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EINSTEIN-CARTAN-MAXWELL-BIANCHI TYPE II SOLUTIONS

By D. Lorenz
Fachbereich fiir Physik, Universitdt Konstanz*
( Received July 21, 1981)

It is shown that solutions of the Einstein-Cartan-Maxwell theory for the Bianchi
type 11 models exist.

PACS numbers: 04.20. Jb, 98.80.Dr

1. Introduction

It has been stated by Tafel (1975), Kuchowicz (1976) and Tsoubelis (1981) that there
are no Einstein—Cartan-Bianchi type II solutions. However, this result is due to the special
form of the metric and the matter content these authors made use of. The aim of this paper
is to show that in the case of a more general metric and in the presence of an electromagnetic
field the class of Bianchi type II contains solutions in the Einstein-Cartan theory (ECT)
of gravitation (see also Lorenz 1981b).

In a previously published paper (Lorenz 1981a) we have already shown that in the
presence of an electromagnetic field ECT-solutions of the Bianchi types VIII and IX exist.
This result is of some importance since it has been stated that a homogeneous distribution
of polarized spin is incompatible with spatial closure in the case ot Bianchi type 1X models
(Kerlick 1975, 1976; Kuchowicz 1975, ¥976). The method, notation and pertinent portions
of Ref. (Lorenz 1981a) are utilized.

2. Field equations

In choosing a local orthonormal basis ¢*, we can put the metric of the Bianchi type II
space-time in the form

ds* = n,,6"", ey
where #,, is the Minkowski metric tensor. For a spatially homogeneous model, we take

6° =0°=dt, o' = R0 (no sum), @)
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where
0! = dx'+[2nx>+2m | Ry(R*R3)'di]dx?,

0% = dx?, 0% =dx® n,m = const. (3)

are differential one forms and where, due to homogeneity, the R; are functions of ¢ only.
The exterior derivatives of the orthonormal basis one forms ¢ are

de® =0,
R 2m
do' = Hi6® A 6'+2n —1 6* A 6+ 55— 6% A o2,
2R; iR3
do® = H,6° A 6%, do® = Hy6° A 6>, H, = RyR. 4)

Assuming a classical description of spin (see Lorenz 1981a) one finds that the only non-
vanishing components of the torsion tensor are:

0%, = —Q%, =:25s = 25(1). 4
The connection coefficients are
o m ) 5 m
'Yz=—<5— » Yor =8t =5
! R2R, R2R,
R .
3 3 1 1 i
= = = —Nn -, Yoi = Hi' 6
Y21 =Y 12 =Y 23 R,R, Y oi (6)
These quantities enter into the formula
", = y*,0° (7)

to provide six connection two-forms o,,. The results are:

0 1 m 2
°, =Ho'+ | —-s+ —— |62,
L ( RIR,

m
6, = H,o*+ (s+ -2—> o', ¢°; = Hyo?,
RiR; )
m R
o'y = —{s+ 35— )o®—n — %,
RiR, R;R;
R R
ol =n——0a% o>, =n—1-0 (8)

The curvature two-forms
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are given by
. m { m \?
Q° = —|s42sH,+ —— H,y|6® A o?+ | H +H?>— | s+ 6% Aot
' [ *" RiR, ] L RIR,)

R, nm { 3 R,
+ 1 sn -+ 16 Ao +n
RyR; R;R;,R5 RyR;

(H,—2H )o* A 63,

m
2
R1R3

Ry 3nm 3 5 R,
-+ | ns -+ 5107 A G°—n
R;R;  RyR,R; R3R;

. . m 3m?
Q°, = [s+25H1- H{' a® Ao+ [H2+H§—52+2s + —-]ao A o?

RiR;  RIR;

(H, —H3)01 A 63,

. R
= (Hy+H)6® A 6> +n —
R;R,

R m? R, \?
Q, = —n—— (H,~H)d® A 03-[32—- 4 2_+nz( ! )]0_2 A o'
R,R; RiRj3 R,R;

+H,H,o"' A o?,

(Hl “‘Hz)al A 62,

H
Q'Y =n (H—H3)e® A o?— (SH3—m 2 >O’2 Ad?

2R3 RiR,

R, nin of Re VT . 3
— {sn e ¢® Ae'+ | HHz+n 6 AG,
R,R;, R {R,R3 R,R;,

R, 3nm
QH,—H,~H3)’ A ¢’ + (sn — )ao A o?
2R3 Rst R}

R
2 R, : 2 3
+ [H2H3—3n (R R ) ]0' A 07— (sH3+m ) . (10)
2R3

Thus we can easily calculate the Ricci tensor R*, = R?*,,.
The Einstein-Cartan equations considered here are:

2 _
Q3 =mn

2

. . &
—Rgo = H,+H*+H,+H+ Hy+H}—2s*+ e —2-(3y—2)—E00, (a)
1483

Ry, = Ho+HE A HHy s HH e 2 22 = L @y +Ey,, ()
11 = 1 1 1412 1413 RfRz RfR_,, = 2 Y 11s

. 2 2sm 2m
R22=H2+H2+H2H1+H2H3+ n

€
= —2~7)+E,,, c
RiR:; R4R3 ) F 5 ( Y) 22 ( )

R;R,

. R
R, =H,3+H§+H3H1+H3H2—2n ( : > ‘5(2 Y)+Ess, (@

2°%3
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Ry; = —(s+s(2H,+H;)) = Eq,, (e

Ry, = s+s(2H,+H;) = E,,, ®)

Roy = —2 _ By, (®
R{R,R3

(11)

where the perfect fluid matter inherent in this model is characterized by the equation of
state

p=@-1s 1<y<2 (12)

and E,, are the components -of the electromagnetic stress-energy tensor. In addition we
have the follpwing conservation equations:

2
83 So

E= e, S=
(RyR;Ry) RyR2Rs

&2, s& = const. (13)
We now turn to the Maxwell equations. The only nonvanishing structure constant
for Bianchi type II is C,;i. Thus the sourceless Maxwell equations become
ER;—-0(BiR,R3) =0, B;R;+0(E,R,R3) =0,
OI(B‘RJR;‘) = 0, 6((E‘R}Rk) = 0, i = 2, 3. (14)

Owing to homogeneity, the electromagnetic field E; and the magnetic field B; depend only
on t. Intraducing a new time variable T by dr: = R,/(R,R;)dt we obtain the general solu-
tions

E:= E, = (aJR,R;)* cos (t+7,), B:= B; = (a/R,R;)? sin (1+1,),
B, = (Bi/R;R,), E,=(&/R;Ry), -a,b;e,10=const. i=23 15)
Thus we can easily calculate the electromagnetic stress-energy tensor
Ep = Bk =% 1,nFopF?, (16)

where Fiy = E; and Fj, = B,

3. Discussion

We now discuss the field equations in some more details. In the case Ey; = E,,,
E,, = E,; = 0 we obtain, comparing the Egs. (11b, ¢), the constraint equation

sm(R R,)*R;+m?*R5~n*RS = 0. 17)

If in addition Ey; = O we find from Eq. (11g) and (17) that R; = 0 for n # 0, se only
in this case we obtain the result that there are no ECT-type 11 solutions. The above men-
tioned authors consider only the case m = 0. The more general metric considered here
with m # O for the Bianchi type Il model has been first given by King and Ellis (1973).
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In addition, it must be said that Kuchowicz (1976) did not make any calculations about
type II (he only quotes the result of Tafel’s study). The special choice for the magnetic
field made by Tsoubelis gives indeed E,; = 0. (Note that in Tsoubelis (1980) the erroneous
conclusion was made that there are ECT-Bianchi type II solutions for m = 0).
However, in general the nonvanishing components of the electromagnetic stress-energy

tensor are:
[( a >2+ e3+b3 + e§'+b§]
R3R; (RiR3)* ~ (RiRp)*]’
E11=%[—< a )2+ e§+b§2 +.e§+b§o:|’
R3R; (R4R3) (RyRy)”
2 e2+ b3 e2+b?
[(R Ry T ®iRy T (RIRZ)Z]’

[( )" e2+b? e§+b§:\
R;R;/  (RiR3®  (RiRy)* )

o]
[
<

]
(S

lI
(SN

II

nj=

Elz = Ezl = R R Rz [22 Cos (T+To)+b2 Sln (T+To)]
2
a
Eyy = " RER, W [b, cos (t+14)—e, sin (t+71)]. (18)

Thus in general we have Ey3 # 0 and R;; # R,,. Thus we have shown that ECT-solutions
of Bianchi type II models exist, contrary to the claims in the literature of the subject.

Editorial note. This article was proofread by the editors only, not by the author.
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