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SU@4) YANG-MILLS FIELD SOLUTION*
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We find a regular solution of the four-dimensional Euclidean SU(4) Yang-Mills
equations. This is the analogue of that of SU(2) found by Belavin, Polyakov, Schwartz
and Tyupkin.

The aim of this note is to present a non-singular solution of the SU(4) Euclidean
Yang-Mills equations which is the analogue of the BPST solution [1]. Our solution has
six gauge fields different from zero.

We shall use the following notation. Greek indices refer to four-dimensional Euclidean
space and run from 1 to 4, the Laplacian operator in four dimensions is denoted by O,
i.e. [J = 0,0,, the abbreviation ¢, stands for d¢/dx" = 0,¢, similarly ¢,, = 0,0,9,
¢ = (¢,)?, the isospin indices are denoted by a, b, ¢ and run from 1 to 15.

The Euclidean Yang-Mills field equations for the fifteen gauge fields A4, a = 1,
2,...,15, are

0, Fa, +f™ALF;, = 0, (1

wtopv

where the field strengths F;, are defined by
Fi, = 8,A}=0, A5 +f " A4}, )

In order to simplify Eqs (1) we have chosen an adequate gauge for the fields 45 and
we work on a special Euclidean frame. More precisely, we assume that all the gauge fields
Aj are derived from a scalar ¢(x) according to the following ansatz®:

Ai = ("¢2a ¢1’0’ 0)~ A: = (_¢3’ 0’ ¢1’ 0)’ AZ = (0’ _¢35 ¢29 0)5

4° = (00,0, —¢). A7 =(0,65,0, —d2), A =(0,0,¢0 —0), (3
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* A similar ansatz with complex gauge fields in four-dimensional Minkowski space has been used
by Kaku [2], who found a singular solution for the Lienard-Wiechert-type potentials in SU(4).
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the gauge fields 4] fora =1, 3, 4, 6, 8, 9, 11, 13, 15 are assumed to be identical to zero.

From (3) it follows that the potentials A3 are such that

0,4, =0 for a=1,2,..,15.

(4)

Using the structure constants of SU(4) (see Ref. [3]) and introducing the notation y,,
= ¢,¢,—¢,, we find that the field strength components F{,, F{;, Fi., F33, F34, F5, (in

this order) are given by

G11+P22 +P3 DL — 223t —2a 13i Xua3 0; for a =2,

— 7231 @11 P+ B3 +da: —x3ai — 123 05 gya; for a = 5,

K13 — 712305 oo+ as+di+03: —yaa: y2a; for a =7,

Xz24: X345 ‘¢11—¢44“¢§'¢§§ 0; %127 %13s

— 2145 05 X125 Xaas "4’22—"’44—4’%“#%; X233

0, =214 2130 — X245 X235 ‘“¢33’“¢44"¢%"¢§ for a

10,
12,
14. 5

Due to our special ansatz, it can be shown that Eqs (1) fora = 1,3,4,6,8,9, 11,13, 15
are identically satisfied without imposing any restriction on the scalar ¢. The same property
applies for the index v in (1) for which the corresponding Cartesian components of A
in (3) are zero. Thus, from the sixty equations (1) only twelve are not identically satisfied.

All the restrictions on ¢ are contained in the equation

D¢ﬂ+2{ - ¢ﬂD¢ + ¢a¢a/)' "¢a¢a¢ﬂ} - 0

(6)

In order to simplify this non-linear equation we introduce a new scalar v by means of

¢ = Iny,
obtaining the following equation for y:
Ows—3y " w0y = 0.
Now it is easy to realize that every solution of the equation
Oy = Cy?

is also a solution of (8) for any constant C.
The simplest non-singular solution of (9) for C = —1 is

) 2214
o) = ,
4 (x4 xih XD+ A2

(M

(®)

®)

(10)

where 4 is an arbitrary number. The solution (10) of (9) gives rise, by means of (7), to the

non-singular solution (3) of the Yang—Mills equations (1).

We shall publish a more detailed analysis of our solution in a separate paper.
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