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In the framework of classical field theory, we look for the physical meaning of the
“improved” energy-momentum tensor for a scalar field. We study the motion of a point-like
particle interacting with a scalar field. Together with the “improved” energy-momentum
tensor, we introduce a force, which depends on the velocity of the particle and is, if certain
conditions are fulfilled, repulsive.

PACS numbers: 04.20.Me

In [1] the question is considered, whether there is an energy-momentum tensor for
a renormalizable field theory which gives finite matrix elements in each order of the per-
turbation series. In-the case of a self-interacting scalar field such an “improved” energy-
-momentum tensor is the quantity

Oy = Ty— %(akaz—gktm)?’za 1
where
Ta = Pu@a—8ul (‘Pa = '(?“(P‘) @
= P9, . %"
with
L = 3 0upoipn® — 3 uo9” — Aoo* 3)

is the conventional energy-momentum tensor. We obtain the “improved” energy-momen-
tum tensor @y, in the framework of the canonical formalism, if we start from the Lagran-

gian [2]
L' = 1 opden”—% o8003 uoe® — o™ 6))
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This expression differs from the one in (3) only by a total divergence

—5 (" 90up), (5)

It is well-known that a total divergence does not change the field equations, if we add it to
a Lagrangian. But it will change our understanding of what the flow of energy and mo-
mentum and tensions are.

In (3) and (4), we meet the same mass term and self-interaction ansatz. Therefore, we
will approach the physical meaning of the “improved’ energy-momentum tensor, if we
concentrate on those terms of the Lagrangian containing derivatives of the scalar field
only.

To be as general as possible, we start from a Lagrangian

L= apo ' +be.on", (6)

where ¢ and b are two parameters.
By well-known methods we obtain from (6) the scalar field equation

(29—2}9)’7&19’{&: =0 )
and the canonical energy-momentum tensor

y = — a(_?’,k?’,t — @@ 1+ @O P)+26(9 01— 5 M@, 0. 1™)- ®

The second term of (8) is proportional to the conventional energy-momentum tensor of
a scalar field with vanishing rest mass and without self-interaction. The first term can be
written as follows

A= —a(Q.9,— 9P u+1upde)
= —an U = 2a(@@1—5 1u™@,,9.9) )
with
Uf=-U"=3 (5ze5d6_5d6518)’1pdap¢2- (10)

We recognize that the first term in (8) is, up to a total divergence of an antisymmetric
quantity, proportional to the conventional energy-momentum tensor, too.

The tensor 4,; has got an interesting property. In the case of a static scalar field, the
energy density Ao is equal to zero wherever the field equation Ap = 0 is satisfied. This
makes us expect, that the tensor A, does not contribute to the self-energy of a point-like
particle creating a scalar ficld only.

To obtain information on the physical meaning of the “improved” enetrgy-momentum
tensor let us have a look at the interaction of a paiat-like particle creating a scalar fizld ¢
with a scalar ficld ¢. This problem was considered from different points of view several
times in the past. Some authors [3] used the conventional energy-momentum tensor as
a starting point. Another approach {4] starts from the equation of motion without a force
term depending: on the velocity of the particle.
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We choose as the scalar field created by a point-like particle the retarded potential

&
(2(s), x—2(s))’

g is a coupling number and z*(s) means the world line of the particle the parameter of which
is the proper-time s of the particle. We choose the notation

Px) = — (1)

. dz* T
(2(s), x~2(s)) = 1y e (x'—z(s)) (12)
and
r_ dz* _ sk )
v = 5 =t (13)

According to Dirac’s procedure [5], we obtain from the energy-momentum tensor (8),
written with ¢+ @ instead of ¢, the following expression, which is proportional to the
rate of flow of energy and momentum

1
b [" gio lim — +% g+ ﬁzvk)+2gd’,k:|
=0 €

—a[% gX (B +5°0) — g P +% g —% g "] (14)

This expression has to be the derivative of a quantity — let us call it B, — with respect to
the proper-time s. We put

1
By, = (2b—a)gdy,— bg’v, lim — 4+ m(2b—2a)v, (15

&e~0

and obtain the equation of motion of a point-like particle interacting with a scalar field
d k 1 27k <2 k
d—s—[(m+gq>)v —3 g+

3b—2a
3(b—a)

ag
S %+ —— & pP* = 0. 16
82"+ 35—y (16)
m is the renormalized mass the origin of which is not the self-field of the particle. As one
could expect, the calculations show.that the non-renormalized mass contains a divergent

term coming only from the part of the energy-momentum (8) proportional to the conven-
tional one.

To get the “improved’” energy-momentum tensor we have to put

2
at———a-, b:

=

i7)

In this case the equation of motion reads

d '
= [(m+g®)f]—% g +*")—F g n™~ 2 g 7" = 0. (18)
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The equation of motion (18) does not give us any hint why we should choose the
parameter values (17).

Now, we compare (18) with the equation of motion resulting in the case where we start
from the conventional energy-momentum tensor. It reads

d
%me@ﬂ—@ﬂ”%fw+ﬁﬂ=0 (19)

We recognize that there is no change of the “Abraham vector”, but the force acting on the
particle is changed in an important way. A force term enters (18) depending on the velocity
of the particle. In the case g > 0 and &, > 0 (x = 1, 2, 3), the conventional force term
which is independent of particle’s velocity is weakened. Additionally, if & ,v* < 0, there is
a force acting in the direction opposite to that given by the motion of the particle.

It would be most satisfactory to consider the case where @ is the sum of a pure radia-
tion field and retarded fields of other point-like particles. This case shall be postponed
and, instead of it, we suppose that @ is a static field of the form

M
¢=——~ (M>0) (20)

which means formally, the breaking of Newton’s third law. Then, the force term of (18)
is\ given by
7 r 2 ; 1
K= —-% ng—3 +5 gM = (r- v)v. (21)
r
In the case g > 0, the particle is attracted by a force
r
K, =35gM— (22)
r
and, moving in the direction of the source of the field given by (20), is repelled by the force
1
K, = +%gM ;—3(1' ). (23)

One could expect that this repulsion, depending on the velocity of the particle, is the origin
of the fact that momentum space integrations give finite matrix elements for the “impro-
ved” energy-momentum tensor in quantum field theory.

Remark. Although the “Abraham vector’ enters the “improved’ and conventional
equation of motion in the same way, this need not mean that the radiation rate is the same
in both cases as was pointed out in [6]. This subject was not considered here because there
is no necessity to obtain the same radiation rate. Contrary to electrodynamics, we have
no experimental evidence concerning the motion of a point-like particle creating a scalar
field. Emphasis here was on the introduction of a velocity dependent force term if we start
from the “improved” energy-momentum tensor.

I am indebted to Dr. R. W. John for drawing my attention to the papers [3] and [4]
and checking my calculations leading to (14).
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