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The scale dependence of large pr hadron production is investigated and analyzed in
terms of double moments for qq — qX and qq —» gX partonic subprocesses in the next-
-to-leading order. Calculated here qq — gX cross-section turns out to be small in comparison
with quark fragmentation contribution and is shown not to influence the interaction scale
extracted according to the fastest apparent convergence criterion.

PACS numbers: 12.35.Eq

1. Introduction

Approaching the end of its first decade, Quantum Chromodynamics (QCD) is stilt
the most promising candidate for the correct theory of the strong interactions (for a review
see for example Ref. [1]). The poor understanding of non-perturbative large distance
effects strongly urges proving the validity of the theory in short distance domain, which
is expected to be simpler and tractable when using perturbative techniques. However,
the predictive power of the perturbative QCD is weakened by ambiguities arising from
truncation of the perturbative expansion. Such a truncation causes dependence of predic-
tions upon the choice of the scale parameter which has major consequences when per-
forming precise experimental tests of the theory.

In this work we study such a scale dependence on the example of qq — qX and
qq — gX contribution to one hadron inclusive large transverse momentum production.
We examine how the value of p2? (as extracted from qq — gX subprocess by {2]) changes
when qq — gX contribution is added. We do not analyze high py experimental data because
our calculations are not renormalization group invariant and are valid only in the large
xr region where the experimental evidence is rather poor [3].

It turns out that qq — gX contribution is small as compared with qq — X and does
not affect the scale extracted in Ref. [2]. The reason is that qq — qX admits q -+ q collinear
transitions which are described by P,, Altarelli-Parisi probabilities [4] being ( ), distribu-
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tions. Moreover, qq — gX contains large virtual corrections to the Born term not present
in the qq — gX case. From our analysis it is clear that the same subprocesses can give
different answers for the “best” scale (if fastest apparent convergence (FAC) criterion [5]
is adopted) for different observables like one hadron inclusive production, jet cross-section
or unaccompanied particle production.

The work is organized as follows. In Section 2 we sketch the overall procedure of
calculating next-to-leading effects on the basis of calculated here gq — gX contribution
to pp — nX reaction. Numerical results are presented in Section 3 and Section 4 contains
discussion of the results, conclusions and summary. Appendix displays long analytical
formulae.

2. Operational procedure

In order to calculate all next-to-leading corrections to large py one hadron inclusive
production in hadronic collisions we have to take into account the following effects not
present at the leading log level:

— two-loop corrections to the effective strong coupling constant,

— two-loop corrections to scaling violation of both singlet and nonsinglet structure
(fragmentation) functions

— higher order («®) corrections to Born scattering cross section.

The first two problems have been already solved [6-8]. However, the full analysis
of the third effect is still lacking (despite the results of Refs. [2, 9-11]) because of the com-
plexity of calculations.

The twist-2 prediction for large py hadron-hadron scattering, including all higher
order effects mentioned above can be written in the following form:

do"M "Bz, 1, 5)

.
drydr, = Z fdzldzld%d%xd%zé(fx—%12223)5(12*%22123)
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where Fj;, (Dy/.) denotes structure (fragmentation) function, the sum runs over all hadronic
constituents and kinematics is defined by Fig. l1a, b, (py = kyi1, pr = k11), ‘and
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The following relations hold:
- z - z 2 .. 2
Ty = 2,237y, T3 = 2,23T5, Pt = Z3P%

E-ldskl = nsdtldfz, E-ldsiel = ngd%ldez, (23)
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Fig. 1. Kinematics of large pr one particle inclusive production; a) definition of zy, z2, z3; b) definition of
S, U

where all quantities denoted by a hat (A) refer to partonic subprocesses. It is convenient
to introduce the dimensionless functions [2, 12]

d’c 1 s . d3‘ 1 .~ A 5
E'd_f,:; = “p’?@ Tygs TZ:P s E 3'; Q T1s T2y 1'1_2; 3 ] (24)
Each partonic function has the following perturbative expansion

a(ﬂ_z "o [ (T
A T A? A? S‘ 5V
@ T1s 127'"{2'9#_2 = e A(")( 1,1'2) In—}. (2.5)
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In this work we use dimensional regularization [13], that is we perform all calculations
in d = 4—2¢ (¢ > 0) dimensions. Resulting poles in ¢ (UV singularities) are absorbed
into renormalization constants together with large finite terms In 4n—yg (so called MS-
-scheme [14]). Next, renormalized quantities are continued to d = 4+ 2x (x > 0) dimensions
where soft and mass singularities show up as poles in . In the full result soft poles cancel
and the remaining mass singularities have to be factored out by means of some factorization
prescription. In this paper we use the scheme of Ref. [15] (hereafter called CFP scheme).

Let us illustrate how this procedure works in the case of the subprocess gq — gX.
In the order a2 the full expression for ¢ is given by the sum of diagrams depicted in Fig. 2
(we limit ourselves to the non-equal quark flavour case). Because all integrals are UV
finite we have performed the calculations right in d = 442« (x > 0) dimensions. Phase
space integration has been done according to the method explained in Refs. [12, 16].
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Fig. 2. Feynman diagrams for q;q; — gqiq; (0 #J)

The resulting expression for the cross-section reads:

FY SN

.. C 2y\"13 K PN 1
it ) = 0t [T (SV o (B Seaiy, @0
1 I K

Rc u
where
¢ = 2122’53/3’
fi('?l, ‘?z) = kzofi(k)(%u %2)'&, (2.7
nz—1
P nc— number of colours. All calculations have been done in Feynman
ne
gauge.

The next task is to extract the mass singularities, i.e. to express the formula (2.6) in
the form

1
é = éﬁnite+ "'c' @coll.' (2'8)

According to the CFP prescription g,y takes a form

4
A a Ce [>T /51,1, \F o
Qeon G 2y ) = 4 —“‘[ (B2) > rewen, @9)
ne | 2r u
i=
where P; are Altarelli-Parisi probabilities, o; = ¢{”+ko{"+ ... — d-dimensional Born

cross-sections, J; — Jacobians originating from é-functions in (2.1) and from the change
of variables. The index i corresponds to four various possibiliiies of collinear emissions.
New variable 7; is just —t/s for the hard part of subprocess “i” and Z;is a momentum frac-
tion carried by a collinear gluon (see Table I and Appendix).

The factorization theorem is implemented in the following way: first we calculate
(21, 7,) and next subtract .y (7y, T2)/x as given by (2.9). The resulting Ginice(T1, T2) i
given (in a k — 0 limit) by (cf. Eq. (2.5)):

. ()T, 2 Ce [y, 4 5
emi.,=[ 2 ] 4n* L g+ ), (2.10)
7 he H
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TABLE 1
Collinear emissions in the qi;g; —> qigjg process
i 4 2 3 4
CONFIGURATON § ﬁ"‘b“
~ A A A A A
A A
-r‘ A A A A
3 2 _ T.+T T.tT
i A-1, 1-1, 1R v
dogg8S) | dag@3) | dogg (8) | dagg (d)
6' ~ ~ o
' d’c, dT, dT; dT,
~~2 ~~ ~ z' ~~3 ‘~ b3 &~ 3 ~ z
Black dot denotes a collinear emission.
where
4
O = & O]+ T P In g o)
i=1
4
o = ¥ PJa. Q.11)

Note that for qq — gX subprocess o =

Appendix.

i=1

. The formulae for g§"” and o{" are given in the

For the purpose of numerical analysis it is convenient to rewrite the above results
in terms of single and double moments, defined as follows:

g(m, n)

1
g(n) = (j: dxx""g(x).

1 1
= 6( dxx™" 1 g dyy™10(1—x—y)g(x, y),

(2.12)
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Exploiting the relations (2.3) and taking the moments at fixed CM energy of colliding
hadrons we can present the formula (2.5) is a simple form:

5 Z j
0 (m, n; ;1—2) = Fyp(n+1; uz)Fj_,hz(m+1; 12
ijk
X Qfmue('n n, sz;(uz)9 auz)D!n/k(m +n+ 3; “2)3 (213)

where the sum runs over all possible initial and final partonic states and functions
fi(n, m; p?) are given by [2]

d d
In fi;(m, n; p?) = o In Fip (n+1; p®)+ T In Fp (m+1; p?). (2.14)

In the case of ¢q — anything process, which is under consideration, the above formula
takes the form (g = %9+ o%%¥):

2 2
e(m, n;..) = gg(m, n; u*)- [1+ a(zl:z)Rq (’", n; sf(’: ),uz)
u

a(u’ sf(u? Dyf(m+n+3;
50 g (g T, ) DE( ) 215
2n 1 DEf(m+n+3;u% |’
where the Born cross-section is equal
R 4nCy [a(u®) P o N
og(m, n; 1) = ; F[—E{' FoR(n+1; %) q/gz(m'*'l;#z)
C
x @g(m, m)DES (m+n+3; u) (2.16)
and
1 2
- :_[(Am)g o, T )] 9t 10 T
@ I3
R, =rl+riln f(”) 2.17)
e
0g(m, n) = B(m, n+2)+B(m, n+4),
B(k, l) — Euler betha function. (2.18)

R, can be found in Ref. [2].

The correction R, was first calculated by Ellis et al. [9] and Stominski [2], and Ry is just
our result (2.10) divided by the moments of qq — qq Born cross-section. Note that both
corrections depend on the same function f(x)?, involving only incoming non-singlet quark
structure functions. This pleasant feature is characteristic only for the moments taken
at fixed energy ./s.



529

Before we proceed to the numerical analysis, let us make a few comments concerning
the procedure for the choice of the interaction scale. The equivalence of various choices
of the interaction scale in leading log formulae forces us to go beyond the lowest order,
where corrections have explicit scale dependence [17]. The subleading level, however, is
plagued by the problem of ambiguities. They are caused by the application of two proce-
dures removing singularities from the theory, i.e. renormalization and factorization. Pertur-
bative QCD allows us to express the physical quantities, mecasured at large scales, as series
in strong coupling constant a(u?) where u? is a renormalization point. In practice, however,
we can compute only a few first terms of this expansion and we have to approximate the
observable in question by a truncated and therefore parameter-dependent series. Because
the value of the expansion QCD parameter a(u?)/2x is rather large (10-!) and some already
calculated (for a review see Ref. [1]) approximants exhibit pathological behaviour (correc-
tion term is about 200-3009%; of the lowest order result) the problem of finding the best
expansion parameter is crucial from both theoretical and phenomenological view-
points.

The way of solving the renormalization ambiguity is to find a universal criterion for
choosing the value of the scale p?. Different approaches have been proposed: universal
momentum subtraction scheme (MOM), Ref. [18], fastest apparent convergence criterion
(FAC), Ref. [5] and the principle of minimal sensitivity (PMS), Ref. [19]. The MOM
scheme consists in prescribing the values of the one particle irreducible Green functions
at some fixed configuration of external momenta p; with p? = — uZom. The scale pZom
corresponds to a typical momentum flow through the diagram, but is not defined precisely.
Calculations in this scheme are considerably more difficult than in MS, MS renormali-
zation schemes. Moreover, this scheme is strongly gauge dependent — for example in the
physical, axial gauge it leads to large corrections {20]. For the above reasons we proceed
to considering FAC and PMS to say nothing more of MOM.

FAC criterion chooses the scheme in which the higher order coirections have the
least effect on the value of the prediction. A stricter version fixes the scheme by requiring
that all known coefficients vanish except the first order term. PMS assumes that the best
approximation is the one which is stationary under variation of unphysical parameters,
because the true solution is independent of these parameters. It is impossible to prove
which criterion is better. In our opinion, PMS is by all means more plausible from the
physical point of view, because it is more in the spirit of the renormalization group. In
practical QCD applications, however, the PMS approach is almost identical with the FAC
[21, 22]. Because in processes involving factorization practical application of the PMS is
rather cumbersome [23] we use in Section 3 the stricter FAC version.

3. Numerical results

We begin our analysis by an investigation of the moments of Ry(m, n) in the spirit
of Ref. [2]. After applying FAC criterion to R, alone and imposing

u?: = n(m,n) - fim,n; p?) - s (3.1)
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we can easily find the value of Inn = (g5"),/(e{"), for which Ry(m, n) = 0. In Fig. 3 we
—-m

plot In 7 as a function of z = -’l_l—_~—~ and N = n+m. These variables have the following
n+m

physical meaning [2]: z corresponds to cos Ocy and N to 2E[\/s (where Ocy = X(k,p;)

and E is gluon energy). We see that In n(z, N) depends rather weakly on z, also the changes.
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Fig. 3. Inn extracted from Eq. (3.1) as a function of N and z
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with N are not too strong. Therefore we can choose one universal n (N- and z-independent)
for which R, (m, n)~ 0 for wide range of m and n.

As seen from Fig. 3 the negative function (§"), is 4+ 5 times larger than the positive
function (éf,”)g. The same relation can be noticed in Fig. 4 where the full correction R,
together with —rg and r; (see Eq. (2.17)) is plotted versus N/2 for diagonal moments

n = m (z = 0). One can see from Fig. 4 that the best choice for 5 is

e %%~ 001, (3.2)

2

n

whereas minimization of R, alone [2] gives n ~ 0.139.
In Fig. 5 we plot the moments of Ry(z, N) for the naive choice Inn = 0 and for
Iny = —4.5. One can see that for n = e~ Rz, N) is indeed almost 0 for n,m = 1+18.

a . . '
The correction o R.D;®/ D3 is depicted in Fig. 6'. One can see that even for the
714

naive choice of the scale (n = 1) this correction is only about 10-409; of the Born term

19 - 1§k np
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Fig. 5. Double moments of Rg for Inn = 1 and = In#n ~4.5

! For D™ and D we take q — n® and g— =° fragmentation functions from Ref. [24].
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Fig. 8. Effects of equal flavours (EF) antisymmetrization for diagonal moments of gluonic functions
~(1) A1)
Ql ’ 90

o
unlike the R, case where 5 R (n = 1) = 1+3. Therefore we can conclude that gluon
T

fragmentation in q+q scattering is not important in large pr one particle inclusive produc-
tion and has no influence on the overall interaction scale.

In Fig. 7 we display functions rg, r;, and r3, rj from Ref. [2].

Until now we have been discussing only non-equal flavour (NF) contribution to the
qq — gX process. We have also calculated the equal flavour (EF) cross-section. The mo-
ments of the ratios NF/EF for (g§"), and (g{"), are depicted in Fig. 8. Note that (g{"’)E*
is completely determined by the factorization prescription alone. As seen from Fig. 8,
@§RF ~ (@§)EF. The addition of EF contribution does not change substantially the
scale 7 (In nge =~ 1.5 In nyE, [25)).

We have also investigated the importance of the 3-gluon coupling by plotting the
magnitude of qq — gX cross-section for C, = 0. This is shown in Fig. 9. We see that more
than half of the cross-section comes from the non-abelian 3g coupling.

Now, taking into account both corrections we can find 7, by solving the equation:

R (m, n; n)+ R (m, n;YW(m, n) = 0, (3.3)
where
D®P(m+n+3)
W =8> -7, .
1) = Do mn+3) S

In Fig. 10 we plot In 5 for W(m, n) given by (3.4) also for sample W = 1, 0.1. One can
see that with increasing N In 5. — —2, that is the value obtained for qq — X alone,
When we know 1., we can find the effective scale of interactions QZ%, which is the solu-
tion of

Q% = s N - f(m, n; Q%)). (3.5)
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Fig. 10. Diagonal moments of In nere (see text) for various choices of W = D§*/DF*P

We solve this equation for the sample input Qf = 20 GeV, 4 = 500 MeV, /s = 63 GeV
and we plot the results for 7., 14, 174 in Fig. 11. The scale Q2 comprises all NTL effects.
Such a procedure of extracting the scale, although cumbersome, is necessary because of
the complexity of the process in question. In lepton-hadron processes, elementary ‘probes’
like virtuality of photon in deep inelastic scattering or Drell-Yan pair momentum distribu-
tion inform us abour the scale of partonic interactions. On the contrary, in hadronic proc-
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Fig. 11. Q¢ (see Eq. (3.5)) for different 5 (see Eq. (4.2))

esses all scales of interactions are a priori equivalent. The naive choice of scale
(5, P2, 25tuj(s* + 12 +u2)) leads to huge corrections. Hence the only way is the choice of
the scale a posteriori, applying some universal hypothesis about convergence of perturba-
tive expansion like FAC.

4. Discussion and summary

The aim of this work was to study the choice of the effective scale of large pr hadron
production in hadronic collisions by means of the FAC criterion. Single =° production
in pp interaction was taken as an example and the interplay of two partonic subprocesses

qa+q - q+x; gq- 1 (4.1a)

q+q—>g+x; g-on° (4.1b)

was examined.

Our first observation is that the contribution of (4.1b) is small in comparison with
(4.1a) and therefore it does not affect the scale parameter extracted from (4.1a) alone.
However, the scale chosen on the basis of (4.1b) alone is very much different from
Q% = nee - /-5 (see Egs. (3.1) and (3.3)) and therefore one has to be very careful in
making definite statements on the basis of only one partonic subprocess.

Let us illustrate this in some detail. The fixed s moments of the cross-section for
pp — n°X are given by Eq. (2.15). Now FAC says that in order to find a proper scale (i.e. ,
see Eq. (3.1)) one should solve Eq. (3.3).
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First let us observe that (see Fig. 7)
r9>0,rl<0; R,=0=rl= —2r; =1, ~0.139,
rg <0,rg>0; R, =0= ry = —4.5rl =n, ~ 001 “4.2)

The signs and magnitudes of r. corrections can be understood in the following way.
In the g+q — q+X subprocess r} is dominated by the moments of P(x) giving large
and negative numbers (due to ( ). distributions) whereas r} includes only non-diagonal
probability P, (n), which is small, positive and decreases with growing n.

The negative value of rQ is caused, as we think, by factorization of poles in k. Three
particle phase-space contains the factor £ which, when expanded in k, gives contribution
to rJ (see Eq. (2.11):

ry = r} In & +other terms. 4.3

Since &, < 1, the first term is negative, however we cannot give an explanation why other
terms do not change the sign of rJ. Note that in case of r§ the term r} In &, is large and
positive, and moreover rf,’ is enhanced by other terms — large positive constants originating
from the virtual diagrams [2].

Because the influence of qq — gX scattering on the overall value of 5. is rather
weak (Fig. 11), n & nq for a wide range of the parameter W = Dg*(n, Q%)/D*(n, Q7).

Let us stress that the results guoted above are unfortunately process-dependent;
i.e. if we define our observable in a different way (with some energy-angular cut-off for
a jet cross-section or for direct photon production for example) then the result for # can
be substantially different. Suppose that, like in the direct photon production [12], we
require that a photon is not accompanied in a cone of a half-opening angle 24. In that
case the integration over the 3-particle phase-space (with o(6%) accuracy) gives?

R, =r)+ (1) [(1 —6™y, — +71} —1—] 4.9
" K K

where R, still contains poles in ¥ which have to be factored out by means of some factoriza-
tion prescription. For 6 = 0 (i.e. for accompanied and unaccompanied photons) the
finite answer for R, reads

1
RYy= 1) +(rh+1y) m;, (4.5)
whereas, if we keep d # 0 (unaccompanied photons)
1
R =rl-rilné*+r;In-, 4.6)
n

where r,, r., correspond to final and initial state collinear emissions respectively. It is easily
seen that n extracted from R =0 and R} = O are different.

2 Strictly speaking in Eq. (4.4) 8% = (angular cut-off)* » k(n, m), where h is a calculable function.



537

The same argument can be applied to the jet cross-sections, one should however
remember that in this case there is one more integration which leads to log E terms, where
E is an energy cut-off {10]. So we arrive at the conclusion that for different observables
the same partonic subprocesses may account for different scales in the FAC approach.

Let us note at the end that moment analysis favours some regions of phase-space
and therefore the direct analysis of the cross-sections themselves would be very interesting,
especially their p* dependence [26].

Finally let us stress that careful analysis of experimental data at hand is only reliable
when all contributions to renormalization group invariant cross-section are simultaneously
taken into account. In case of large py inclusive hadron production this formidable pro-
gram is unlikely to be realized because of the complexity of calculations. However, it can
be carried out for simpler processes like direct photon production or Drell-Yan process.
We think that this still remains an appealing problem.

The authors are indebted to Dr. Wojtek Stominiski for many discussions and Dr. Wojtek
Furmanski for bringing their attention to the problem investigated in this paper.

APPENDIX

1. Functions (o"),, (05"),
The function (g§'’), has the following form:

u))s Z Z szl

4
Z B 25E + (1, <> 12).
i=0 j=0 j=1

IIMp

The coefficients 4,;, B;; are given in Tables II, ITI respectively. We use the following nota-
tion
Il=mInz%, t=h*%,
l=In(1-%), i=Inl-7%),
x = I+,
1 for 4

— ij>
where k 3 for By,

The function (g{"), is given by
(01" = [Cetl+Ca(1 -] [1+(1 —7)*] [1+(1 - £))*]
+Ce[(1—%3)+(1 =5 T [1 +(1 - 2123+ (31 > T2).

2. Born cross-sections in d = 4+ 2x dimensions

c 1+(1-x)*
—[aig; = qiq;] = ‘n—F“-/”(“—(T'x')" +'€),
c

X

da(s)

do(s)
dx

Cr
1—x

1 C,
[qg->qg]=n—~/l< + )(1+(1 %)% +kx?),
C
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TABLE II
Coefficients A4;;
i\f 1 2 3 4
N\
. CA(—6x—121-21) | Ca(dx+121+41) Ca{—x—51-20) . .
0 | Cadlx+D) | 4 cr(gl+8n) +Cp(—81—161) | +Cp2i+10f) Cal+1)—Cpat
—Cal6x Ca(12x+71-1) CA(-8x—131+ 37| CaQx+51-17-1) _
V| o —Cg8l +D+CEBI=2) | +Cp(—dF+3) Cr(=2/+20)
Ca(—10x+1—5) Ca@Bx+I1-1+3) Ca(—2x~1) - -
2 | CaGx+2) | 4 cpal+2) +CR(=61+1) +Cei4+2i—5) | CrU+1-D
3 7] Cal—x+D | CaBx—3D Cal(~3x+3D Calx=D 0
TABLE III
Coefficients B;;
N
AN i 0 1 2 3 4
1 —CA2l+Cg8l Cadl—Cy81 0 0
2 CaQGl+41) Ca(—Ti—12t+4) | Ca(2I+81-8) Cad+Cr(2I-12)
+Cp(—~12I—16¢+1) | + Cp(181+40¢—13) | + Cp(—4l—16¢+24)
3 0 |Ca(~31-20) CA(4I+61-2) [Ca(—41-ar+4)  |CAG-2)_
+ Cr(6]+81) +Cp(~— 121201+ 6) | + Ce(6]+4¢—12) +Cp{(—4l+6)
4 0 0 Ce(l+21+1) 0 Cr(1+2t+D
where
: 7 s\ x*(1—x)*
J{ _— # ZAaZ('UZ - 5 _(___)Q
s \4rp I'(l+x)
and
t
X = — —
N
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