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ELEMENTARY MODEL REFLECTING SOME CONTROVERSIAL
POINTS IN THE THEORY OF HEAVY QUARKONIA*

By K. ZALEWSKI
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Some unusual features of the theory of heavy quarkonia interacting with the QCD
vacuum gluon condensate are reproduced using a generalized harmonic oscillator model.
The model, however, suggests further results contradicting the usual approach.

PACS numbers: 12.40.-y

1. Introduction

It should be possible to get information about the chromoelectric field in the QCD
vacuum from spectroscopic data for heavy quarkonia. The idea is [1, 2] as follows. For
very large quark masses (m) it is consistent to describe the quarkonium by analogy with
a nonrelativistic positronium with f = 4o /3 replacing the electromagnetic fine structure
constant «. In this limit textbook formulae can be used to obtain energy levels, transition
probabilities etc. For instance for the energy (mass) and electronic width of the 1S ground
state one finds

Ecou = 2m—5 mp®,  Teou = % Q*a’mp?, 1)

where Q is the quark electric charge in units of the electron charge. The crucial assumption
is that the leading corrections to the Coulombic formulae are due to the interaction with
the low frequency and long wave length chromoelectric field of the gluon condensate
filling the QCD vacuum. Using perturbation theory one can evaluate these corrections
[1, 2]. In particular, for the energy and electronic width of the ground state

E = Ecou+1.648mp%, I = I'c,(l+ay), 2
where
KE?» 2 4
= — , E> ~ —0.1 GeV". 3
¥ oy <E® e 3
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The constant a is discussed below. Since (£2) < 0, analogies with standard perturbation
theory may be misleading [3]. The second order shift of the ground state energy is positive,
contraty to a well-known theorem. The calculation of the electronic width is still contro-
versial [4]. The problem has been clearly stated by Voloshin [3]: The physical quarkonium
has a component |[1>, where the qq is a colour singlet, and a component |8, where the
qq is a colour octet with an additional gluon making the quarkonium colourless. Leutwyler
[2] normalized the component |1) to unity and found a = 14. Voloshin, on the other hand,
found for component 1> a norm exceeding unity [3] and obtained a = 19. Voloshin ex-
plains that his approach probably does not violate unitarity, because his norm for compo-
nent |3 is negative and the physical quarkonivm state |1>+|8) is normalized to unity
as it should.

In the present paper we describe an elementary, exactly soluble, quantum mechanical
model, which illustrates some features of the heavy quarkonium problem. The positive
energy shift of the ground state and the unusual norms are reproduced. It is not clear,
whether it is justified to push the analogy further. We show however that, if this is done,
results very different from the usual ones are obtained for heavy quarkonia.

2. The model

In the heavy quarkonium problem there is a singlet qq Hamiltonian H, with eigen-
states |1>, an octet qq Hamiltonian Hy with eigenstates |8), and an interaction ¥ with
the chromoelectric vacuum field, which mixes the states |1 and |8). By analogy we propose
to consider a model with the Hamiltonian

H, V o ,
H = (Vl Hs) = — 1V 4+ Lloix® -1 wix’e,— iwixle,, 4
where o, and o, are the standard Pauli matrices. For 4 = 0 the eigenstates [1> and |8)
are the cigenstates of harmonic oscillators with frequencies

Wy = \/cog—wf, g = \/w(z,—i—wi. %)

For 4 # 0 it is easy to find the exact solutions by diagonalizing the Hamiltonian (4).
For the analogy with quarkonia, however, it is better to use perturbative approximations.
For the ground state

2 2
A3

5o [y = (1=5 29 11> +218). ©)
Wy

T 1
11—7(01—

Here the wave function corresponding to the state {1> (|8>) is understood as a two-compo-
nent object with the first (second) component normalized to unity and the second (first)
vanishing,.

In the heavy quarkonium problem one distinguishes the perturbative vacuum, which
by definition contains no gluon condensate, and the physical vacuura. For each of these
vacua {E2) is given by an ultraviolet divergent integral and has to be regularized by sub-
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traction. Since we are interested in the chromoelectric field of the gluon condensate, it is
natural to interpret the { E2) from formula (3) as the {E?> for the physical vacuum minus
the (E?) for the perturbative vacuum. Thus, {E?> < 0 means that the presence of the
condensate reduces the fluctuations of the chromoelectric field. In our model we use
formulae (6) for both vacua, with 1 = A, for the perturbative one and A = 4, for the physi-
cal one. Thus <E?> < 0 corresponds to

80 = 2212 > 0. (7)

The calculations reported in Refs. [1]and [2] refer to changes of energy due to the presence
of the gluon condensate. Therefore, we need for comparison expressions of quantities
defined in the physical vacuum by quantities calculated for the perturbative vacuum.
For the ground state
. L, O3 ., 03 .
Epys = Ejen+04 P [ongs = Tpen <1+0/,‘ ;2> (14047). ®

00y 2 1

The electronic width has been calculated assuming that it is proportional to
(1-23) [Kx = 0|12,

Formulae (8) are close analogues of the formulae obtained by Voloshin [1] and Leut-
wyler [2]. The energy shift is positive. The electronic width is multiplied by two factors.
The first, due to the perturbation of the wave function (x|1), is greater than one and has
been included in both references. The second, due to the change in the norm of the singlet
component of |y>, has been included only by Voloshin and results in an increase of param-
eter a. In the model no problem with unitarity arises, because the increase of the norm
of the singlet component is exactly compensated by the decrease of the norm of the octet
component.

The model (4) is a representative of a broad class of models, which yield similar results.
In particular, the n, pn— sector of the Lee model® (cf. e.g. [5]) can be used to draw qualita-
tively similar conclusions. The identification is: physical neutron—quarkonium, bare
neutron state—state |1, bare proton state—state |8), pion—gluon. The gluon condensate
is assumed to change the gluon propagator by a constant factor f < 1. This is equivalent
to a change in the coupling constant trom the perturbative value g = 4, to 4, = }-0\/7-
The Coulomb limit corresponds to A, — 0. The negative noitm of the state |1), occurring
for large A, in this model [5], is irrelevant for our analysis.

3. Discussion

At the formal level formulae (8) yield an instructive, though qualitative, illustration
for the unusual features of formulae (2). There is an important physical difference, however.
The Coulomb approximation for quarkonia corresponds to the approximation 4, = 0
in the model. However, the model makes sense only if

A% < A2, )

! The author thanks dr. Th. Ruijgrok for the suggestion to use this model.
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therefore, it is inconsistent to keep d42 and neglect AZ. On the other hand, the identification
of the perturbative quantities in formula (8) with the Coulomb quantities in formula (2)
corresponds to Ao — 0. Only in this limit the increase of the norm of the singlet state
and the decrease of the norm of the octet state means that the first becomes bigger than
one and the second negative. According to the model, the correct relations between the
physical and the Coulombic quantities are

/; ZwZ (J)Z
Ephys = ECoul' ‘2167)'1’2“ P rphys = rCoul (1 _2% Z_wa) (1 “"ﬁ)- (10)
Thus the shifts of both the energy and the electronic width are reversed compared to the
quarkonium case (2).
The model can be also used to estimate the range of frequencies contributing to (E?).
Let us assume by analogy with (9)
5 s 4o’

[KEXw)>| < KEpen(@)> = T (1
where the approximate equality is from a crude estimate obtained by multiplying by eight
the estimate used for the electromagnetic field by Welton |6]. Welton was discussing the
Lamb shift and assumed {E*} = (B?). This contradicts the result (E*) = — (B?) follow-.
ing from Lorentz invariance (cf. e.g. [1, 2]). For the Lamb shift, however, frequencies
higher than the electron mass do not contribute. This explicitly breaks Lorentz invariance
and the constraint (E?) = —(B?) becomes irrelevant?. It is plausible that the same holds
for quarkonia. Estimate (11) is only the zero order term of a perturbative expansion.
We find, however that, even if it is uncertain by an order of magnitude, it leads to interesting
implications. Using for the integral over frequencies of (E*(w)) estimate (3), we find
for the upper limit of frequencies contributing tc {E?)

Oy = (PCEDDY* 2 1 GeV. (12)

max -

This would make the low frequency assumption valid only for extremely heavy quarkonia
[7, 81. 1t should be stressed, however, that this conclusion follows frem the model used
beyond the range, where it agrees with the usual analysis.

The conclusion from the present work is that, either our model misses an important
point in the theory of heavy quarkonia, and then a clear identification of this point seems
necessary to get a physical understanding of this theory, or the usual method of analysis
will have to be reconsidered.

The author thanks many participants of the 23rd Krakéw Summer School of Theoreti-
cal Physics (Zakopane 1983) and in particular drs B. L. loffe, T. Jaroszewicz, H. Leutwyler,
M. Peskin and Th. Ruijgrok for interesting discussions and comments.

2 This constraint it also used to obtain (E2) from available estimates of <G5,G***> [1, 2]. Here one
could perhaps look for a trivial possibility of eliminating, at least for the field felt by the quarkonium,
of the unusual <E?> < 0.
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