter into the formula (3.17), but we assume that



578 J.F. Pleba«ski et al.the group property (3.33) and the natural properties (3.25) and (3.26) aresatis�ed for this family. The question is what information one an extratfrom these assumptions. Simple alulations show that with (3.33) assumedwe get (3:25) () hk j b
(0; 0) j ki = Æk;0 8k 2 Z (3.36)and (3:26) () 1Xn=�1hn j b
(0; 0) j n+ ki = 1 8k 2 Z : (3.37)Of ourse b
(n; �) onsidered by Mukunda [11℄ and given here by (3.18)satis�es (3.36) and (3.37). Note, that taking in (3.37) k = 0 we obtainTr nb
(0; 0)o = 1 : (3.38)The same ondition follows from (3.36) when the sum of both sides of therelation hk j b
(0; 0) j ki = Æk;0 is onsidered.By (3.35) Tr nb
(n; �)o = Tr nb
(0; 0)o. Thus one arrives at the onlu-sion that the group property (3.33) and the onditions (3.25) or (3.26) yieldthe trae ondition (3.20).Now we examine the relation between b
(n; �) given by (3.18) and theparity operator bP whih is de�ned as followsbP := 1Xk=�1 j kih�k j= +�Z�� j �id�h�� j (3.39)(ompare with (2.21)). Then analogously as in the R2 ase we de�nebI(n; �) := bU(n; �) bP : (3.40)Inserting (3.7) or (3.9) and (3.39) into (3.40) one hasbI(n; �) = 1Xk=�1 expni� �k + n2�o j k + nih�k j (3.41)or bI(n; �) = +�Z�� exp (in�) ���h� � �2 ℄Ed�D� h� + �2i��� ; (3.42)respetively.



Remarks on Deformation Quantization on the Cylinder 579It is an easy matter to prove the following properties of bI(n; �)bI+(n; �) = bI(n; �) (3.43)Tr nbI(n; �)o = 12 f1 + (�1)ng (3.44)Tr nbI(n; �)bI(n0; �0)o = 2�Æn;n0Æ(S)(� � �0) : (3.45)Then one has also the group property similar to (3.33) but only for bI(2n; �)i.e., bI(2(n+ n0); [� + �0℄) = bU �n0; �02 � bI(2n; �)bU+�n0; �02 � (3.46)n; n0 2 Z, �; �0 2 [��; �) :From (3.22), (3.39) and (3.41) employing also (3.21) and (3.45) we getb
(0; 0) = bP + 2� 1Pk;l=�1 (�1)l(2l+1) j 2l � k + 1ihk j ; (3.47)b
(n; �) = bI(2n; [�2�℄) + 2� 1Pk=�1 exp(2ik�)�( 1Pl=�1 (�1)l(2l+1) exp f�i(2l + 1)�g j 2(n+ l)� k + 1ihk j) ; (3.48)b
(n; �) = 1Pn0=�1 +�R�� Tr nbI(n0; �0)b
(n; �)o bI(n0; �0)d�02� ; (3.49)bI(n; �) = 1Pn0=�1 +�R�� Tr nb
(n0; �0)bI(n; �)o b
(n0; �0)d�02� ; (3.50)where Tr nbI(n0; �0)b
(n; �)o = 2� 1Pk=�1fÆn0;2nÆ(S) (�0 + 2�)+ 1� h1� (�1)n0i (�1)n0�12 �n+kn0�2n exp(�in0�)Æ(S)(�0)g : (3.51)Now it is evident that one an use the family nbI(n; �) : n 2 Z; � 2 [��; �)oas the basis of operators ating in the Hilbert spae L2(S1). This basis hasbeen used in the paper by Kasperkovitz and Peev [13℄.



580 J.F. Pleba«ski et al.Thus we an de�ne the orrespondene between funtions on the phasespae R�S1 and the operators in the following formbF :=  1Xn=�1 +�Z�� f(n~; �)bI(n; �)d�2� ; (3.52)where  6= 0 is some real number. Using (3.45) one getsf(n~; �) = 1Tr nbI(n; �) bFo : (3.53)However, we an easily show that the orrespondene given by (3.52) and(3.53) doesn't satisfy both (3.25) and (3.26) onditions. Indeed, for f = 1one has 1Pn=�1 +�R�� 1bI(n; �) d�2�=  b1 + 2� 1Pk;l=�1 (�1)l2l+1 j 2l � k + 1ih�k j! 6= b1 8 2 R � f0g :(3.54)Moreover, as we know from (3.46), only the family nbI(2n; �)o has the groupproperty similar to that given by (3.33). Consequently, the operator basisnb
(n; �)o seems to be more justi�ed from the physial point of view thannbI(n; �)o.From the onsiderations of the present setion it follows that the basisnb
(n; �)o de�nes a one to one orrespondene between funtions on the�quantized� phase spae ~Z�S1 and the operators ating in L2(S1) (or morepreisely in the Gelfand triplet C1(S1) � L2(S1) � (C1(S1))0).Now we are in a position to �nd the Moyal �-produt for the quantizationon the ylinder.Let f1 = f1(n~; �) and f2 = f2(n~; �) be arbitrary funtions on ~Z�S1and let bf1 and bf2 be the orresponding operators. As in the R2 ase wedenote by f1 � f2 = (f1 � f2)(n~; �) the funtion whih orresponds to theprodut bf1 bf2.



Remarks on Deformation Quantization on the Cylinder 581From (3.24) and (3.17) one gets(f1 � f2)(n~; �) = Tr nb
(n; �) bf1 bf2o = 14�2 1Pn0;n00=�1 +�R�� d�0 (3.55)� +�R�� d�00 nf1(n0~; �0)Tr nb
(n; �)b
(n0; �0)b
(n00; �00)o f2(n00~; �00)o :Employing (3.22) and the formula2� 1Pk=�1 (�1)k(2k+1) exp fi(2k + 1)�g = 4� 1Pk=0 (�1)k(2k+1) os f(2k + 1)�g= sgn fos(�)g ; (3.56)where, as usual, the funtion sgn(x) is de�ned bysgn(x) = 8<: 1 x > 00 x = 0�1 x < 0 (3.57)we �nd the fundamental resultTr nb
(n; �)b
(n0; �0)b
(n00; �00)o= exp f2i[(n00 � n)(�0 � �)� (n0 � n)(�00 � �)℄g� {1 + sgn (os (�00 � �)) sgn (os (�0 � �))+ sgn (os (�0 � �)) sgn (os (�00 � �0))+ sgn (os (�00 � �0)) sgn (os (�00 � �))} . (3.58)Inserting (3.58) into (3.55) and hanging the variables, '0 := �0 � �; '00 :=�00 � �; m0 := n0 � n and m00 := n00 � n one obtains(f1 � f2)(n~; �) = 14�2 1Pm0;m00=�1 +�R�� d'0� +�R�� d'00f1((n+m0)~; � + '0)� exp f2i (m00'0 �m0'00)g�{1 + sgn (os'00) sgn (os'0)+ sgn (os'0) sgn (os ('00 � '0))+ sgn (os ('00 � '0)) sgn (os'00)gf2((n+m00)~; � + '00)} . (3.59)



582 J.F. Pleba«ski et al.Now we show that using the formal expansions of f1((n+m0)~; �+ '0) andf2((n+m00)~; � + '00) one an bring (3.59) to the form similar to (2.30).To this end we insert into (3.59)f1((n+m0)~; � + '0) = 1Pk=0 1k! �kf1(p;�+'0)�pk jp=n~(m0~)kf2((n+m00)~; � + '00) = 1Pk0=0 1k0! �k0f2(p;�+'00)�pk0 jp=n~(m00~)k0 : (3.60)Thus (f1 � f2)(n~; �) = 14�2 1Pm0;m00=�1 1Pk;k0=0 +�R�� d'0 +�R�� d'00� 1k!k0! �kf1(p;�+'0)�pk jp=n~(m0~)k(m00~)k0 exp f2i (m00'0 �m0'00)g� {1 + sgn (os'00) sgn (os'0) + sgn (os'0) sgn (os ('00 � '0))+ sgn (os ('00 � '0)) sgn (os'00)}�k0f2(p;�+'00)�pk0 jp=n~= 14�2 1Pm0;m00=�1 1Pk;k0=0 +�R�� d'0 +�R�� d'00� 1k!k0! �kf1(p;�+'0)�pk jp=n~ �� ~2i�k h �k�'00k exp(�2im0'00)i� � ~2i�k0 [ �k0�'0k0 exp(2im00'0)℄{1 + sgn (os'00) sgn (os'0)+ sgn (os'0) sgn (os ('00 � '0))+ sgn (os ('00 � '0)) sgn (os'00)}�k0f2(p;�+'00)�pk0 jp=n~ : (3.61)Employing the formula12� 1Xm=�1 exp(�2im') = 12 1Xl=�1 Æ(' + �l) (3.62)



Remarks on Deformation Quantization on the Cylinder 583and integrating by parts one gets(f1 � f2)(n~; �) = 14 1Pk;k0=0 +�R�� d'0 +�R�� d'00� 1k!k0! �k0+kf1(p;�+'0)��k0�pk jp=n~ � ~2i�k �� ~2i�k0� fÆ('0) + Æ('0 + �) + Æ('0 � �)g� fÆ('00) + Æ('00 + �) + Æ('00 � �)g� {1 + sgn (os'00) sgn (os'0)+ sgn (os'0) sgn (os ('00 � '0))+ sgn (os ('00 � '0)) sgn (os'00)}�k+k0f2(p;�+'00)��k�pk0 jp=n~= 1Pk;k0=0 +�R�� d'0 +�R�� d'00� 1k!k0! � ~2i�k �� ~2i�k0 �k0+kf1(p;�+'0)��k0�pk jp=n~� Æ('0)Æ('00)�k+k0f2(p;�+'00)��k�pk0 jp=n~= ( 1Pk;k0=0 1k!k0! �� i~2 �k � i~2 �k0 �k0+kf1(p;�)��k0�pk �k+k0f2(p;�)��k�pk0 ) jp=n~ : (3.63)Finally, we �nd the fundamental result(f1 � f2)(n~; �) = nf1(p; �) exp� i~2 !P � f2(p; �)o jp=n~ !P :=  ���� �!��p �  ���p �!���exp� i~2 !P � = � 1Pk0=0 1k0! � i~2 �k0  �� k0��k0 �!� k0�pk0�� 1Pk=0 1k! �� i~2 �k  �� k�pk �!� k��k� :(3.64)Conluding, one obtains the Moyal �-produt of the form given for the R2ase (see(2.30)) and the only di�erene is that in the ase of ylinder, afterperforming alulations, one must put p = n~, n 2 Z.We suppose that analoguos fats will be observed in more general ases.In other words if we want the general theory of deformation quantization[1,9,10℄ to give the �physial� results then we should expet that, in general,the non-trivial topology of the oordinate spae will ause the quantizationof the lassial phase spae in the form similar to the ase of the ylinder.This very interesting problem is now under onsideration and we hope topresent some results soon.



584 J.F. Pleba«ski et al.Here we onsider also the Wigner funtion for the ylinder (ompare with[11,12℄). If b� = b�+ is the density operator of the system then analogously asin the R2 ase (see (2.43) and (2.44)) we de�ne the orresponding Wignerfuntion by w = w(n~; �) := 12�Tr nb
(n; �)b�o : (3.65)If b� = 1Xj=0 �j j 	jih	j j; h	j j 	j0i = Æjj0 (3.66)is the spetral representation of b� then inserting (3.22) and (3.66) into (3.65)one getsw = w(n~; �)= 12� exp(�2in�) 1Pj=0 �j 1Pk=�1{exp(2ik�)� [h	j j 2n� kihk j 	ji+ 2� 1Pl=�1 (�1)l(2l+1) expf�i(2l + 1)�gh	j j 2(n+ l)� k + 1ihk j 	ji℄} .(3.67)One quikly shows thatb� = 1Xn=�1 +�Z�� w(n~; �)b
(n; �)d� (3.68)and b� = b�+ () w = w ; (3.69)Tr (b�) = 1() 1Xn=�1 +�Z�� w(n~; �)d� = 1 ; (3.70)Tr �b�bg+bg� � 0() 1Xn=�1 +�Z�� (g � g) (n~; �)w(n~; �)d� � 0 : (3.71)Then, the expeted value of an observable bf is given byD bfE = 1Pn=�1 +�R�� f(n~; �)w(n~; �)d�1Pn=�1 +�R�� w(n~; �)d� : (3.72)



Remarks on Deformation Quantization on the Cylinder 585Finally, the Liouville-von Neumann equation readsdwdt = fH;wgM (3.73)and the Heisenberg equation is given bydfdt = ff;HgM ; (3.74)where the Moyal braket f�; �gM is de�ned as followsff1; f2gM = 1i~ (f1 � f2 � f2 � f1)(n~; �) (3.75)and H stands for the Hamiltonian.4. ConlusionsAs it has been shown, in order to obtain physially orret results fordeformation quantization on the ylinder it is neessary to redue (quantize)the lassial phase spae R�S1 to its subset ~Z�S1 like in [11,13℄. Conse-quently, the Stratonovih-Weyl quantizer is also de�ned on this quantizedphase spae. It is expeted that the same will be observed in the ase of anyphase spae with non-trivial topology (see [24℄).Similar results onerning quantization of the lassial phase spae R�S1were reently obtained by del Olmo and González [25,26℄.We must note another promising aproah to the quantization on theylinder, namely the method of oherent states [25,27,28℄. The relationbetween deformation quantization and the oherent states method for theylinder has been onsidered in [25℄. Nevertheless this relation and also therelation between deformation quantization and quantization on the �quan-tum ylinder� [29℄ are not lear.This paper is partially supported by CINVESTAV and CONACyT (Méx-io) and by KBN (Poland). We are indebted to Hétor Uriarte for his helpin preparing this text for publiation. One of us (M.P.) thanks the sta� ofDepartamento de Físia at CINVESTAV for warm hospitality. We are alsograteful to the Referee for pointing out the papers [27,28,29℄.
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