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A NONLINEAR MODIFICATION OF THE SCHRODINGER
EQUATION
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It is pointed out that the previously proposed theory of free phase leads to a uniquely
determined nonlinear modification of the Schridinger equation. Expressions for probability
density and energy density appropriate for the modified equation are given.

PACS numbers: 12.20.-m

1. The Galilean limit of the total action of free phase

In Ref. [1] we were led to consider the action

~ 3o J‘d“X(DS)Z, (D

where S is a field physically identical with the phase of a wave function. The integral (1)
is Poincaré invariant if S is a scalar, which is indeed the case in the relativistic mechanics.
In the Galilean limit the second time derivative is small when compared with the seccnd
space derivatives and (1) goes over into the expression

- ﬁl;z—fdth(AS)z. Q)
Here dV = dxdydz, A is the Laplace operator; we use units such that i = ¢ = 1. The
above action is invariant under Galilean transfoimation
t=1',
x=x+vot, 3)

if S transforms as the phase of a nonrelativistic wave function i.e. if

S(t, x) = S'(t', X)+mv - X'+ zmvt’, €))]
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m being the mass of a particle. One has from (3) and (4)
VS = V'S’ +mv,
A4S = A'S,

which shows that the integral (2) is indeed invariant under Galilean transformations.

2. The modified Schrodinger equation

Since the field S is physically identical with the phase of a wave function, we can
add the action (2) to the action of a free particle of mass m, thus obtaining the modified
action

o
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Here R is the amplitude and S is the phase; thus v = R exp (iS) is the Schrodinger wave
function.

It is difficult to say witheut further investigations if there are physical phenomena
described by the above action. We find it remarkable, however, that this action is uniquely
determined by electromagnetic rather than quantum-mechanical considerations. Several
authors [2, 3] introduced nonlinear modifications of the Schrédinger equation; the equations
so far proposed contain dimensional constants which is obviously a Schénheitsfehler.
The nonlinear modification presented above contains no dimensional constants; there
does appear a dimensionless constant apparently detérmined by arguments given in Ref. [1].

3. The cnergy density and the probability density

Equation of motion for the phase S has the form
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which shows that R? is the probability density and
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is the current. The energy density is easily found to be
1

32n®

1 [(VR)> + R*(VS)*]+ (48)%.
2m

It seems reasonable to assume that a physically acceptable solution should be normalized,
[ R?*dV = 1, and should have finite total energy:

1 2 2 2 1 2
fdv {Z—m [(VRY* + RP(VS)’]+ 35— (45) } < oo.
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The relevance of the last remark may be seen from the following example. The function

%) mig\ ' 1 ~m|x|?
,x)={—2) ———— exp|i ——n
Wl x x ) (=it P T2 =iny)

is an exact, normalized solution of the Schrodinger equation. It is also an exact solution
of the modified equation, because

mt|x|* 3 t—it,

23 50T i1 -
2005410 4Pttt

and

it
1]
One sees that the total energy associated with the solution is infinite; apparently the phase
should be much smaller at spacial infinity than is the case for the Gaussian wave packet.
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