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QUARK MODEL PREDICTIONS FOR THE TRANSVERSITY
AMPLITUDES!
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A simple derivation of the quark model relations between the transversity amplitudes is
given. The problem of the choice of the spin reference frame in which the additivity assumption
holds is discussed. It is shown that all these quark model relations can be obtained from some
simple geometrical postulates.

1. Introduction

In spite of the fact that the additivity assumption in the quark model has been already
used for a few years, even in the investigations of the polarization phenomena [1, 2] the
simple relations between the reaction amplitudes (45), (62) have not been explicitly stated
and investigated.

In this paper we derive in a very simple way the relations between the transversity
amplitudes for the following processes:

P+B > P +B*, 1)
P+B - V +B* 2)
B+B — B*+B*, 3)
B+B-»B +B* (@)
B+B—B +B, 5)
P+B— V +B, ©6)

where the following notation is used: P — pseudoscalar meson, ¥ —vector meson, B — ba-
ryon from the §* octet, B* — baryon from the it decuplet.

The relations obtained are of three types @, b, € according to the classification given in
1]. The a-type relations hold for the reactions (1-4) only, the b- and ¢-type relations hold
for the reactions (2-6).

* Address: Instytut Fizyki Teoretycznej UW, Warszawa, Hoza 69, Polska.

1 For the technical reasons the paper “Generalized Statistical Tensors and Their Applications” which
was to appear together with this paper will appear in Acta Phys. Polon. B2, Fasc. 2 (1971). This paper
is available now in the preprint form: Warsaw University preprint IFT 70/ 2.
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The obtained relations hold also for the reactions obtained from the reactions (1-6) by
putting in place of the particles — antiparticles.

It turns out that the @-type relations can depend at most on one phenomenological
parameter whereas the b- and €-type relations can depend on (at most) three and four pheno-
menological parameters. The discussion of the behaviour of the obtained relations under
the rotation of the spin reference frame shows that the €-type relations are not invariant under
simultaneous rotation of all particles through the same angle.

Tt is shown that the @-type relations can be obtained from the assumption that the
amplitudes f), s, .-y, and fy, s, v, have to vanish in any spin reference frame obtained
from some transversity frame by the simultaneous rotation of the spin quantization frames
of the particles 2 and 4 through some f around the Y, and y, axes respectively.

The b- and c-iype relations are equivalent to the statement that the transversity ampli-
tudes in some transversity frame are invariant under simultaneous rotations of the spin
frames of all particles through the angle z around the y; axes.

2. The a-type relations

Let us briefly recall the formalism of the additivity in the quark model. We consider the
following types of reactions:

M, +B, — M,+B,, (7
M,+B, - M,+B* 8)
and
By +B,
B,+B, - , ©
B;+B*

where M, denotes a meson. The additivity assumption states how to calculate the transition
amplitudes for the reactions (7) and (8) in terms of the quark-quark amplitudes. At first
we write down the wave functions of quarks [3]. For the discussion of the additivity assump-
tion it is convenient to adopt the following notation [4}:

51 == P 52 == P 53 = 4,
‘54 == Ty 55 = }'-{—7 56 =,
El = p,, etc., (10

where P, denotes the p-quark wave function with the transversity value 4 etc. Now we can
write the wave functions of mesons and baryons in the following form:
M= Z a(i, &L,
1,
B = 3} cli.], k)&,
i s k

B* = Z d(i,j, k)gifjﬁfk (11)
5, k

for 4,3, k=1, ... 6.
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The transition amplitudes for the reactions (7) can be written in the form:

<M2821T1M1B1> = Z a’(i?ja l,m,n, g, Ty 5, L, W)X

Bsfs st |
X <§iéj£l§m§n'Tléqgrését§w>’ (12)

where a(i,j,I,m,n, q,r, s, t, w) are known numbers. Now the additivity assumption
states:

CEEELLLENTIEELE LD = 8,0, 0 EETIEEY+
+ 8,040, K EEm|TIE D+ 6,010, K E | T[E £ +
F 0,405 0 X Eff N €8>+ 8,810, E k|7 [EE>+
+ 8,481, CE T 16,80
== § (KE&lTlE 81005+ <gj§cl"' €680 Sty » (13)

fore =m,I,nand k = s, {, w, where b(c) and b(k) are three-dimensional vectors obtained
from the index vectors (I, m, m), (s, {, w) in the following way:

bl) = (0, m,n), b(m)=(Lo.n), b =C(d m o). (14)

The vectors b(k) are obtained in an analogous way from the index vector (8, ¢, w). The
symbol 834 has the meaning:

Onierbity = On.(crbae) Oby(ibach) Obycrbal) (15)
with

890 = 1. (16)

There is no formal change in the formula (12) when B, is replaced by B*.
The amplitudes of the reactions (9) are evaluated with the help of the formula:

<B3Bt!!T!B1B2> == Z b(h’ iaj& l, m, n%P’ 99 T, S, t; w)X

Ryiy.ow
XCEREE L mEn| TIEE 5 560D 17
where

CEEEEEENTIEE £ EEED
= 2 <E&|TIEED O ape Fsonmr (18)

c,d, e, k

The formula (18) is understood in the same way as the Eq. (13). As before there is no formal
change in the Eq. (17) if the B, and B, are replaced by Bj or (and) Bj.
To make all formulae shorter let us adopt the following notation:

'99<A 2§lfm‘=&ni TiA 1§s§t§w>
= 2 2 EEEITIAELSED (19)

(ym,n) (s,t, w)
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or
& <§£€jEkEISmSnITi§p§q§r§s§I§w>
= D 2 KEEELEETIELEEELD (20)

(&1:8msén) (s5&t,6w)

where the symbol ] means that the summation over all different permutations of the set
(815 éms &n)
&,£,,&, should be performed.

From the Egs (13), (18) and (19) it is easily seen that the following equalities hold:
A nbal T 4165 uE D - 6

FLAEEETIAEE Y = | o (b 8| TIAEE 6, + 6 1)
or {Apbifpd,|T|A £ kb 6

and
<A2EIEI§m‘T|AIEl§IEc> -3,

(22)
or <A251§15mlT[A1§1§15m> - 6,

PLAEEE|TIAEEE,S = |

where A, and A, denote the meson or baryon, b # I, £ denote the wave functions of the
apropriate quarks and for &, one can put any quarks not forbidden by conservation laws.

The wave functions of the baryons with the transversity value 4 in terms of quarks can
he written in the following form:

1 1
B ( E) = =5 (2 (azb) ayaib_— (azb) a+a,_b+) (23)

where (@, b) is a shorthand notation of (a., a,, b_) or (a,, a., b;). The only exceptions

S e St ¥ pnt ¥ ni)

pyn, A) (2,n,2) (Psns;')

1
Ao=,..V.E_( Z panAy— Z p_n+}.+). (24)
(p,m,4) (psn,3)

The £ baryon resonances wave functions with transversity value § can be written in the
following way:

BI* (E) = Q44 Ay (25)

or
(i) = —1' a+a+b+ (26)
2] Vs
(a,b)

oT

3 1
Bfu (—2—) == T a,+b+c+. (27)
(a,5,)
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The functions with lower transversity values are obtained from those given above with the
help of the well known spin lowering operator and the wave functions of the baryons and
the baryon resonances By are of the form:

1 1
B (—« _2.) = F —ﬁ/_g—_— (2 (;b)a_.a_b_p- Z a.+a,_b_.) ,

(a, b)

Bh (—;) = —;; (Z aa.b + Z a-+a,_.b+) ,

(a,b) {a,b)

1 1 Z Z
* — — = —
Bn ( ) ) 3 ( a+a~b_ + a_a_b+) .
(a,8) (a,b)
3 1 Z
* v —— TS mem———
Bn ( 5 ) VS_ & a_a_b... (28)

For the baryon resonances of the type By and By, the analogous formulae can be also ob-
tained.

Now we shall calculate the following amplitudes:

<A3(/‘3)B;‘I(ﬂ4)iTiBl(/‘1) By(uz) ). 29
where A, denotes a baryon or baryon isobar, and
< Miy(pg) Bre(ig) | T\ My (py) Bo(pta) - (30)

If the baryon B, is built from the aab quarks then the resonance Bj; can be built either
from aab or aac or abb quarks. We shall calculate the amplitudes (29) for these three
possibilities, however, the obtained relations for the amplitudes are independent of the
quark contents of the resonance Br;.

With the help of Eq. (17) we have:

/ Holtatistty <A3(l‘3)B;I(H4;)ITiBl(H1)B2(:“2)>

=on~3 (Z )b#,ax(h’ i Jo P 4> 1) <EnEEBT (D) | TIEE £, Balta) - 38D
261 (D057

Now, using the Egs (12-23) and (26) we obtain:

oo () e 1)~

X 2% {Erki&jaraby|TIEE S ar by —
—& (Enbibia1a,b4|T|EpE v ra b.))

- ’1/1:8 ng_ 3 (Cabalrlby —(aaalrlEiay) Sucamer (32)
d.e
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For the baryon resonances with the quark contents aac and abb the amplitude (32)

is equal:
(51;5;‘5; i (%) }T 5p8eéeBy (%‘))
1 6
T b Spianste 33
* 755 ;@dcmls > Ssape (33)
and
(aen (%)\T b8 (3))
I

1 6
=F V18 13 4 Z Eabi||6ea-) Soapie)- (34)

In a similar way we obtain the amphtudes F,= (5;,553 13| TE,E,6,Bo(—3)> for the

possible quark contents of the resonance Br:
Fi=7F V— 3 X(2~9’<§h5:§;a+a+b [T)p6o6ra-a b )+

+2SEnbibna b |T|EpE braa byy—
— gk aab |TEEE a0 b ) —
- ‘7< Ehfxfja—{-a—-b-{-’ T]Spqura.;.a,_.b _>)

V18 3 Z (CEaa[rléeay —EabltlEb)) duame (35)
for the quark content aab and

F, = V18 T Z CEac|T|Eeb 2> Obiapie) (36)

for the quark content aac or

1 6
— — £
F=7F /35 3 dge CEabiiT|Eea 2> Ouiapie (37
for the quark content abb.

Now comparing suitable equations we obtain the first relations between the ampli-
tudes:

1
'Vgﬂfi‘; ot s = fﬂ; HYetts =5+ (38)

In the same way the other relations between the amplitudes of that reaction are ob-
tained:

f!“a Yy B s :fl‘a_’fﬂ‘x"“/l (39)

and

1 .
V?Tf PREETIRVE PRETRTS (40)
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It is also easy to show that

/, PR 0 (41
for |uy,—p,) > 1.
Though the relations (38-41) are proved only for reactions of the type:
B,+B, ~ A3+Bjy, (42)

where A3 denotes B or B*, it can easily be seen that they also hold if Bf; is replaced by
B} or Byy;. Equally easy is generalization on the reactions (7-8) with the help of Eq. (10)
and (13), one obtains at once the amplitudes for the reaction:

M,+B — M,+Bj; 43)

from the amplitudes for the reaction (42). For example from (31) and (32) we have:

Suttomy, = <M2(M3)Bik1 (%) jT Ml(.“l)Ba(ﬂz)>

1 6
=+ ﬁ _V? Z a’#.ﬁx(i’j’ q,7) {(<§ib+l"!§qb—>‘<§ia+frlfqa—>)éjr+

1, 5,q,7
+ &b+ |V |EDD —(Ejas [T )Era D) big. (44)

It is obvious that to obtain (44) we do not have to repeat all the calculations made in (32),
it is also seen that all the relations (38-41) hold automatically for the reaction (43). If we
replace By in (43) by B} or By the relations (38-41) will be also valid.

The relations (41) also stem from a weaker condition than the additivity assumption,
that the value of the transversity can be changed only by 1, 0 or —1.

Let us notice that the relations (38-41) can be conveniently written in the form:

-fﬂz!‘d‘xﬂn = Na/z(ﬂ4)lel(ﬂ2)f;‘s”‘+1 a1 +
+"'7\T’/,( —:”4)N‘/g( _#Z)f,ualu‘——l;t,p,—l (45)

with N‘/. and Ngli coefficients defined as follows:

1 for p, = —3,
Nx ( = 4'6
fa ) 0 for all other cases (46)
and
1 1
e
1 for o py= — % s
Nyl = @)
V3~ for = — % ,
0 for all other cases,
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It also immediately follows from our considerations that the full set of relations for the
reaction:

B,+B, - Bf +B; (48)

consists of (45) and of relations:

7 Hahgltats N. ’Iz(%)N‘/z(/‘l) g pat Lt +1p, T
+Noy (—u) Ny (= 11) f =1 psa—1 1, (49)

From the relations (45) and (49) one can obtain another relation:

f ot ythtts = N.y (1) Ny (1) N, y, () Ny (1) [ 51wt 1 et 1 a1 T
+N»/,(/‘3)Nﬂ/,( ”ﬂﬂNv,(ﬂl)Nv,( — ) f,u,+1 =L+l =11
+N3/.( _Hs)NS/,(M;)N!/,( _HQNl/,(ﬂz) f,,,—l fe+1lm—1 pyt1
+ Ny (—pz) Ny ( —p) Ny (=) Ny (—p2) [t -1 =1 -1 (50)

We should like to point out here that till now all the obtained relations were independent
of the detailed properties of the quark-quark amplitudes; they are so called @-type rela-
tions [1].

3. The b- and e-type relations

We obtain the so called b-type relations if we assume that the following relations be-
tween quark-quark amplitudes hold:

(arb_|t|e_dyy = {a_by|t|cid ). (51)
The relations (51) and the equality:
Cab_|t|cydy) = (abylt|c_do), (52)

where a, b, ¢, d denote arbitrary quarks or antiquarks, yield the e- type relations [1].
To obtain the relations (2-6) let us introduce the linear operator I = I, +1,+1, where
I is an operator reversing the signs of the transversity value of the quarks standing on the

i-th place for example I a a b_ = a_a_b,. The I acts in the following way on the baryon,
meson and baryon isobar wave functions:

1B(w) = —B(—p), (53)
1 B;, 1, m(#) = B; 1, 11 (—#) (54)
Wy = V(—p), (55)
P = —P. (56)

By the use of I we can rewrite the relations (51) and (52) in the following way:
G DR UN I LN D (57

<§ng}T'}§k§1> = <j§{j§jir,}j§k?gl>'
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From the additivity assumption (13) it follows that each amplitude for the reactions (1-6) is
a linear combination of the quark-quark and quark-antiquark amplitudes
/ Boliatilts CAs(us) A (e | T1 A1 () As (1)
= 20 %kl ey 1, o) EEITIEED+

ijuks 1

+ 23 Bisowi(thas Mg 1y po) <£iéjlr/lfkél>' (58)

6,5, k,1

Now let us see that:

37 P <2A3(M3)Lf4(ﬂ4)[ledl(ﬂl)jffz(#z»
= D7 % k1 Uss Has iy, fho) <T§ij§j‘1,j£kjgl>+

SN N
+ 25 Buimilis: pas prs 1) I8 v |16, 1E). (59)
L1 R,

From the Eq. (51), (52), (57-59) we immediately have

zfl‘:l‘al‘l/‘l = f [N T (60)

for py —pg = pg—py # 0 for the b-type relations and for |pu, —pug| = |ug —us| # 0 for the
c-type relations. Now from the Eq. (53-56) and (59) we come to the relations

szllni‘d‘xﬂ: = ( - I)Nf_l‘s“‘ By H1— e (6]')

where N denotes the total number of baryon and pseudoscalar mesons participating in the

reaction. The Eq. (60) and (61) give us required relations between reaction amplitudes in
the following form:

S PR ( Ml)Nf — By = iy (62)

or iy —py = fy—phy # 0 in the case of b-type relations and for [u, —ps| = |py—pg| # 0
n t he case of e-type relations.

4. Phenomenological parameters

In the preceding sections we have found the relations between the amplitudes in the
transversity frame in which the additivity assumption in the quark model holds (in the fol-
lowing we will call this frame the additivity frame). But it is well known that the transversity
frames are those in which the normal to the reaction plane was chosen as the spin quantiza-
tion axis for all the particles participating in the reaction [5]. Therefore, we have a lot of
transversity frames which can be obtained from each other by the rotation of the spin re-
ference frame of the i-th particle through some angle y; around the normal to the reaction
plane. All the relations (45), (49), (50) and (62) do not depend on the particular choice of the
additivity frame. However, if we want to check experimentally the quark model relations
in some fixed transversity frame for example in the standard one in which the & -axis of the
i-th particle is in the direction of its linear momentum in the overall center of mass frame,
we have to find how these relations look like in this frame. Because we do not know which
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of the transversity frames is the additivity frame so we have to introduce the phenomenolo-
gical parameters @; which have the meaning of angles through which we have to rotate the
standard transversity frame to obtain the additivity frame. With the help of [6] we obtain
the following equalities:

A — of (aPrt 8@ 11— 1s) *
J gttty T e e i ’ fl‘u/‘c/‘ll‘!’ (63)
) A R . fe .
where fi, ..., denote the amplitudes in the additivity frame and f,, .., in the standard

one. Now using the Eq. (63) we obtain from (49) and (62) the following relations between

the amplitudes in the standard transversity frame:

'fl‘a“d‘xl‘i = ei(?‘_@s}N‘fx("4)N'/|(/‘2) f?‘al‘r’*'l I‘xl‘s+1+

+e TN, (—p )Ny () fru— g1 (64)

fu.u.ﬂm- = (- 1)Ne_ 20 [ty (@~ Pa) T PP Pr)— g P~ Pa)} x

X f_l‘a“l‘n_l‘x—#x (65)
for pg—p = pe—py # 0,

- No—2 — @)~ Ba(Pet @)+ iy (e +
f#:ﬂwm- — (_1) o~ AU (@ — P~ s @+ @)+ Ha(Pu+ 93)) X

X f—;:.-n.—m—/t. (66)

OF fig—py = pg—py # 0.

As we see the @-type relations (64) depend at most on one parameter and they are in-
variant under the rotations of the spin reference frame for which y, = w, but y; and y,
can be arbitrary.

The b-type relations (65) depend at most on three parameters and they are invariant
funder rotations for which ¥, = v, = y, = y,.

The €-type relations (65) and (66) depend at most on four parameters, however, unless.
Ity = Uy, they are not invariant under the rotations in which y; = y, = g3 = y,. They
are only invariant under the rotations for which y, == v, = y, = —yp,.

The peculiar behaviour of the €-type relations under the simultaneous rotation of the
spin quantization frames for each particle through the same angle which corresponds to the
simultaneous rotation of the spins of all interacting particles through the same angle seems.
to suggest that these relations are not correct. It was shown that the e-type predictions for
the statistical tensors are consistent with the experimental data [2]. However, the method
used involved fitting of the averaged @ —q amplitudes, so it does not seem to be certain.
Recently Kielanowski [7] found the c-type predictions for the generalized statistical
tensors [8] for the reaction (2). To check them one need not to fit any quark-quark ampli-.
tudes, so we think that checking these relaiions one can obtain more reliable answer whe-
ther the €-type relations are in agreement with the experimental data.

At the end of this section we want to stress that the parameters ¢, can depend on E, &
and on the type of the process.



311

5. The geometrical nature of the quark model relations

We will discuss in this section a very interesting implication of the quark model,
namely that all the quark model predictions for the amplitudes can be obtained from some
geometrical assumptions. The derivation is very simple and immediate but the physical
meaning of these assumptions is not completely clear.

Let us assume that in the transversity frame

fp,y‘,u,p. =0 fOI' 1”4 —:u2| > 1 (01' l”3 _‘ul[ > 1)'

Our statement is as follows:
There exists one particular transversity frame A such that the amplitude:

f ,:,N.,,.,(ﬂ) =0 for |ug—ps| >1 (or |ug—py| >1) 67)

in all the frames obtained from the frame A by the simultaneous rotation of the spin frames
of the particles 2 and 4 (or 1 and 3) through the same angle # around the y, and y, (or y,
and Y,) axes respectively.

We will show that this statement leads to relations between the amplitudes in the frame
A which are exactly the same as the @-type relations in the additivity frame (38-41). How-
ever, in this method it is not clear why such a frame A should exist.

For the reactions a B —B* vertex the statement (67) has the form:

Fuutty o= (B) = 0, (68)
Sty wn(B) = 0. (69)

for an arbitrary B.
Now using the transformation properties of the transversity amplitudes under the rota-
tion and the explicit form of the d’,.(f) functions [6] we obtain from (68):

0 =fism—u(B) = 23 G (BYE BV s

s 16y

= }%(Ef- ig (fll: Massth T Vs_f‘u, h ”"-x/') -

1 +cos
—V— ﬂ (fl‘t Yyt Y fl‘a Yy iy~ l/-) -

_ iﬂsﬁ 0 B (V3 finsta st = Fivi=ts m=1)- )

All other terms vanish. Since this equality has to hold for an arbitrary §, all expressions in
the brackets have to vanish, so we obtain the relations (38-40). The Eq. (69) leads to the
same relations.

The b- and c-type relations are equivalent to another geometrical postulate that the
amplitude:

f ;:.'u.um. =/ PRI (1)
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for puy—py = pg—py # 0 or for |uy —ps| = |ug—ps| # 0, where f, .. is the reaction
amplitude in the frame A and f, ”'"”‘,‘1”1 is the reaction amplitude in the frame obtained
from the frame A by the simultaneous rotation of the spin frames of all the particles through
the angle 7 around the ¥;-axes. The proof is simple.

6. Discussion

At first we should point out that we obtain the same relations between amplitudes for
the reactions of type (1-6) with all particles replaced by antiparticles. It is also seen that if
we want to investigate the processes of the types:

y+B - V+B, (72)
y+B > V+B* (73)

where y is photon, in terms of the quark model, we can obtain in a similar way the @-, b-,
c-type relations for the reaction (72) and the b-, ¢-type relations for the reaction (71).

We should like to stress that usually the quark model predictions for measurable quan-
tities which are functions of the reaction amplitudes have been obtained after quite lengthy
calculations. The method was based on expressing the measurable quantities by the quark-
quark amplitudes and then on looking for relations between the former. Sometimes it led to
separate calculations for the 70 existing reactions. It was very hard to say which of the
quark model assumptions were necessary to obtain the final relations between measurable
quantities. Sometimes checking of the obtained relations involved fitting of the quark-
-quark amplitudes [2].

Having simple relations between the amplitudes one has a much simpler way of deriv-
ing the predictions for the measurable quantities and the possibility of the discussion of the
problem of the necessity of the adopted assumptions.

In the next papers we shall derive the relations between the measurable quantities —
the generalized statistical tensors.

At the end we want to underline that the positive experimental check of the a-, b-
C-type relations between the reaction amplitudes cannot be treated as a good check of the
additivity assumption in the quark model because only some of the quark model assump-
tions were used. However, it can be treated as a good check of the geometrical postulates
(67) and (70).

The author is very indebted to Professor J. Werle and to P. Kielanowski for the valu-
able discussions and for the critical reading of the manuscript.
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The note added in proof;

There is a lot of the additivity assumptions in the quark model. The one used above was based on
the non-relativistic, additivity assumption. However, our reasoning can be applied to any additivity assu-
mption, which, in some spin quantization reference frame, gives the decomposition of the reaction ampl-
itudes of the type (12) and (13). For the discussion of the different additivity assumptions the reader is
referred to [91. Also in [9] it is shown how from the different additivity assumptions using the results of
this paper one can obtain the same relations for the transversity amplitudes.



