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PHENOMENOLOGICAL APPROXIMATION OF NUCLEON
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The phenomenological expressions for differential single-particle inclusive cross sections
of proton and nucleon production in inelastic p-p and p-n collisions describing the experi-
mental data known at all values of kinematic variables at energies from 5 to several thousand
GeV are obtained. Inelasticity coefficients, average multiplicities, kinztic energies and trans-
versal momenta of protons and neutrons are calculated and compared with the experimentat
data.

PACS numbers: 13.75.Cs, 13.85.Hd

In analysis of hadron-nuclei interaction mechanisms, when we deal with radiation
shielding calculations, in -estimation of secondary particles beam intensity and in some
other problems, it is necessary to have analytical expressions for differential cross sections
of proton and neutron emission in inelastic p-p and p-n interactions, suitable in a wide
range of primary particle energies 7> 1 GeV!.

Such expressions of rather simple type with experimentally sampled coefficients can
be obtained in a single-particle inclusive approach using the scaling hypothesis (see Refs.
[1-7] for further bibliography). In some cases these expressions may be of sufficiently

* Address: Joint Institute for Nuclear Research, Head Post Office, P.O. Box 79, Moscow, USSR.

! Here and in what follows T is kinetic energy of the projectile particle in the laboratory coordinate
system. We use standard notation: § is quadric total energy of coliiding particles in C.M.S., Pjj and Py
are longitudinal and transversal components of secondary particle momemum in C.M.S., E=T+m
= (pfj+p1+m?)!? is the corresponding energy of the particle, x = 2p|8-112, xy = 2py S-1/2
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high accuracy. Unfortunately, such expressions can be used usually only in very narrow
areas of kinematic variables. To give a more complete description of experiment one has
to use quite a set of approximations, badly coordinated with each other and with a large
number of fitting coefficients. In practice it is much more convenient to wse phenomenolog-
ical expressions, which, besides the ‘‘scaling’ part, contain 4dditional terms chosen with
the conditiom of best agreement with experiment and defined more exactly as the new
information is accumulated. Such expressions succeed to cover a wide range of p,, x, S
values [8]>.

To make matters worse, the data known up to now are not able to define with equal
accuracy the numerical coefficients for all types of reactions with differing charges of
primary and secondary particles. So far the neutron spectra at p-p collisions are not yet
properly investigated; there is lack of data for p-n interactions, especially, for secondary
neutrons. In such cases we have to accomodate the expressions obtained for the particles
of the other charge sign, inserting, therefore, some errors in absolute cross sections of the
particle yield and sometimes essentially changing the character of differential distribution
d®c(x, p,, S)/d3p, especially for large x and p, .

Nevertheless, at present, due to lack of experimental data, it is the only way to describe
such cases. Especially, as for the considered problems the accuracy of phenomenological
expressions d3¢/d3p is quite sufficient, since for the leading particles where the large mo-
menta are important the distribution is approximated with sufficient accuracy; as for
the other particles they rarely have large x and p,. In addition, if particle collisions are
calculated by the Monte-Carlo method, the errors in the absolute values of cross sections
d3a/d®p are also unessential since the multiplicity, energies and emission angles of secondary
particles can be defined by relative (for example normalized to unity) differential distribu-
tions (see Ref. [9]).

It must be kept in mind that due to unsufficient accuracy of experimental cross sections
d3c/d3p, which are the basis for selecting coefficients in approximating formulae, it is usual
that the expression good for the differential distribution often has poor agreement with
the average energy, transversal momentum and other calculated integral characteristics
with the experimental data. At the same time, accuracy of the approximating expressions
essentially increases if these expressions are determined provided a good agreement of
calculated integral characteristics with measurement results.

Approximations presented here are obtained with regard to this requirement.

We consider the region of energies from T ~ 5 GeV to T ~ several thousand GeV.
To determine the secondary nucleons characteristics at lower energies one can use the
well elaborated Monte-Carlo approaches and approximating expressions based on reso-
nance models (see Ref. [9] for further bibliography). At energies exceeding several thousand
GeV, where only separate and inaccurate cosmic data are available, our expressions with
experimentally defined coefficients become rather rough. However, due to lack of data
even such approximations are of great interest now.

2 In general, the type of these terms follows from the investigations of analytical properties of the
interactions amplitudes but the situation is rather indefinite.
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The differential distribution of “‘conserved” particles in N-N collisions is?
d%a(x, p,, S
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Here M, and M are the particle masses in inclusive reaction a+b — ¢+ ... (in the present
case M, = M_ is a mass of a nucleon). The values of parameters are shown in Tables I
and IL In all expressions the absolute value of x must be used. In the case of p-p and n-n
interactions particle distributions in the region of positive and negative x are symmetrical
with respect to the point x = 0. Such a symmetry is absent in p-n interactions where the
conserved particles are assumed to be proton at x > 0 and neutron at x < 0 (in n-p interac-
tions the x sign is inversed). All energy variables are in GeV units.

The number of coefficients in the expression (1) could be reduced by considering
several smaller intervals A4S = (S}, S,); however, in this case for the whole energy region
the number of constants is not reduced but increased.

TABLE 1
Coefficients for conserved and unconserved nucleon spectra at |x{ < 0.7
~ Coef.
a b ¢ d S g “ u v
Reaction
pp—>p+ ... 100 | 94 —0.06 6.43 0.21 1.5 1.81 230 -1
x<0 6 | 36 —0.01 49 1.0 3.0 1.36 230 —~1
pn—p+ ...
x>0 95 8.5 —0.06 6.43 0.45 1.4 1.84 210 -1
pp—>n+ ... 13 0.35 0.17 5.5 1.2 —0.4 1.25 210 -1

3 We call the particle a “conserved” in reaction a+b > a+ ... if after the interaction this particle
is emitted into the same hemisphere it came from. In this case the distribution of the conserved particle b in
reaction a+b — b+ ... is given by formulae (1), (2) by the change |x| - |~ x| (i.e. azimuthal emission
angles of the particles a and b are related by 0y, = —0,). In p-p and n-n collisions particles a and b are
completely interchangable.

1f the conserved particle is emitted at a small (6 ~ 0, a) or at a big (6 ~ n, b) angle, it usually takes
the large part of energy of colliding particle. This particle, a or b, is called the “leading particle”.
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TABLE 11
Coefficients for conserved and unconserved nucleon spectra at |x| > 0.7
Identical for all reactions pp—~Dp+ ... pn->p-+ ... pp—>n+ ...

A 19 23 (23» 3.8

R 4.3 5.6 (0.08) 0.23

a 0.6 1.2 (1.3) 1.62
i o Bi Vi Gi Ry Gi R; Gi Ri
1 0 0 1.5 3.3 —0.38 ] 5.7 (3.8) {0.07 (4.8)
2 (¢} -0.5 0.85 9 6.5 1 10 0.007 0.45
3 0.5 —-0.5 1.5 57 3.6 24 1.4 51 4.1
4 0 -1 0.2 0.2 1.5 0.07 1.3

! For the region x < 0.

The coefficients listed in tables are obtained taking into account all known experi-
mental values of d3¢/d3p and integral quantities: the average multiplicity of secondary
particles, their transverse momenta, and inelasticity coefficient of interactions. Figs. 1-3
illustrate the typical agreement between the calculated and experimental spectra.

As we can see, agreement is very good for x > 0.5 at all energies 7 > 5 GeV (as a rule,
the theoretical curves are placed inside the'corridor of experimental errors); the agreement
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Fig. 1. Differential distribution of secondary protons in inelastic p-p collisions in the region x < 0.6.

Dotted curves are results of calculations for 7 = 11 GeV, dashed — for T = 18 GeV and solid — for

T = 1062 GeV. The corresponding values of p, (GeV/c) are indicated near the curves. Experimental points
are taken from Ref. [10]
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Fig. 2. Differential distribution of secondary protons in inelastic p-p collisions in the region x > 0.6.

All curves are calculated for T = 1062 GeV. The corresponding values of p; (GeV/c) are indicated near

the curves. The experimental points for T = 385, 659, 1062 and 1482 GeV ate shown by the marks X,
v, ®, O, respectively
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Fig. 3. Transverse momentum distribution of protons in inelastic p-p collisions at T = 1062 GeV. Curves

are the results of calculations and points are experimental data [13]. The corresponding values of x are
nearby
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is somewhat worse for smaller x. Few and rather scattered experimental points are known
yet in the region x $ 0.5, therefore, one can define the coefficients in the expression (1)
for this region by means of known integral quantities only. It seems difficult to define
a more accurate approximation here.
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Fig. 4. Diffcrential distribution of neutrons in p-p interactions. Curves are the results of calculations for
T = 1062 GeV. The corresponding values of p; are nearby. The experimental points are taken from Ref. {14}
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Fig. 5. Transverse momentum distribution of neutrons in p-p interactions. Curves are caiculated for
T = 1062 GeV. The intervals of x corresponding to the experimental points are shown near the curves [14].
(Calculations have been done for average values of these intervals.)

Expressions (1) and (2) can also be used for description of unconserved nucleon spectra
in the reactions with overcharge of colliding particles: neutrons in p-p interactions, protons
at x < 0 and neutrons at x > 0 in p-n interactions (and corresponding particles in charge-
-symmetrical n-n and n-p interactions). Expressions differ from those for the conserved
particles only in values of coefficients (see Tables I and II).
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In Figs. 4 and 5, where characteristic examples of the accuracy of the considered
approximation are shown again, one can see that in the case of p-p interaction the calculated
cross sections describe the experiment with the accuracy which does not go out of the limits
of average experimental errors. The case of p-n collisions is more difficult due to lack
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Fig. 6. Protons distribution in inelastic p-n interaction at T = 56.7 GeV. Curves are calculated for the
indicated values of p;(GeV/c). Experimental points are taken from Ref. [15]
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Fig. 7. Average number of secondary protons in inelastic p-p collision. The curve is calculated by the
formula (3), the points correspond to experimental data [16-26]

of experimental data. Tables I and II present values of coefficients giving the best agreement
with known experiments; however, it is likely that the results of more detailed measure-.
ments will require the refinement of these coefficients.

In the region T2 5 GeV the calculated multiplicities of protons and neutrons.
(n,y ~ 1.4, {(n,> ~ 0.6, where

3 3
(n = of,,ljd%', = a;;! J(Ed a‘)i—l-), 3)

d’p) E
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0, is the experimental value of the total two nucleon inelastic cross section. The results
of calculations are in good agreement with experimental data.

From statistical considerations based on isotepic invariance it is often confirmed
that at large multiplicities of secondary particles {n,» =~ {n,>, regardless of the charges
of colliding nucleons. The presented data show that in p-p collisions the average multiplic-
ities of protons and neutrons remain different even at very high energies. We can talk
about the equality of (np) and {n,> in the case of p-n interactions only.

TABLE III

Integral characteristics of secondary protons in inelastic p-p interactions (C.M.S.)
T, [GeV] {pip> [GeV/el (Tp>, {GeV] <{Kp>
10 0.38 0.62 0.34

20 0.39 0.99 0.31
102 0.41 3.17 0.30
5-10% 0.42 7.02 0.29
10° 0.44 9.6 0.29
1.5-10% 0.44 114 0.29
5-10% 0.44 219 0.29

The average transversal momenta of protons in p-p collisions are shown in Table III,
where

{p(8)> = o[py; S/a[1; S] )
with functional
+1 Pz;max 3 2
([ _dd(x,p.,S) Z(x, py. S)dp1
Z;8] = d E — 5
o1z 5] =n f ¥ j dp (P +4ST(pE+ M2 ©)

-1 0

here p, .., is the maximum value of proton transversal momentum. The calculated quanti-
ties are close to experimental ones and are about 0.4 GeV at T = 5+ 30 GeV .and increase
to 0.44 at T ~ 10° GeV.

Compared with those of protons, the average transversal momentum of neutrons
emitted in p-p collisions are some percents more, though it is hardly provable within the
accuracy of the approximations used.

Table III shows the values of the proton average kinetic energy in C.M.S.

(T(S)> = {o[E; S)/o[1; ST}~ M,, ©
and the average share of energy taken by proton
CK(S)) = {{TAS)>+M,}S™ 2, (M

At T ~ 10 GeV the quantity (T,) is close to experimental value 0.6 GeV. [27, 28] and
then increases more rapidly than S (i.e. 2T '/?). Values of (K, remain practically constant
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in the whole energy region T = 20 GeV. The average kinetic energy of a neutron created
in p-p collision {T,> is 1.5+ 2 times less than that of proton. As the primary particle energy
increases, the value (T}, rises something slower than {(7},); so the ratio {T>/{T,» = 1.4
at 7= 10GeV and is 2 and 2.5 at T = 10% and 10® GeV.

Taking into account the relative probability of protons and neutrons creation we
obtain that the magnitude of the average energy taken by proton in inelastic p-p interaction
exceeds the average neutron energy approximately four times. The inelasticity coefficient
of p-p interaction, i.e. the part of energy taken by all created particles

(KD = 1={ny KTy +M}IS™H2—ny) (KTY+M,)5™2
= 1—<n) KTy —<TIS™ 22K Ty + M, }s™ 12 ®
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Fig. 8. Energy dependence of inelasticity coefficients for primary proton in proton-nucleon collisions.
Dashed line is the result of calculations. Experimental points are taken from Refs. [29, 30] and compilations
[31-32].
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Fig. 9. Distribution of inelasticity coefficient for p-p collisions. The histogram is the result of calculation
for T = 10>— 10 GeV. The points correspond to experimental data [33-35] for p-N collisions obtained
at T = 20—5 - 10* GeV
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is about 429 and is in good agreement with experimental data (see Fig. 8; for p-n interac-
tions a close value is obtained)*.

The calculated and experimental distributions of inelasticity coefficients W(K) for
the energy interval T ~ 102+-10% GeV are shown in Fig. 9°. These distributions are close
to one another, though it should be remembered that experimental points are obtained
at different energies T, containing therefore significant errors, so one can expect that theoret-
ical distribution W(K) is more accurate.

The distribution W(K) and average inelasticity coefficient (K are independent of
the system of reference (C.M.S. or lab frame) due to the symmetry of N-N system; at

TABLE 1V

The share of energy taken by the leading proton and the recoil proton in p-p
interaction in the laboratory coordinate system

T, [GGV] (Klead ) <Krec >
10 0.53 0.15
10? 0.55 0.05
10? 0.56 0.02

the same time nucleon coefficients {(Ky,» and {(Ky,> which-are equal in C.M.S. are essen-
tially different in the laboratory coordinate system (see Table 1V). The part of energy
taken by the leading nucleon is actually constant at all energies T 2 5 GeV.

In conclusion we can say that within the accuracy of experimental data available at
present the inclusive expression (1) describes sufficiently the differential and integral
characteristics of secondary nucleons in inelastic N-N collisions and can be used for different
theoretical estimations at T > 5 GeV, including the calculation of quantities which are not
measured in experiments yet.

REFERENCES

[1] M. Bishari, Phys. Lett. 38B, 510 (1972). »
[2] A. B. Kaidalov, Yu. F. Pirogov, N. L. Ter-Isaakyan, V. A. Hoze, Zh. Eksp. Teor. Fiz. 11,
626 (1973).

4 As it is usual in experiment all secondary particles except two nucleons are considered to be new.
Including the neutron into the number of new particles we have the corresponding inelasticity coefficient
K> =1-=<np> - <Kp> = 0.55 at T = 10GeV and <KD =~ 0.6 at T = 500 GeV.

5 The distribution of the part of energy taken by nucleon is obtained by simple transformation

do(x,p1,S) ,, d*c(Kn, p1, S)
e dp_j_dx = —_——3
dpJ_dx

dpidKN
The part of energy consumed for the production of secondary mesons depends on the energy of both nucleons
(see formula (8)). Calculation of this energy distribution and distributions W(Kn:)and W(Kn;) in the labora-
tory system may be done by the Monte-Carlo method (by means of von Neumann rejection procedure),
sampling values of x and p corresponding to formula (1) and calculating the corresponding nucleon energies
in lab system and in C.M.S. This procedure turns out to be quite effective.

dpidKkn = J W (KN, SMKN.



573

131 M. N. Korbinsky, A. K. Lihoded, A. 1. Tolstenkov, Yad. Fiz. 20, 775 (1974).
{4] L. R. Kimel, N. V. Mohov, Izv. YUZ, Fiz. 10, 78 (1974).
[5] F. E. Taylor et al., Phys. Rev. 14D, 1217 (1976).
{6] Yu. M. Kazarinov, B. Z. Kopeliovich, L.'1. Lapidus, I. K. Potashnikova, Zk. Eksp. Teor.
Fiz. 70, 1152 (1976).
[71 E. Yen, Phys. Rev. 10D, 836 (1974).
[8] V. S. Barashenkov, N. V. Slavin, JINR Communication P2-12083, Dubna 1978.
[9] V. S. Barashenkov, V. D. Toneev, Interactions of High Energy Particles and Atomic Nucleus with
Nucleus, Atomizdat, Moskva 1972.
[10] H. J. Mick et al., BONN-DESY-HAMB-Max Planck collaboration, Report DESY, F1-72/1 (1972);
M. G. Albrow et al., Proc. of the XVI Intern. Conf. on High Energy Phys., Batavia 1972, p. 940;
J. V. Allaby et al., Proc. of the IV Intern. Conf. on High Energy Collisions, Oxford 1972, p. 85.
[11]1 M. G. Albrow et al., Nucl. Phys. 108B, 1 (1976).
112] J. Whitmore, 8. J. Barish, D. C. Colley, P. F. Schultz, Phys. Rev. 11D, 3124 (1975).
[13] M. G. Albrow et al., Nucl. Phys. 54B, 6 (1973).
[14] J. Engler et al., Nucl. Phys. 84B, 70 (1975).
{15] M. Bishari, University of California, report LBL-2066, Berkeley 1973.
{16] V. A. Kobzev et al., Zh. Eksp. Teor. Fiz. 41, 747 (1961).
[17] T. Vishki et al., Zh. Eksp. Teor. Fiz. 41, 1069 (1961).
[18] M. Csejthey-Barth, Nuovo Cimento 32, 545 (1964).
[19] G. Alexander et al., Phys. Rev. 154, 1284 (1967).
[20] C. N. Akerlof et al,, Phys. Rev. 3D, 645 (1971).
{21] Y. K. Lim, Nuovo Cimento 28, 1228 (1963).
[22] H. Boggild, K. H. Hansen, M. Suk, Nucl. Phys. 27B, 1 (1971); 27B, 85 (1971).
[23] H. J. Miuck et al.,, Phys. Lett. 39B, 303 (1972).
[24] F. T. Dao et al., NAL-Pub 74/38-Exp, Batavia 1974.
{251 M. Antinucci et al., Lett. Nuovo Cimento 6, 121 (1973).
[26] G.Damgaard, K. H. Hansen, Contribution to the XVI Intern. Conf. on High-Energy Phys., Batavia
1972.
[27] N. P. Bogachev et al., Zh. Eksp. Teor. Fiz. 38, 1346 (1960).
[28] Van Shufen et al., Zh. Eksp. Teor. Fiz. 39, 957 (1960).
{29] M. Koshiba et al., Suppl. Nuovo Cimento 1, 1091 (1963).
{30] A. De Marco-Trabucco, L. Montanet, S. Nilsson, Nucl. Phys. 60, 209 (1964).
[31] V. S. Barashenkov, V. M. Maltzev, Fortschr. Phys. 14, 357 (1966); V. S. Barashenkov, V. M.
Maltzev, 1. Patera, V. D, Toneev, Fortschr. Phys. 15, 435 (1967).
[32] Zh. S. Takibaev, E. G. Boos, Inelastic Nucleon Interactions at High Energies, Nauka, Alma-Ata
1974.
33] N. A. Dobrotin et al., Nucl. Phys. 35, 152 (1962).
[34] K. Rybicki, Nuovo Cimento 49, 233 (1967).
[35] A. A. Kamal, G. K. Rao, Nucl. Phys. 2B, 135 (1967).



