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The ‘“‘already unified field theory” of the electromagnetic and gravitational fields with
a cosmological term on a four-dimensional Riemannian manifold with a positive definite
metric is proposed.

PACS numbers: 04.20.—q

It has been shown recently that every locally Kéahler grawvitational instanton M,
with the curvature scalar R = const., admits, for each point, a local, real, source-free
Maxwell field [1]. If Cpep(p) # O, where p is some point of My, then for some neigh-
bourhood of p, the Maxwell field depends on a real constant parameter.

In the present paper we would like to study this dependence more deeply and trom
a general point of view, and we intend to give the analog of the “already unified field
theory” of Rainich-Misner-Wheeler [2-5] for the Euclidean Gravity.

Our considerations are mainly local and they concern a four-dimensional Riemannian
manifold M with a positive definite metric g,,. All objects are differentiable of class C”.

Let us assume that

R = —4A4 = const., )
and
C“acov = %(Caﬂcaﬂ)éﬂv (2)

where R — the curvature scalar, C,, — the traceless Ricci tensor field.
We assume also that (everywhere)

C¥C,p # 0. (3
Notice that in the case of positive definite metric

C¥#Cy # 0> Cpp # 0. 4

* Address: Instytut Fizyki, Politechnika Lodzka, Wolczanska 219, 93-005 L6dz, Poland.
(663)




664

Consider the eigenvalue problem of C%

ChVY = CV*

(5)

where, V* — the eigenvector field of C%, C — the eigenvalue of C% corresponding to V.

Then using (2) and (5) one has,  (C*C,)V* = C?V". Finally

C = +1Jc¥c,,

(6)

Therefore, we conclude that if the relations (2) and (3) are fulfilled then C% is of type

(1, ), (1, 1)), (see [6, 7).

Then we can find the right-oriented orthonormal co-frame {E“}, a = 1, 2, 3, 4, such

that
C,, = 1NV C?C,y (~ELE}\—E2E? + EXE3 + EXEY).
With the use of the null tetrad {¢°} defined according to the formulae [1]

- 1 - 1
e = ¢ = — (E'+iE?, & =¢* = —(E*+iEY
J V2

[ (S]]

C

v is of the form

12 3 4
Cl“’ = \/Caﬂcmﬁ (—e(“ev)+e(uev)).

For the spinorial image of C,, [1]

Capep 1= 7 84¢"885 Cuv
we have
Cusep = —8SAnSE5)>
where
M i (_1_ i/EiI?E; k(A’B)) , [ = - L(L_ Jerc, k(ﬂix))
AW AN = "2\5

with the spinor fields k4, 14, k4 14 defined as follows

T, 1 .
el = —— g8k 1:. e = — g*%Lk;,
\/28 Al \/28 AKB
1 . 1 .
e = — — gk ks et = — g*PlL 15,
\/28 4AKB \/28 AlB
k4, =1 = kil

One can show that (13) and (14) yield

=1, k=1

Q)

®

)

(10)

1mn

(12)

(13)

(14

(15)
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this means that

kl k2 k{ ké

From (12) and (15) it follows that
ﬁz’a) ___f(l)AB’ f:;) = f(O4B (17)

Concluding, we have shown that if (2) and (3) hold then there exist symmetiic nowhere
vanishing spinor fields f,z and f;3 such that

fas =F*% fiz =118 (18)
Cupep = —8fasfep (19)

It is easy to show that the relations (19), (18) define the symmetric, nowhere vanishing
spinor fields f,g, f;3 with the accuracy to the following transformation

1
Sap ' = Wfup,  fig > ;fA'z} (20)

where h is an arbitrary (nowhere vanishing) real function.
Let us define the 2-form
F:=fgS*""+f,5S"" (21)

where f,5 and f;; are any spinor fields satisfying the relations (19) and (18) (of course
these fields are symmetric and,-by (3), nowhere vanishing) and
S* = degsg™ A g%, 51 = Lepsg™ A g% (22)

Using (18) and the formulae (compare with [1]),

S = Su Y =S4 (23)

one finds that the 2-form F defined by (21) is real

F=F (24)

(It can be shown that the 2-form defined according to (21) with arbitrary symmetric
spinor fields /5, fi5 is real iff the relations (18) hold). Then, from (10), (19) and (21) we
have

C, = _2(FA;4FAV_% gquaﬁFaﬂ) (25)

uv

where the antisymmetric tensor field F,, = Fy,,, is defined by the relation

F = 1F,dx* A dx". (26)
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Now, using the definition (21) and the well known formulae
¥ S4B = §4B Sjé = _ S4B (27)
one finds that the transformation (20) of the spinor fields £,z and f;; leads to the following
transformation of the 2-form F
Fi— +(Fcosh ¢+ = Fsinh ¢) (28)
with
h = te® (29)
The transformation (28) for ¢ = const. is the Euclidean Gravity version of a duality rotation
[3, 4]. We'll call it (when ¢ = const.) a duality hyper-rotation. If ¢ is an arbitrary function

then the transformation (28) is called a general duality (g-duality, for short) hyper-rotation.
Assume now that the 2-form (21) is a real source-free Maxwell field. i.e.,

dF =0 = d=F. 30)
One has (compare with [8])
(dF = 0 = d x F) = (V*,5 = 0 = V4%;;) (31)
where
Vai = 8ai' Yy (32)

Let F’ be a 2-form obtained from F by a g-duality hyper-rctation according to (28). Now the
question is if F’ is also a real, source-free Maxwell field. Of course F' = F', but

(dF' = 0= d+F') < (fABv‘C'iz = 0 = fe59¢ (})) (33)
1

where h 1s defined by (29).
From (3) (see also (43) and (44)) it follows that

. . /1 .
(fABV“Ch =0 = fr,V4€ (7)) < VA = 0. (34)
\

Therefore (we assume that the real, source-free Maxwell field F is defined on an open,
connected, oriented subset of M!) from (33) and (34) we find that F’ is a real, source-free
Maxwell field, too, iff

h = const, (35)
or, in other words, iff
@ = const; (36)

that is, iff F’ is related to F by a duality hyper-rotation. Now the fundamental problem
arises if one can formulate, in a geometrical language, the conditions equivalent to the
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existence of a nowhere vanishing real source-free Maxwell field such that moreover
Ruv“% guvR - 87(’111v+‘/1guv (37)
where, A4 = const., (the “cosmological constant”) and

T, xi—(ﬂ F,,—% g F*F,p) (38)
uv 47 ptAv 4 guv af/.

From our previous considerations one finds that the relations {(1), (2), (3)} are equivalent
to (37), with nowhere vanishing real F,, = F,,;. But what about the Maxwell equations?

First, notice that the contracted Bianchi identities (see [7, 8, 9]) with R = —44
= const.,
VACypep = 0 (39)
and the equations
VA s = 0, (40)
imply
VA% = 0. (41)

Indeed, (39), (40) and (19) vield the formula

fas9 e = 0. (42)

But
CC,y = 4CHDC s = 2567 1 i (43)

hence
C¥#Cop # 0> (fupf*®# 0 and  fapfP # 0). (44)

From (3), (44) and (42) we have (41). Analogously (39) and (41), of couise together with
(3), imply (40). The conclusion is that four of the Maxwell equations are “‘contained’
in the contiacted Bianchi identities (compare with [3-5]).

Let F be some real 2-form defined by (21) with f,p, fi5 satisfying (19). By analogy
to thé Rainich-Misner-Wheeler theory in General Relativity [3, 4] we define the complexion
of F as a real function o such that for the 2-form &

¢ := +(Fcosh a+ * Fsinh o) (45)

the invariant  &,, * &** vanishes.
We have

¢ = &S P+ f13818 (46)
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where (compare with (29))
Cap = £fup  Cin= te fip 47)
Then

& = &,4pSHP— 5870, (48)

Using (46), (48) and the well known properties of S*°, S48 (see e.g., [8]) one finds directly

Tewr 8" = 0w &t =887 = 0, (49)
Therefore, from (47) and (49) we obtain the complexion of F
F- O Y
. -f'AB
o= (| 7) 0

Now, with (31), (47), using also the contracted Bianchi identities (39) one finds that F
is a real, source-free Maxwell field iff

VA 1p) = 0. (s1)
Applying then the spinoiial bases for which
$i1 =822 =0 =C35 =33 (52)
and hence, by (49),
$12 = *&i3; (53)

using also the contracted Bianchi identities, one finds that

VA " p) = 02> LA V'8 Euvea o (54)
ox* C”Cﬂ,,
where
g: = det (g,,)- (55)

Hence, we conclude that if the 2-form ¢ is defined on some open, oriented set U C M,
then there exists a real, source-free Maxwell field on U iff for each I-cycle ¢, €Z; in U
'§8)

fa=0 (56)

where

( 1) C)‘\’!ﬂcd’y

@ = o, dx" 1= — /g€, c_ﬁ"—c; dx*. (57

If the 1-cohomology group
HYU,R) =0 (58)
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(1)
then the condition (56) is equivalent to the assertion that the i-form « is closed

(1)
doa =0 (59)

Summing up, we have

Theorem
Let M be a four-dimensional Riemannian manifold with a positive definite metric g,,. Then

(i) For each point p € M there exists an open neighbourhood U of p such that (37)
and (38) hold on U with a nowhere vanishing, antisymmetric, real tensor field F,, on U
and A = const. on M iff the formulae (1), (2) and (3) hold for every point of M,

If U is connected and oriented then F,, is defined by (37) and (38) up to a general
duality hyper-rotation defined by (28) with (26), where ¢ is any real function on U.

(i) If for each point p € M there exists an open, oriented neighbourhood U of p such
that (37), (38) hold on U and F,, = Fy,,; is a nowhere vanishing, real, source-free Maxwell
field on U, A = const. on M, then the relations (1), (2), (3) are fulfilled for every point
of M and, for each l-cycle ¢, € Z, in U, (56) and (57) hold on U.

(i) If for some point p € M, the relations (1), (2), (3) hold and moreover, there exists
an open, oriented neighbourhood U, of p such that the relations (56) and (57) are fulfilled
for any l-cycle ¢; € Z, in U,, then there exists an open neighbourhood of p U C U,
such that (37) and (38) hold on U and F,, = Fy,,, is a nowhere vanishing, real, source-
-free Maxwell field on U.

If U 18 connected then this Maxwell field is defined up to a duality hyper-rotation
defined by (28) with

@ = const. onU. B

The author is grateful to Mr. M. Broda for many illuminating discussions.
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