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RELATIVISTIC SOLUTION FOR ONE SPIN-1/2 AND ONE SPIN-0
PARTICLE BOUND BY COULOMB POTENTIAL: PART TWO
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The fine-structure formula is derived for Coulombic bound states of one spin-1/2 and
one spin-0 particle with arbitrary masses.
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Some time ago a relativistic two-body wave equation for one spin-1/2 and one
spin-0 particle was derived on the potential level [1]. The original motivation for this
work was to get a tool for describing the bound states of a supersymmetric pair of
preons. The obtained equation, however, can be applied as well to other spin-1/2+spin-0
systems like e.g. e~a, p-o, e~nt, pnt, np, K p, €K+, etc. In the present note we would
like to establish the Coulombic fine-structure formula following from this equation.

Denoting by 1 and 2 the spm—l/2 and sp1n -0 partlcle, respectively, and using the
centre-of-mass frame, where p;, = —p, = p and 7, —7, = F, we can write the considered
equation in the form [1]

[kE v+ '"E ;’) —(&'1-5+l31m1)]\/E———Vw(?)=0- W

In the one-body limit, where m;/m, - 0 and V/m, - 0 or my/m, - 0 and V/m; - 0,
Eq. (1) transits into the usual Dirac equation

-V-(@,. ;7+ﬂ1m1)]'/’(;) =0 (& =E-m,y) ¥3)
or the usual Klein-Gordon equation
(= VY- +m)lp) =0 (5, = E—my), 3
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respectively. In the latter transition the small components of w(¥) are eliminated. In the
case of equal masses m, = m, = m Eq. (1) takes the Dirac-like form

(3 E= V) =G - p+BmNE-Vy() = 0 @
(but describes the intermal motion).
In the case of Coulombic bound states with ¥ = —a/r we have in Eq. (1).

2 2 2 2
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HE-V+ =7 ) =3 Eot =) + - AE= V=4V + 005),  (5)
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where E = E,+4E+0(@®) with E, = M—o?u/2n*+0(e*) and AE = O(a*), deter-
mined by

m,
Verf = “X/I‘ 4 (6)
and
m;—m, 2 a? u
AV e = — Vi —- ¥V 7
eff 2M2 ( n ) ()

respectively. Here, M = m;+m, and p = mym,/M.

Neglecting in Eq. (5) the correction (7) to the effective Coulombic potential (6) (and
hence also AE) we solve Eq. (1) exactly [2]. Expanding the resulting E, into powers of a2
we obtain
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where n = n+j+1/2 = 1,23, ... and j = 1/2,3/2, 52, ...
Now, we treat this solution as a ladder approximation. Then perturbing it by AV
we get (see Eq. (5)':

M a*y ml(ml—mz)(

m o e =i ) +0(o°) (my—my). (9

I+4

where ] = 0,1, 2, ... . We can see that AE = 0 for m,/m, — 0 and for m;, = m,. Combin-
mg Eqs. (8) and (9) we can write the following fine-structure formula for Coulombic
bound states of one spin-1/2 and one spin-0 particle:

4 2 :
o wp - atplmy (n my(my—my) [ n s
E=M- 2 3 — = 31 +0(®). 0
m? 2t [M2 (j—i—% ‘) e (1+—;~ ‘)] @). (10

The masses m; and m, are here arbitrary.

! In the footnote 1 in Ref. [2] the factor appearing in Eq. (9), M/m,, is omitted, so the resulting
equation is valid only in the limit of my/m, — 0. I am indebted to Slawomir Wycech for his calling my
attention to this point.
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In the one-body limit of m,/m, - 0 or m,/m, - 0 Eq. (10) reduces to the usual
fine-structure formula
2 4
o m, oy n 3 6
g =m,— — | — =3 ) +O(a 11
L= 2n* <j+17 4) @ an
or
a’m,
£y = My~

4
a*my [ n s 6
e — — 2 =3 ) 4+ 0(a
2n* 2n* (H—% 4) @)

(12)
for the Dirac or Klein-Gordon cquation, respcctively. In thz case of equal masses m;
=m, = m Eq. (10) gives

Y o )
4n? ten* \j+1 ° ’

In this case Eq. (1) taking the form (4) can be solv.d exactly giving the Sommerfeld-like
formula [1]

A o2 \'72 _ L 142 271/2
E=2m| 1+ — sy =lU+) —@2) ],
n,+y

where n, = 0,1,2, ....

(14

REFERENCES

[1] W. Krolikowski, Phys. Leri. 858, 335 (1979); Acta Phys. Pol. B19, 739 (1979)
reference.

[2] W. Krolikowski, Acta Phys. Pol. K12, 793 (1981). The present paper is the Part Two of this



