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NON-RELATIVISTIC EQUATIONS OF MOTION FOR ARBITRARY
SPIN PARTICLES WITH ANOMALOUS INTERACTIONS

By A. G. NIKITIN
Institute of Mathematics, Kiev*
( Received October 8, 1981)

The Galilei-invariant first order differential equations are obtained. They describe the
spin-orbit coupling of arbitrary spin particle with the external electromagnetic field. It is
thus shown that such a coupling is not a purely relativistic effect and may be described
within the framework of non-relativistic quantum mechanics. The equations obtained
generalize those proposed by Levy-Leblond and Hurley.

PACS numbers: 03.65.Bz

It is well known that from the group-theoretical point of view the concept of the spin
of a particle arises naturally within the framework of non-relativistic quantum mechanics
[1]. At the same time the opinion is widespread that the Galilei-invariant equations do
not give a complete description of the spinning particle’s motion in an external electro-
magnetic field, since such equations (of Levy-Leblond [2], of Hagen and Hurley [3, 4])
do not take into account the spin-orbit coupling of a particle with a field.

In this note the Levy-Leblond-Hagen-Hurley (LHG) equations have been generalized
to the case of an anomalous interaction of a particle with an external field. The equations
obtained are Galilei-invariant and describe the spin-orbit coupling. It is shown that the
spin-orbit coupling may be also described by the Galilei-invariant equations within the
framework of the minimal coupling principle.

The LHG equations for a particle of mass m and spin s have the form [4]

L(P, po)¥(1, %) = [B,p"+(1—Bo)2m]¥(t, X) = 0, (1
where

0 0 '
po=i—, p,=—-i—, a=123  p=0123,

ot ox,
100 0 S, K}

Bo={1000}], ﬁazl S,0 0 |. @
000 ’ K,0 0
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I is the (254 1)-row unit matrix, S, are the matrices of dimensionality (2s+1)x (2s+1),
which realize the representation D(s) of the O(3) algebra, i.e. satisly the conditions:

[Sa Sp] = iegeSes S.S, = s(s+1). 3

K, are matrices of dimensionality (25 —1) x (25+ 1), which are determined by the relations
K8y~ 8K, = iepK,,

8.8y +KIK; = iseupeSo+573,, 4)

where S, are the generators of the representation D(s— 1) of the group O(3) (i.e. the (2s—1)
x (2s—1) dimensional matrices, satisfying the relations (3)), where s = 5" = s—1. The
explicit form of the matrices S,, X, and S, (which is not used here) is given in [4].

The equation which describes the motion of the charged non-relativistic particle in the
external clectromagnetic field may be obtained from (I) by the substitution p, - =,
= p,—eA,, where 4, is the vector-potential of the electromagnetic field [4]. As a result
one obtains

L(7, no)P(1, X) = [Bn"+(1—Bo)2m]¥(t, X) = 0. )
Equation (5), as well as equation (1), is invariant under the Galilei transformations
¥ X = RX+0t+b, 11t =t+b,,
Yt x) » (', X') = exp [if(t', ¥)]1D(R, v)¥(t, X)
Ay = Ay = Ag+V - A, A — A4 = RA, (6)

where R is the operator of spatial rotation, 2, Z;, b, are arbitrary real parameters, D(R, 5)
are the matrices, which realize the representation of the homogeneous Galilei group

'D*(R) 0 0 )
)/

D(R,7) = [1++(1-Bp)B-¢]1{0  D¥R) 0O
0 0 DR

Q)

D*(R) (D°”(R)) are the matrices which realize the representation D(s) (D(s—1)) of the
O(3) group, f(t’, x') is the phase multiplicator

f(t', X'y = mo- X' +1 mvt'. (8)

Invariance under the Galilei transformations means that the transformed function
Y, ;c') satisfies the same equation as ¥(¢, x) does

L', n)¥'(t', x') = 0, )

where L(n’, 7o) is the operator, which is obtained from L(z, 7,) (5) by the substitution

0
T, > W, = —i?— —eA,. Equation (9) actually follows from (5)-(8), as soon as the
M
operator L(w, ;) satisfies the condition

exp [if(t, X)]DXR, D)L(7, no)D(R, 0) exp [—if(t', X)] = L(z', n5) (10)
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It is shown in [4] that equation (5) describes the dipole interaction of a particle with the
electromagnetic field, but does not take into account the spin-orbit coupling.

However, the substitution p, —n, in the equations of motion is not the only way
to describe the charged particle’s interaction with the external electromagnetic field.
A more general approach is to take into account also the anomalous interaction which
is described by introducing into the equation of motion terms which depend on the electro-
magnetic field strength. Let us consider, together with (5), a generalized LHG equation
of the form

L(m, m)¥(1, %) = 0,
L7, o) = By +(1—Bo)2m + 5(2 ‘E+B- H), (11)

where A = (4,, A,, A3) and B= (B, B,, B;) are numerical matrices, E and H are the
vectors of the electric and magnetic fields strength,

E=—ilng,n], H% —inxn. (12)

Let us require the operator ﬁ(?z o) to satisfy the Galilei invariance condition (10).
Using (7), (8), (3), (4) and takmg into account the fact that according to (6), (12) the
Galilei transformation law for E and H has the form

E—E =RE-pxH, H-H =RH 13)
one obtains the following equations for the matrices A, B,, S, and 5, = % (1 —Bo)B.
[S., 4] = fgapeAes [Se By] = dewcB.;
miAy~Ala = 05 nlBy— By, = —itacA,
MiAsie+1lAsm, = niBn.+niBy, =0 (14)
The general solution of the equations (14) has the form

..l‘S»-._.

ik,S . -k *
4="2pBxB, B='7.Boﬁx/s+ S (1-260)8 (15)

where k, and k, are arbitrary constants.
Substituting (15) into (11), one obtains the equation

-

[Bomo— ﬁ n+(1— ﬁo)Z"’I+ Boﬁxﬁ

,X) =0 (16)

4dm

Equation (16) is invariant under the Galilei transformations (6) and under the gauge
transformations. Let us show that this equation describes the dipole coupling of a spin
particle with an external field as well as the spin-orbit and Darwin interactions. For this
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purpose (in analogy with the decomposition of the Kemmer-Duffin-Petiau equation [5])

we single out from (16) the equation for the (25 1)-component wave function @ = f,%.
Multiplying (16) by B, and (1—f,) and using the relations

Bo = Bo,  (L=Bo)Bs = Bubo,

one obtains the equivalent system
ieS. - - . - - ek - -
o+ Eﬁxﬁ'(klE'*'kZH) Bo¥ =B -n+ mﬁH (1-B0)Y, (172)

- ek,

1 - - .
(1-Bo)¥ = %(ﬁ iyl H> Bo¥. (17b)

Substituting (17b) on the right-hand side of equation (17a), one obtains

ekl - - - ek2 - - — 1 - -2
mot - BxBoE+ Zpxp-H- (B 1)
4m 4m 2m
k e - e 4 — 82k2 - -
— BB A= (ﬂ-H)z} Bo¥ = 0. (18)

Using the explicit form of the f-matrices (2) and taking into account relations (3), (4),
one may write equation (18) in the form

J
i —® =Hd, & =p8,7,
lat s Bo

n? 14+ky) » - ek - =
Hs=”—+er+e( D5 iy 5 E
2m 2ms
ekl - - > - ezki -
- S-n,S-H}- H?. 19
2mzs[ m ] 4m? (19)

Let us demonstrate that equation (19) may be interpreted as the equation for the
particle in the external electromagnetic field, which described the spin-orbit coupling.
For this purpose we carry out the unitary transformation

oU
& > U, Hg - Hy = UHUT+i = Ut,

G
U=expli—S:n}.
2ms

where
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As a result one obtains the Hamiltonian

n* e(14+k) o =~ ik?
Hg=— +ed S‘H S-7,S-E
$= g Tt 8m22[ 4 ]

e(1+k2)k1 - 1 »2
_——— S H + + = — +edo+ —— S H
8mzs? Eh J+o m? o(e) 2m ¢o 2mS

b?e éE,
+ lomis §-(ixE- E><n)+3Q,.ba +35(S+1)divE
abe [ o . o . . oH, 1
551 7S (nxH-—Hxn)+3Qu — | +o0 +o(e?), (20)
4m*s dx, m?

where a = 1+k,, b = k,, Qg is the tensor of the quadrupole coupling
Qab = -21- [3(Sasb+sbsa)_25abs(s+1)]'

The Hamiltonian (20) possesses terms which correspond to the coupling of a point

-

n? -~ -
particle with the external electromagnetic field <~ eAy+ T) , and to the dipole (~S - H),
m

aEa . . pad g - — - . - et
quadrupole (~ O 6——) , spin-orbit (~S * (# x E—E x 7)) and Darwin (~div E) interac-
Xp

tions. Two last terms in (20) (which are P-noninvariant and may be reduced to zero by
appropriately choosing the parameters k, and k,) may be interpreted as those corresponding
to the magnetic quadrupole and spin-orbit coupling.

An analogous structure is obtained for the approximate Hamiltonians which may
be obtained by diagonalizing the relativistic equations of motion [6, 7). Fork, = 1,k, = 0,
s = & the first six terms in (20) coincide with the Hamiltonian which is obtained by the
diagonalization ot the Dirac equation [8].

So the Galilei invariant equations found above (16) actually may be interpreted as the
equations of motion of the non-relativistic particle with any spin in the external electro-
magnetic field. These equations take into account the spin-orbit coupling which is therefore
not a purely relativistic effect and may be described by the Galilei-invariant equations.

In conclusion we note, that the spin-orbit coupling in non-relativistic quantum me-
chanics is not a certain anomalous effect, which may be described only by equations
possessing the ‘“‘anomalous” terms, which depend on the electromagnetic field strength.
For instance, the Galilei-invariant equation

[ (Bo=Ba)mo+(Bo+Pa+2Dm—Pm]¥(t, X) = 0

where B, are the 10 x 10 Kemmer-Duffin matrices, I is the unit matrix, describes the spin-
-orbit coupling of the spin-one particle with the external field [9].
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The general form of the Galilei-invariant interaction is discussed in {10-12] (see also

[13, 14]). The results of the present paper are in accordance with the ones obtained in
[12-14].

The author wishes to thank Professor V. I. Fushchich for his very helpful criticism
and encouragement.
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