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1t 1s shown that for locally Hermit-Einstein, self-dual gravitational instanton, Einstein’s
equations can be reduced to a single, second-order, non-linear equation.

PACS numbers: 04.20.Cv

It is well known [l, 2] that cvery self-dual gravitational instanton with vanishing
Ricci tensor (R, = 0) is a locally Kahlerian manifold, i.e., for each point there exist jocal
complex coordinates {z*}, x = 1, 2, such that

(i) ds? = g.pdz” ® dzii+g5t,(lz‘3 ® dz°,

(i) d(gdz" A d2¥) = 0, (2)

where B =1,2; 2 1= 28 g4 = g4’ 85 = &pu
Moreover, for some local complex coordinates

8x5 = Ko 3
where K = K(z%, z%) is a real solution of the following second-order, non-linear equation
K iK;3—K, 3K 7 = 1 @

(“, ““ denotes the partial derivative). On the other hand, as it has been shown in [2], the
metric tensor of any locally Kéhlerian manifold which is also the Einstein manifold

Rab = '—Agalv (5)
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is defined locally by (3), where K = K(z% z*) appears to be a real solution of the equation
K iK 3= K 3K o7 = ¢ 7% (6)

In the present note we study the case of a non-Kéahlerian, but still locally Hermit-Einstein,
self-dual gravitational instanton. Therefore, we assume (1) and (5) with A # 0, and

d(g,zdz" A a’zﬁ) # 0. ¥

It has been shown [3] recently that the above assumptions lead to the following results:
for some local complex coordinates

gz = F (8)

where F = F(z%, %) is the complex function which enter into the second Cartan structure
equations as follows

g
82211 = )
A
(lnH)ll ='§—F' (IO)
2 33 /1
(ln 1‘1_)’13"" '}‘10 20 p = 3— Zjs (li)
F-F
here, g 1= det (g,5), H 1= — > 0.
g
From (11) one obtains
3 3 —
?17‘/71\xn 812 = ’/’i"Kﬁ:ng»
3 S 4 B - K- -
822 = (K 3-2¢77), (12)

where the real function K = K(z% z%) is defined by the formula
K:=InH. (13)

It is easy to verify the above with (10) and (12). Eq. (9) is equivalent to the following equa-
tion
3 2
g = (»—) K (K ™5 (14)
A
or, by (12)

K 1K ;3—K 13K ,;7— (2K 7+ K,xK,T)v—K = 0. (13)
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Concluding our results, we see that the metric of a locally Hermit-Einstein, self-dual
gravitational instanton is determined locaily by the real solution of one of equations,

(4), (6) or (15). (Observc that the metric defined by (12) and (15) is positive definite iff

2 K 7> 0.) (16)
A

Now, if conjecture 2.2 of [2], which asserts that if the Weyl tensor of a differentiable
manifold M is self-dual then M is locally Hermitian, is true for Einstein manifolds at
least, then, gathering results of [1, 2] and the present note, we find that the metric of a self-
-dual gravitational instanton satisfying (5) is defined locally by some real solution of the
appropriate second-order, non-linear differential equation.

The author would like to thank Mrs. B. Baka and Mr. S. Bialecki for valuable dis-
cussion.
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