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The 120, 145 and 172.5 MeV a-particle beams from JULIC were used to measure
differential cross sections for elastic scattering on *2C, 2*Mg wnd 2’Al in the angular range
from about 5° to 70° (c.m. system). The angular distributions were analysed extensively
in terms of the optical model using a variety of potential forms. Apart from the parametrized
forms of potential, as Woods-Saxon (WS) or rather (WS)", also a model independent repre-
sentation of potential (spline potential) was employed. The analysis based on the parametrized
forms of the potential provided the possibility to find best fit parameter sets, which were
then examined on their uniqueness and energy dependence. It has been of special interest
to gain information on the radial shape of the potential.

PACS numbers: 25.60.-t, 25.60. Cy

1. Introduction

Only a few experiments have been reported so far on a-elastic scattering at incident
energies well above 120 MeV. In Ref. [1] a-scattering data are presented for *2C, 28Si, Sn
and Pb at 166 MeV. The Maryland group published data for 12C, 4°Ca, 4648 30T, 38Nj,
90Zr and 2°®Pb at about 140 MeV (Refs. [2-5]). The Jiilich-Heidelberg group investigated
a-scattering on %0, 12C, 2°Ne and 28Si (Refs. [6, 7]) at energies around 150 MeV and
recently the Groningen group (Ref. [8]) has presented a comprehensive study of a-scatter-
ing on °°Zr over the energy range from 40 up to 120 MeV.

Elastic scattering data are generally analysed in terms of the optical model. Since
the most of redction theories utilize distorted waves to describe the scattering of the pro-
jectile from the target, the extraction of optical potentials from elastic scattering data
is the necessary startmg point for gdmmg nuclear structure mformatlon from reaction
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processes. Unfortunately, the extraction of optical potential parameters for composite
particles suffers at lower incident energies from the well known discrete and continuous
ambiguities. It is, however, fairly well established during the past few years [2-4, 9] that
unique parameter sets can be obtained for composite particles if the elastic angular distri-
butions are measured at sufficiently high incident a-energy. Such scattering is characterized
by the existence of a maximum deflection angle 0, (rainbow angle), beyond which the
differential cross section exhibits an almost exponential fall off. The optical model param-
eter set providing an overall fit to such an elastic angular distribution, measured well
beyond 0,, does not suffer from discrete ambiguities. It has been also shown (see for example
Ref. [2]) that six free parameters appear to be necessary if the classical Woods-Saxon
form of potential is used in the analysis of scattering of a-particles at higher incident
energies.

This paper presents experimental angular distributions of elastically scattered a-par-
ticles on !2C, 2*Mg and 27Al at incident energies of 120, 145 and 172.5 MeV and their
optical model analysis. The aims of the investigation were: first, to extend the available
experimental information for these light nuclei to higher incident energies, next, to provide
consistent optical model parameter sets and to study their energy dependence on the basis
of data all obtained at the same laboratory. Also the attempts were made to gain infor-
mation on the radial shape of the potential.

2. Experimental arrangement and results

The experiments have been performed at the Jiilich Isochronous Cyclotron JULIC
[10] using an energy analysed beam. Beam monitoring was accomplished by means of a Fa-
raday cup located 4 m behind the scattering chamber and additionally by a monitor detector.
The beam was focussed on the target to a spot of less than 2 mm diameter. The targets
used in the experiments were self supporting foils of natural '2C and 27Al and highly
enriched 2#Mg, with thicknesses around 3 mg/cm?. The zero point of the absolute angular
scale was determined to be better than 0.03°. This was estimated by the energy calibration
of the two peaks of a-particles scattered on hydrogen in a (CH), target.

The target and the detector telescopes were placed inside a 1 m diameter scattering
chamber. The scattered particles were detected and identified by the detector telescopes
operating in the usual AE-E mode. The AE detectors were Si surface-barrier counters while
the E detectors were Ge(Li) diodes of the side entry type [11] produced in the detector
laboratory of the Institute. The energy resolution in the particle spectra was about 150 keV.
This was sufficient to separate the elastic peak from the first inelastic peak in all spectra.

Spectra were obtained for Mg at 145 and 172.5 MeV and for !2C and 27Al at 120,
145 and 172.5 MeV incident «-energies from about 5° to 70° (c.m.). The experimental
angular distributions resulting from these measurements are shown in Fig. 1 (points).
They show a diffraction pattern at small angles and a rapid fall off with weak structure
at larger angles which supports the conjecture of rainbow scattering [4].

The main uncertainties in the evaluation of the cross sections were those due to target
thickness, beam current integration and solid angles. The error in the absolute cross
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section (common normalization error) is estimated to be less than 159 for all three nuclei.
The relative error is smaller than 109, Except for the data points at the largest angles,
the errors resulting from counting rate are smaller than the data points in Fig. 1.
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Fig. 1. Elastic a-scattering cross section normalized to the Rutherford cross section. Solid lines represent
the 6-parameter (WS)? fits, dashed lines represent the 6-parameter WS fits and dotted lines represent the
2-parameter WS fits with constant geometry

3. Optical Model analysis with the Woods-Saxon potential

We began the analysis of the data using the standard Woods-Saxon (WS) form of
potential [12] with either volume absorption

Ur) = Ve(r, r)=V  f(r, vy, ay)—i- Wy f(r, ryy, awy) )]

or surface absorption

d
Ur) = Ve(r, re)— Vi(r, ry, ay)+idaysWs zi‘rf(", Fiss Qws), )
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where f(r, ry, a;) = (1 +exp [(r—r,A"3)/a])™" and V(r, ro) is the Coulomb potential of
a uniformly charged sphere of radius r¢ - A3, In accordance with Refs. [1, 4] a value of
1.3 fm for the Coulomb radius r. was used throughout these analyses.

In order to find the best optical model parameter sets the quantity

N

2 | [f’(@:}i@@? T
X - NZ » Aaexp(oi) '
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was minimized with ¢(0;) being the Optical Model differential cross sections and Oexp(0))
and 4o.,,(0;) denoting the experimental cross sections and errors at angles 8, respectively.
The calculations were performed by using Raynal's computer program MAGALI [12].

At the beginning of the analysis we have tested the uniqueness of the potential param-
cters and verified whether the volume absorption produces better fits than the surface’
absorption. For these purposes, a V-grid search was performed by fixing ¥ at a number
of different values in the range from about 80 to 190 MeV. The remaining five parameters
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Fig. 2. The minimized values of y? vs. ¥ (left side) and »? vs. ry (right side) for volume absorption (crosses)
and surface absorption (dots) using a WS type potential

(ry, ay, W, ry, ay) were allowed to vary in order to minimize y2. Several such V-grid
searches were performed using different starting parameter sets, including also the additional
case of a fixed r, to make sure that no discrete potential family was missed. This procedure
has been employed in the analysis of all experimental data for both volume and surface
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type absorption. The results are presented in Fig. 2. On the left side the minimized values
of y? are plotted versus V. It is seen that for 12C and 2*Mg volume absorption (crosses)
gives definitely better agreement with experimental data than surface absorption (points).
This applies also for 27Al in the cases of 120 and 145 MeV. At 172.5 MeV this feature
is not so obvious. However, the visual quality of the fits tends to prefer volume absorption
also in this Iatter case. On the basis of these results, only volume absorption is considered
later in the discussions. This result agrees with a-scattering analyses done at lower incident
energies [2-4]. The corresponding plots for 72 vs. r, in the case of volume absorption are
shown on the right side in Fig. 2.

Simultaneously we answered the question of the discrete potential ambiguities for the
case of our data. If such ambiguities were present in the large ¥ range investigated, they
should show up in the y* vs. V plots of Fig. 2 as additional minima as deep as the main
minimum, {9]. Since no such effect is apparent, we conclude that the potentials found for
the x? minima are unique for our high incident energies. Similarly, as it has been practiced
in Refs. [4] and [9] test searches have been performed in order to demonstrate that the large
angle data play a critical role in removing the discrete ambiguities. For these tests the
experimental data sets were gradually truncated from the side of large angles. If the data
were truncated at angles below 30° a new discrete family of parameters originated, which
equally well fitted the data.

TABLE 1

Optimum WS parameter sets {volume absorption) corresponding to the minima in the y? plots of Fig. 2

E, Voo o av . W rw aw ., rms-radius JiaA
Taree i(Mevﬂ (MeV)E\ (fm)  (fm) MMeV) (fm) ‘ (fm) %7 (fm) | (MeV-fm?)
! ‘ : 1 i |
T T - ) ‘ | ! | |
12C 120 979 1.340 074 173 ‘ 1.856| 0.47 | 3.08 :  3.635 | 388.
145 1112, 1200 0.80 158 1.883 0.50 = 1.25  3.656 |  370.
1725 1128 | 1.140 0.82 168 1.822 0.53 1.47 3.657 346.
Mg 145 1008 1.282 078 204 1745 048 352 4075 | 325
172.5° 111.01 1178 0.85 | 23.4 1.626 | 0.62 | 348 42 308
: ! | . ! i ;
YAl 1120 1014 1318 074 1 202 | 1679 0.56 125 | 4117 | 328,
145 107.1 12300 079 0 197 1632 0.62 544 | 4098 304.
172.5 109.8 | 1.163 0.81 = 21.7 1.548. 070 598 | 4047 = 278

The optimum parameter sets corresponding to the x? minima of Fig. 2 are summarized
in Table I. In this Table there are also listed the root mean square (rms) radii of interaction
evaluated for these parameters according to the formula commonly used [13] in the case
of a WS formfactor.

The differential cross sections, calculated from these potentials are displayed in Fig. 1.
With respect to the parameters in Table I, we want to emphasize that a large difference
between the parameters r, and ry, is noticed in all cases, ry being much larger than r,. This
feature is in accordance with the results of Refs. [I-4, 6, 7] and [9]. 1t seems therefore to be
a general feature of w-scattering.
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In order to examine the question of continuous ambiguities in the optical model param-
eters, the volume integrals J/44 (per projectile-target nucleon pair) have been evaluated
using the formula given in Ref. [14]. Their numerical values, corresponding to optimum
fit parameters, are given in Table I. As expected for a definite potential family, obtained
from lower incident energy data [14], the volume integrals were found to be approximately
constant within some range of ¥, and especially in the neighbourhood of the narrow mini-
mum of y2 versus r, (Fig. 2). Outside these limits of constancy, the J/44 value changes
sharply. This V-range, together with the corresponding range of fluctuations of J/44
values, is given in Table II for the nuclei and energies studied.

TABLE 1I

Ranges of fluctuations of volume integrals J/4A4 (under the
requirement that they are approximately constant) and
corresponding V' parameter ranges for WS type analysis

E, V-range J/4A-range
Target (MeV) | (MeV) MeV - fm?
S L R S

12c 120 80-106 382-392
145 85-147 362-372
172.5 100-175 340-350
Mg 145. 81-152 310-325
172.5 84-126 302-318
27Al 120 84-117 312-328
145 79-114 | 300-318
i 172.5 84-131 i 266-278

Table I shows that the integral quantities such as the rms radii and the volume inte-
grals behave under the change of energy as expected from the model, i.e. the rms radii
remain almost constant and the volume integrals decrease systematically with increasing
incident energy. Slopes of —0.95 MeV - fm3/MeV and —0.84 MeV - fm®*/MeV of volume
integrals are found for 27Al and !2C, respectively. A variation of the normalization of the
cross section of about 209( is reflected in a 5%, change in the values of the volume integral.
Smith et al. [2] report a slope of —1.1 MeV - fm3/MeV for 12C using their own 139 MeV
data and additional data taken by other groups at 104 and 166 MeV. In medium weight
nuclei the slope of the volume integral is about 0.3-0.6 MeV - fm3/MeV [8, 15, 16]. Further-
more, at constant incident energy the volume integrals for 2C, 2#Mg and 27Al scattering
decrease considerably with increasing mass number (Table I). However, if the present
results at 145 MeV and those of Ref. [4] around 140 MeV are combined, no monotonic
variation of the value of the volume integral with A4 can be established, in contrast to the
suggestion in Ref. [4]. This can be seen from the J/44 values for 2*Mg (E, = 145 MeV)
and ?’Al (E, = 145 MeV), which are already smaller than that for °Ca (E, = 142 MeV),
in Ref. [4]. This anomaly may be understood by taking into account that in contrast to the
nuclei studied by Goldberg et al. [4] the 2*Mg and 2”Al nuclei are deformed. Therefore,
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it may be worthwhile to perform experiments on heavier target nuclei and to do coupled
channel calculations in order to find out whether the parameters describing the elastic
scattering within thjs framework would exhibit a smoother A-dependence of the volume
integral. Such problems have been previously discussed in the case of a-scattering in the
rare-earth region [17].

The existence of continuous ambiguities between the parameters of the potential makes
it impossible to examine the energy dependence of individual parameters of the potential
reliably. For instance, from our analysis has emerged the increase of the parameter ¥ and
the decrease of the parameter r,, when the energy increases (Table I). Such increase of ¥
is of course unphysical and indicates inadequate potential form. In Sections 4 and 5 we
consider therefore other potential forms.

In case of the WS potential we have performed additional analyses of the data, as it
is often practiced by authors, who examine the subject of energy dependence of the potential
[8, 18, 19], by fixing the geometrical parameters. In the first step only the parameter ry
was fixed; the value of r, = 1.20 fm for !2C and r, = 1.23 fm for 27Al, i.e. those being
optimal for £ = 145 MeV, have been used. This approach resulted immediately in pro-
ducing a decrease of the parameter ¥ with increasing energy, however, the fits became
markedly worse (in y?) than the six parameter fits. Upon fixing, in a similar way, the remain-
ing geometrical parameters the real potential depth decreased almost linearly with increas-
ing energy of incident a-particles, but the y2-values became still worse. Similar deterio-
ration of fits, when fixing the geometry, have been observed also in other cases [8, 19-21].

4. Modification of the WS form of potential

For many years the WS potential form was commonly used as capable of giving
satisfactory reproduction of scattering data. Microscopic calculations, however, which
were performed in the last few years [8, 22-26] indicated that the true form of the potential,
especially in the surface and tail region, differs from that of the WS type. The model inde-
pendent representations in terms of spline functions [8, 27], or the Fourier-Bessel expansion
of the potential [28] have recently proved that a modification of the WS form of potential
1S necessary.

To account to some extent for the modification of the potential form some authors
have attempted to use the square [8, 15, 16, 19, 26] or other adjustable power [30, 31] of
the WS form. In this chapter a systematic study of the optimum power of the WS form will
be presented [32]. We examined a parametrized form of potential

V(F) = Ve(r, ro)—V f(l’ ry, aV)n__ iw .f‘(,.’ Fiws ”W)m (3)

where # and m are adjustable powers and the other symbols have the same meaning as
in formula (1). Our method differs slightly from that of Michel et al. [30] by allowing
different geometrical parameters in the real and imaginary parts and by changing the powers
n and m independently.

The analysis was started with # = m. The value of n was fixed to a series of values
between 0.8 and 3.0 and all six parameters of the potential were allowed to vary until
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the lowest value of x? was reached for a given »., This approach has shown that an increase
of n is accompanied by an increase of all potential parameters. This can be easily explained
since the rise of the power of the WS form makes this form of potential more shallow in
the surface region. This region, however, is mostly probed in the scattering of a-particles,
hence, the requirement to fit the data with a shallower potential requires in turn the strength
and the radii of the potential to be respectively larger. It appears that the potential param-
eters and the magnitudes of » are strongly correlated, thus giving rise to a new ambiguity.

The variation of x? with n is displayed for different nuclei and different energies in
Fig. 3. Full lines correspond to # = m, i.e. to the same shapes of the real and imaginary
part. The resulting y? values correspond in every point to the set of parameters producing
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Fig. 3. The dependence of 32 on the power 7. Solid lines correspond to # = m and dashed lines correspond
to m constant (m = 1). The data for *°Ar and 58 °*Ni were taken from Refs. [33] and [34] respectively

optimum fits to the experimental data. From this figure it is seen that in the majority of
cases one gets an improvement of the fits if the value of n is chosen greater than one.
In the case of the lowest energies, i.e. of 120 MeV for 12C and 27Al the values of » tend to
increase monotonically with decreasing y?; however, the strength of the potential increases
beyond reasonable limits. Moreover, it looks from Fig. 3 as if the optimum power n and
hence the radial form of the potential changed, when the target nuclei and the beam energy
were changed. Obviously a standard, optimum » for different targets and different energies
can not be found. On the basis of these results one can not claim that the square of the WS
form is more suitable than the WS form.
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The solid lines in Fig. 1 correspond to the fits with n = 2. Except for the largest
angles, the differences between the fits, corresponding to WS and (WS)? forms, are negli-
gible. The unphysical energy dependence of V (Section 3) remains resistant to the change
of the WS into the (WS)? form of the potential.

To examine the problem, whether the forms of the real and imaginary parts of the
potential are the same, the analysis based on formula (3) was continued varying only the
value of » and keeping constant the value of m. The dashed lines in Fig. 3 correspond
to the case of m = 1. Since in some cases the dashed lines are below the full lines one can
conclude from Fig. 3 that from the point of view of the data analysis different forms of
the real and imaginary parts are allowed and that each of them could varyl independently
with energy. Different forms of the real and imaginary part of the potential were considered
also in some microscopic calculations [23-26].

The question arises how the curves, displayed in Fig. 3, are changed by experimental
errors. This problem was examined by means of introducing artificially a systematic and
relative error into the experimental data. The systematic error was simulated by changing
the normalization of experimental data, and the relative error was introduced by changing
a little the error of the data for some angles. Fig. 4 illustrates the effect of the change

4,
5N/

172.5 MeY

SRS S R S SO S S N
08 10 12 14 16 18 20 22 n

Fig. 4. The dependence of %2 on the power n in the case of ®*Ni. Various curves correspond to various
normalizations

of normalization. As it is seen from this figure, the shape of the curves and the positions
of the minima are practically unaffected by the change of systematic error. The relative
error, however, influences seriously, as has been proved, the shapes and positions of minima
of the curves presented on Fig. 3. Especially careful estimation of this error is needed at
the points where the cross section changes rapidly with angle and at the large angles where
the statistics is poor and the background is large. In view of these facts the conclusions,
drawn from Fig. 3, must be taken only as tentative and not much importance should
be attached to them.
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5. Model independent analysis (spline function method)

In order to avoid the constraints imposed by the parametrized form of the potential
a model independent analysis of the scattering data has been performed. Among the other
possibilities [28, 35] we chose the spline function method [8, 27] as having a large ‘‘elasti-
city”” to accommodate the radial form of potential for structural effects and being capable
to account for possible fluctuations in the potential strength and potential form with the
change of incident energy. Similarly as in Refs. [8] and [27] we represented the real part
of the potential by 11 discrete values V(r,) (/ = 0, | ... 10) between 0 and 10 fm; the imagi-
nary part W(r) was represented by a WS form. In summary 14 parameters were searched
simultaneously to achieve a minimum in the 2 value. The program OPTY [36] accomplished
the interpolation of the potential between the specific radii by a smoothly varying function
constructed from cubic polynomials. For calculation of the error band we prepared a special
code OPTER. The extension of the error band is determined from mutual correlations
between the parameters within the range imposed by the criterion ¥ = 2, + 1. The
estimated experimental errors are of great importance in gaining a true form of the po-
tential and reasonable extension of the error band.

The model independent analysis generally resulted in considerably better fits than
obtained in the analysis based on WS or {WS)? forms of the potential (Table 111). In Fig,

TABLE T

The rms radii of interaction, the volume integrals and y?-values resulting from the spiine function calculations

T i E, ‘ rms-radius JiaA 2
arget 1 (MeV) (fm) ‘ (MeV - fm?) /4
! | | - i -
e 120 i 3.615+0.099 346.8+12.0 1.90
145 3.620 0.061 ‘ 376.1 8.3 0.66
172.5 3.550 0.125 330.3 121 ! 1.08
24Mg 145 4.030 0.072 321.0 6.8 v 0.77
172.5 4.118 0.099 310.2 13.0 1.82
27Al 120 1.868 0.053 ‘ 298.4  9.34 372
145 4.089 0.130 2999 10.9 i 3.35
172.5 ; 3.927 0.128 2709 10.2 f 3.49

5 there are illustrated the radial shapes of potential V(r) found by the spline analysis. Shaded
lines in this figure represent the limits of the error band and dashed lines correspond to
the WS form of V{(r) calculated from the best fit parameters, given in Table 1. It can be
seen from this figure that the spline formfactor (full lines) and the WS formfactor (dashed
lines) practically overlap in the radial range of 3-7 fm (‘“‘sensitivity region”). In this
range of radii the error band is narrow; it becomes broad outside this range, where also
appreciable deviations between the spline formfactor and the WS formfactor show up.
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In Table 111 there are listed the integral quantities as the rms radii of interaction and
the volume integrals. It is seen from Tables I and I1I that the difference in rms radii, deter-
mined by both methods, does not exceed 69%;. The rms radii obtained from the WS form-
factor are almost constant when the energy is varied, whereas those obtained from the
spline method, exhibit uncorrelated variations with energy. This is evidently due to the
poor determination of V(r) by the spline method in the centre and the tail region. Accor-
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Fig. 5. The radial shapes of the potential ¥(r) found by the spline analysis. Shaded lines denote the limits
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meters

dingly, the volume integrals show a similarly irregular behaviour, determined by the use
of the spline function method.

Looking at Fig. 5 one can understand, that by the use of the parametrized form of the
potential as WS or (WS)” we can always obtain good fits, because the radial form of the
potential in the sensitivity region can always be adjusted to resemble the shape of the po-
tential, found by the spline method.



6. Conclusions

This work demonstrates the absence of discrete ambiguities in the real WS potential
depth, when the energy of the bombarding particles increases in the elastic scattering of
a-particles on '2C, 27Al and 2*Mg; it was shown in addition how the continuous ambi-
guity in this potential can be restricted. Further, it was demonstrated, that the volume
absorption is superior to the surface absorption in a-scattering at relatively high incident
energy for the light nuclei investigated.

The analysis of elastic scattering in terms of an optical potential with the WS form
has given satisfactory fits providing that six parameters are searched. The average quan-
tities, as rms radii and volume integrals, evaluated by use of optimum fit parameters,
behave consistently with the change of incident energy i.e. the rms radii remain approxi-
mately constant and the volume integrals decrease roughly linearly with increasing energy.

The model independent form of the potential in terms of the spline functions allowed
to describe successfully the angular distributions of scattered a-particles. It has been shown,
that in the range of 3-7 fm the parametrized potential lies generally inside the narrow error
band of the spline potential. Modifications of the WS form of potential have also been
investigated. It seems to be of interest to gain more information on the question of equality
of the real and imaginary formfactors as well as on possible mass and energy dependence
of these formfactors; however, information on such details is especially sensitive to the
accuracy of the data.

We thank Professor A. Budzanowski and Professor D. A. Goldberg for helpful
discussions.
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