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1. Introduction

In view of the empirical possibility that neutrinos appear to be massive [1], it is timely
to investigate neutrino mixing and oscillation [2} in the framework of a grand unified
field theory, analogously to fermion mixing. There is at present, interest in obtaining
relations among the masses of fermions and fermion mixing angles in the framework of
grand unified field theories. In particular, one can obtais ratios between the charged-lepton
masses and down-quark masses [3] 9m,./myq = m /m, = 3m[m,, which are roughly con-
sistent with observation at a mass scale of 10?2 GeV. The quark mixing angles given in the
Kobayashi-Maskawa (K-M) form [4] are predicted to be [5] sin 8; = sin 6, = (my/m.)?,
sin 8, = —(m,/m)?, and sin 0 = —(m,/m)* (sin 6.)1.

In the standard SU(2) x U(1) gauge model the fermions are grouped into three families

u\ /v, c\ (V. ft\ (V. _

G)E) O G)E): ®

where the t quark is assumed to have a mass larger than 17 GeV. The d and s quarks
are mixed and the linear combinations

dy = d cos 0,+ssin 6,
s = —dsinf +scos b, 2)
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are formed, where 0 is the Cabibbo angle. If the neutrinos are massive, they may mix
in a similar manner. Before we proceed to the calculation of the neutrino mixing in SO(10)
gauge model [6] in which the aforementioned fermion mass ratios and mixing angles hold,
we call your attention to the excellent review articles on v mixing and oscillation by Bilenky
and Pontecorvo [7] and De Rujula et al. [8]. For completeness, we introduce some concepts
and notations.

Suppose the neutrinos « = V., V,,, V, In the weak isospin states are orthogonal super-
position of fields v, i = 1, 2, 3, of definite and finite different masses m,

Vg = ljaivi’ (3)

where U, can be parametrized in the K-M form. If a beam of v, is produced in a weak
process, at a time f the beam will be a coherent superposition of vg, that is, there arises
an oscillation, v, 2 v;.

Let V,, be the probability amplitude forv, to oscillate into v, at time ¢ or path length R,

Vg = 3. UaiU;ie“"E"/”. 4
At =0
Vaﬁ = Z UaiUf; = 51[3' (5)

Note from Eq. (4) that v, changes to v, and propagates with definite mass m, and then
changes back to v;. The probability of oscillation is

Py = |Vopl™. 6

Let v; have a mass very much different from the other v,. Then we may rewrite Eq. (4)
with the aid of Eq. (5) as

V= ; UaiUI;I-ie~iI.5¢1/Ii+UajU;:ie—iEjt/it - e—w,r;;;maﬁ__';. U,iU;,-(I—e'w”)], )
i#j ey

where
|E;—Ejjt/h = |m} —m3|R[2Ehc = 4;; = 2nR/L. ®

Here L = 4nEhc/|m? —m}| is the oscillation length and oscillation effect is observable
only if L < R.

2. v-v, mixing
As an illustration, consider the toy model in which v, and v, mix,
Ve = Vv, cos 4+ v, sin 0,

v, = —v, sin §+v; cos 0, ®
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where 0 is the mixing angle. Put @ = v, and # = v, in Egs. (6) and (7)

P,
We obtain from (9) and (10)

= |V, 2 =1U, US (1—e )2 (10)

VeYr!

P, . = sin®20sin® (4,5/2). (11)
In a similar way from (7)~(11), one obtains
P,y = 1=(1—e) U, (*}* = 1—sin®20sin* (4,3/2) = 1~P, . (12)
The measured result of Ref. [1] for the Avignone spectrum is

R = (Eccd/ancd)exp/(gccd/gncd)(heory = 043i017’ (13)

where 6.4 and G, are the spectrum averaged cross sections of v,+d—n+n-+et+ and
v.+d—n+p+v,, respectively. We may regard the deviation of the value of R in (13)
from 1 as due to the second term on the right-hand-side of (12). We find from Eq. (8)

A13= 2.54|m}— mZ|R/E, (14)

where in case of Ref. [1], R = 11.2 meters, E = 4.6-7.6 MeV, and |m?—m?| is in (eV)2.
In order to get a rough idea of the size of |m} —m3| let us put in (12) and (14) sin? 20 = 0.5,
and E = 6.1 MeV and allow one standard deviation from the measured value of (13)
0.26 < 1—14sin? 2.33|m} —m?| < 0.6 which leads to 0.47 (eV)? < |m?—m?| < 0.67 (eV)>.
An accurate evaluation by Barger et al. [9] for sin? 20 = 0.5 yields 0.5 (eV)? < |m2—m?|
< 0.85 (eV)2.

3. Calculation of mixing

We briefly review the scenario of calculating the fermion mixing in gauge models.
Choose a gauge group G and write a Yukawa interaction between fermions and Higgs
scalars invariant under G. Impose a discrete symmetry to reduce the coupling parameters
and to assure that higher order corrections do not change the results from the tree approxi-
mation. Assume spontaneous symmetry breakdown by requiring a non-zero vacuum ex-
pectation value of the Higgs scalars. It is usually required that the number of parameters
in the resulting mass term is then equal to the number of masses in the mass matrix. The
resultant mass terms for up and down quarks MY and MP, respectively, are written as

PIMUy? +yiMPys + He, (15)

where y{ = (u,c, t) and 92 = (d, s, b). The mass matrices M" and MP are diagonalized
by a biunitary transformation,

l/i+[\/IUi = Mdiagonal' (16)
The left-handed charged current is given by

Jio= _KE?L?p'PgL =y Vi Upyptar = —V’-xLFYn‘PZL' 17
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The mixing angles appear in I' = VU, that is expressed in the K-M form. The quark
mixing angles and fermion mass ratios mentioned in the Introduction has been obtained
in SU(5) [3, 10] and SO(10) [5].

If the neutrinos are massive, then it is natural to extend the previous calculations to
up-quarks and neutrinos. A straightforward extension leads to m, ~ m,, m, ~ m,
and m, ~ m, which is absurd. It was noted, however, by Gell-Manm et al. [11] that these
relations can be modified by introducing a heavy Majorana mass for the right-handed
neutrino vg. See further discussions by Barbieri et al. and Witten [12].

In SU(5) gauge model [13], the fermions of each generation are in 5, ~ d, ep, v,
and 10p ~ ujy, u;, dyy, €1, where i = R, G, B. There is no vg so there is no Dirac mass
term vyv,. In the simple version, baryon minus lepton number is conserved so there is
no vyv; term. One can introduce a vy in a SU(S) singlet but it appears more attractive to
adopt SO(10) in which the fermions are in 16,. The SU(5) decomposition is 16 = §+LQ+1
so that the vy = v§ appears in a natural way. We assign v, a large mass,’\ti:\en let us see
what happens. The mass matrix for each generation of neutrinos is

where m is the Dirac mass related to the up-quark mass and 4 is the Majorana mass and ¢
means charge conjugate. The characteristic equation is A2—A4—m? = 0, and the eigen-
values are 4, —m?/A4. There is a large mass 4 and another mass m?/4 (the minus sign may be
transformed away) that may be of the order of the neutrino masses. For example, m?/4
~ 0.6eV for m = m, = 25 GeV and 4 = 10'> GeV. We suppose the neutrinos acquire
masses via this Gell-Mann-Ramond-Slansky mechanism [11].

Let us consider the following Yukawa interaction between quarks and Higgs
scalars [14]:

Z = (A16,16,+ B16316,)126, +(al16,16,+b16516,)10
+¢16,16,126,+d16,165126;+H.c. . (18)

Here 16, (i = 1, 2, 3) represents the left-handed fermions of the i th generation, 10, 126,,
126,, and 1265 represent different Higgs scalars, 4, B, @, b, ¢, and d are real coupling
constants, and it is assumed that 126,, 126,, and 126, have vacuum expectation values
along 1, 45, and 5 of SU(5). The up-quark and Dirac and Majorana neutrino mass matrices,
MY, v, and M, respectively, that follow from (18) are

0 a O 0 a O 0 A4 0
MV=|a 0 d|, v=|a 0 m|, M=|4 0 0}, (19)
0 d b 0 m b 0 0 B
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where m = —3d. The vacuum expectation values of the Higgs scalars are absorbed into
the coupling constants, and 4 and B are of the order of 10'?—10!°> GeV where SO(10)
breaks down to SU(5). One finds from the characteristic equation for MY that-

a~(mm)t?, bom, and d=~(mm)'% (20)

The a and b terms of (18) contribute to all the mass matrices and ¢ term of (18) contributes
only to the M® and M' mass matrices, whereas 4 and B terms contribute to M, d to MY

and v so that one may vary these terms 4, B and d by a suitable discrete symmetry to obtain
different models.

The 6 % 6 neutrino mass matrix is expressible in block form

v _ (0 v
M _(V M), @1)

which refers to the neutrino fields written as ¢ = (v, v, V., V¢, Vy,, V;) Where ¢ means
charge conjugate. The eigenvalues of M, with the assumption 4 ~ B, are approximately
Ay = —a®b2m?4, A, = 2abm*(m?+b>)A, A3 = —(m?+b*)/B, Ay = —A,ls=A4, and
A¢ = B. The corresponding eigenvectors yield the unitary matrix U,,, that relates the weak
isospin states o = ¢, s, 7 to the mass eigenstates i = 1, 2, 3, according to v, = U,v;.
The K-M form of U, is

¢y 51€3 5183
Uy =1 —s4¢, C1C3C3— 5353 €1C383+ 8,563 . (22)
85183 —C€1§5303—Cy83 —C5,83+CxC3

where ¢, = cos 8,, 5, = sin 8, etc., 8,, 8,, and 8, are the weak mixing angles, and a CP
violating phase J is put equal to zero. We assume, consistent with phenomenology, that
the charged lepton mass matrix is nearly diagonal.

We obtain [15] from Eqgs. (19)-(21),

1 0, 0
U, =1 —c 04 s Safs 23
05, —s, ¢
where
0, = —a(m*+b3)'22m?, 53 = mj(m*+b*)'%, 0, =0. (24)

There is a large v,—v, mixing, the mixing angle being given by |tan 0,] = 3(m Jm)t,
whereas the other mixing angle is small, |0,| & [m, (m,+9m )/mm]*/18.

While this may be a priori reasonable, there is some evidence [16] that if neutrino
oscillations are significant, they do not involve v,. Therefore, we have searched for models
in which there is large mixing between other neutrino types, by varying the Majorana term,
and by varying the d-term that contributes to the up-quark and neutrino masses. These
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variations do not alter the down-quark and charged-lepton relations. The forms of v that
are considered by varying the d-term of (18) are

0 a O 0 a m
vi=|a n 0], v,=[a 0 0]. (25)
0 0 b m 0 b

The v, case leads to a stable b quark and the v, case leads to m, 2 m,, so both are unaccept-
able. Nevertheless it is instructive to note that the v, case yields large v, —v_ mixing while
the v, case yields very little neutrino mixing.

4. Comments

We can summarize the results of our investigation by stating that it is very difficult
to achieve neutrino mixing of other than the v,—v, type in any minimal SO(10) model
in which neutrino masses are generated by the Gell-Mann-Ramond-Slansky mechanism,
because of the severe constraints placed on the mass matrix by quark phenomenology.
In order to search for new models it is not necessary to diagonalize a 6 x 6 matrix (21)

WtV
of (21) and U satisfies (3), because of the huge disparity between the Majorana mass scale
and the quark mass scale [15]. In a recent article, neutrino oscillation effects are reviewed
by Barger et al. {17].

with (U w but rather —vM—'v with U, where v and M are the block diagonal elements
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