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If the cosmological equations can be reduced to the form of a dynamic system, the
space of all their solutions is a Banach space. The influence of different parameters on the
dynamics of the world models can be easily studied by means of the Banach metric. The
method is tested for the Friedman cosmological models “perturbed” by the bulk viscosity.

PACS numbers: 98.80.Dr

0. The aim of this note is to propose a method with the help of which, in certain
cases, one could easily study the influence of dissipative processes on the dynamics of
cosmological models. The method applies to those world models which can be presented
as dynamical systems. It turns out that in such cases there is an isomorphism between the
space of all possible world models and a Banach space. The metric can be-naturally defined
on the Banach space, and a “perturbation” of the original model by a dissipative parameter
can be studied in terms of this metric. The method is tested for the case of the Friedman
models “perturbed” by the existence of bulk viscosity.

1. Let us consider a vector field ¥V on a compact subset D CR* A vector X € V
defines (locally) the autonomous dynamical system

dx

d
= PG ), —dyt— = 0(x, ), 0

where x, y are local Cartesian coordinates, and P(x, y) and Q (x, ») are supposed to be c*
functions with k > 1. The vector field V is represented by [P (x, y), O (x, )]. Let Uy, ..., Uy
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be a covering of D, then one can define a norm || X]|, X € V, in the following way

Xl = max{sup (1P(x, YD, sup (19(x, s

x,yeU; x,yel,

< 0P(x, y) > ( OP(x, y) )
su , sup ,
x,yEBi ox x,yeUy; ay

< 00(x, y) ) (
sup
x,yely X yeU,

One can show that the vector field V, with the metric d(X, Y) = |X—Y|, X, Y € V,
is a Banach space. See [1; 2, p. 60—61].

¢))

0Q(x, y)| }

2. As it is well known (see e. g. [3]), Einstein’s field equations with the Robertson-
-Walker metric and the equation of state p = (¢, H) may be reduced to the form of the
autonomous dynamic system

dH

— =H = —H>-%(¢+3p—-24)

dt
% 3H(e+p) €}
—_— = —_ — &
ar " b

where H = R/R is the Hubble “constant”’, ¢ — energy density, p — pressure, A — the
cosmological canstant Dependence p = p(H) implies the existence of the bulk viscosity
coefficient { = % ﬁ (see [4]).

Definition: A parameter S will be said to modify the dynamics of the model at a point
(Hy, 80) ifd(X,Y) > C # Oase—¢oand H - H,, where X and Y are vector fields perturb-
ed and non-perturbed by the parameter S, respectively. If the parameter S modifies the
dynamics of the model at any point (H, ) of a region 4 C R? it will be said to modify
the dynamics of the model in the region A.

As regions A we shall consider such compact subsets D C R? that the boundary 0D
of D is “arc with no contact”, i. e. no singular points are situated on dD, and no phase
curve passing through D is tangent to 0D (see, [5]). This condition guarantees that every-
thing we shall say about stability will be valid for structural stability.

3. Let p = A¢"+BH", and p = Ac™, where ¢ >0, A = const == 0, B = const; m,
nER?, n > 1; let us also assume: D = {(H,s): 0 < g < 00, 0 < H< §, where ¢ is an’
arbitrarily small real number}. In such a case d(X, Y), where X and Y are defined by Eqs (3)
with p (perturbed field) and with p (non-perturbed field), respectively, is given by

d(X, Y) = max { sup (|3 BH"|), sup (|3BH"*'|),

H,eeD H,eeD
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sup (I£ nBH"™'[), sup (I3(n+1)BH")}

H,eeD H,ceD
L1B] for n=1
- { | 4
1inB&"" ' for n>1

The case n = 1 corresponds to a constant bulk viscosity coefficient ¢ = 4 B and we
can see that any constant bulk viscosity modifies the dynamics of the model within D. It
can be seen that the bulk viscosity effects are unstable within D (in the sense of metric (2)).

The case n > 1 corresponds to a variable bulk viscosity coefficient (parametrized by H
or g). We can see that the bulk viscosity does not modify the dynamics when H — 0(5 — 0),
1. e. when the model approaches to, or recedes from, the static state, and this property is
stable: solutions of (3), which are close to each other in the sense of metric (2), correspond
to ‘“‘nearby’’ values of the parameter H.

Let us notice that the above results are valid for a very general form of the equation
of state.

4. By using this method one could also investigate the influence of other ‘‘parameters”,
such as the cosmological constant, pressure, etc., on the dynamics of cosmic evolution.
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