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POSSIBLE SUPERKINEMATICS
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(Received December 12, 1983)

The kinematical groups, classified by Bacry and Levy-Leblond (J. Math. Phys. 9, 1605
(1967)), are extended to the supersymmetric ones with one Majorana bispinor generator.
The problem of the positive definiteness of the norm in the representation space of the
introduced supergroups is discussed.

PACS numbers: 02.20.+b, 11.30.Pb

In the paper by Bacry and Levy-Leblond [1] the possible ten parameter kinematical
groups are classified. They include the space-time translations, spatial rotations and inertial
transformations connecting different inertial frames of reference. The kinematical groups
are ordered by the contraction procedure which enables us to extract their physical meaning
[1]. The classification has been obtained under the following assumptions
(i) space is isotropic (rotation invariance);

(if) parity and time reversal are automorphism of the kinematical groups;

(iif) inertial transformations in any given direction form a noncompact one-parameter
subgroup (weak causality requirement).

The generators H, P (space-time translations), J (rotations) and K (boosts) satisfies the
basic commutation rules

Vi 1] = ieundms  [Jio Pi] = i€gmPrs
Ve H] =0, [Ji, K] = ieyuKnm
(H, P] = iaK,, [H,K]=iiP,, [P, K] = ipd,H,
[P, P} = iBeymdms  [Kis Ki] = ittspmt me

Here the values of the real parameters «, 8, 4, u, ¢ define eleven kinematical Lie algebras;
they are quoted in Table I. The exhaustive discussion and physical interpretation of these
kinematical groups is given in Ref. [1]. Let us point out some results of that discussion.
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TABLE 1
Kinematical group o B A u ®
de Sitter SO(3, 2) -1 -1 1 -1 1
de Sitter S04, 1) 1 1 1 -1 1
Poincaré P 0 0 1 —1 1
Para-Poincaré P’ ~1 -1 0 0 1
1ISO4) 1 1 0 0 1
Carroll C 0 0 0 0 1
Expanding Universe = N* 1 0 1 0 0
Oscillating Universe  N-— —1 0 1 0 0
Galilei G 0 0 1 0 0
Para-Galilei G’ 1 0 0 0 0
Static S 0 0 0 0 0

(2) The kinematical algebras split in two classes: relativistic (relative-time) algebras with
= 1 and nonrelativistic (absclute-time) ones with ¢ = 0. The latter admit the nontrivial
central extension by one-dimensional algebra:

[P,', KJ] = 0"') [Pi’ KJ] = —'i(SUI.

Note that for quantum-mechanical applications thé projective representations of the
symmetry groups are of interest.
(b) All the cleven kinematics can be regarded as belonging to two families

1. consisting of the de Sitter group SO(4, 1) and its rotation-invariant contractions
(IS0@), P, C, N+, G, G, S);

2. consisting of the de Sitter group SO(3, 2) and its rotation-invariant contractions
®,P,C,N-,G,G',S).

In the present paper we discuss the extensions of the above kinematical groups to
supersymmetric ones with one Majorana spinor generator Q,. According to the isotropy
assumption (i)

[:i’ Q] = % ?0y5;Q~
To solve the problem we follow the straightforward methed which consists in
() writting the unknown commutators and anticommutators as linear forms of H, 1_5,
7, K, 0;
(b) taking into account the assumption of parity (P) and time (T) invariance;
(c) impc. ‘ng the generalized Jacobi identities [2]

(x{Q. 231+{[Q, X], 0} +{[Q’, X], @} =0,
[0,{Q, 0"}1+[Q, {Q", Q}+[Q". {Q, 2'}] =0,

where X, Y are bosonic generators. To do this we adopt the following form of the P and T
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transformation rules for real Majorana spinors

P7'QP = iy,Q, T7'QT = Y075
Here we use the Majorana representation for y-matrices (3 — symmetric imaginary,
y° — antisymmetric imaginary and y®> — antisymmetric imaginary). Remember also that
the physical T-inversion is antiunitary in the space of states, that is it realizes as an anti-
<automorphism of the Lie superalgebra. After steps (a) and (b) we have

[H,Q] = i°0, [P,0]=rpy0, [K, Q]=iky*y0,
{Qu> Op} = a8,H +b(1°7)pP +iChos K +d(G°7)epd,

where a, b, ¢, d, h, p and k are real. Using the Jacobi identities we obtain the following
constraints

4p24+ B = 0, Ac+2bh = 0,
4k2+u =0, la+2bk =0,
ph+2pk =0, ¢@c+2ap =0,
Ap+2hk =0, ¢@b+2ak =0,
oak—2ph =0, d-2bp =0,
ab—2ch =0, d—2hc =0,
aa—2cp =0, d—2ah=0.

From 4p?+p = 0 it is obvious that there is no extension of the de Sitter SO(4, 1) group
and the 1SO{4) one accordingly to the common expectations [3]. The extensicns of other
groups are summarized in Table IL If the extensions with {Q, O} = 0 are neglected then
all other superalgebras are obtained by extension of the SO(3, 2)-family. Note that all
superalgebras of this family can be obtained from the de Sitter SO(3, 2) extension by
a composition of the Wigner-Indnii contractions listed below:

— supersymmetric speed-space contraction

P—oeP, K- &K, 0 - .eQ, &-0,
— supersymmetric speed-time contraction

H-eH, K-:¢K, Q-.:0, -0,
— supersymmetric space-time contraction

1—5—>€1-5, H - ¢H, Q—)x/EQ, =0,
— supersymmetric general contraction

PoeP, H-e¢H, K-oeK, Q- .0, -0,

Note that the supersymmetric charge contraction
0-¢Q, e¢—0 leadsto {Q, 0} =0.

Now, let us consider the problem of the positive definiteness of the norm in the repre-
sentation spaces of the kinematical supergroups. For quantum-mechanical applications
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TABLE II
Kinematical a b ¢ d A p k
superalgebra
S0@3,2) 1 -1 1 1 12 -1/2 12
0 0 0 0 1/2 —-1/2 1/2
P 1 —1 0 0 0 0 1/2
0 0 0 0 0 0 1/2
P’ 1 0 1 0 0 —1/2 0
0 0 0 0 0 -1/2 0
C 1 0 0 0 0 0 0
0 0 0 0 0 0 0
N+ 0 0 0 0 1 0 0
0 0 0 0 0 0 0
N- 0 1 1 0 ~1/2 0 0
0 0 0 0 1 0 0
Q 0 0 0 0 0 0
G 0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
G’ 0 0 1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
S 1 b c 0 0 0 0
-1 b c 0 0 0 0
b c 0 0 0 0
0 0 0 0 1 0 0

unitary representations are of interest. It is obvious that in the case {Q, Q} = 0 the norm
in the underlying Hilbert space cannot be positive definite. In fact for vectors of the form
Q. lw) it vanishes: 210 oD\ = (pl{Q., C.}|v)> = 0. In less trivial cases the positivity

condition reads

21Qu D12 = (@<{PIHIPY +b(Y°D)axlI Plpd + ichoulpI K19> +d(¥° Pl 19D) > 0

for all |p) belonging to the domain of the superalgebra. Explicitly, with use of the y-matri-
ces given in Appendix the above inequalities have the following form

alplH|y)> —b{p|P3ly)> + c(y|K:|pd —d{@|Jsly> > 0,
alp|Hly) +b{p|Ps|y) + c{y| Kzl @)+ dplJy]y> > O,
alplHlp> +5{p|Ps|y) — c{y|Ka|@> —dl{y|J1]yp)> > O,
alp|H|p)>—b{yp|Ps|yp) — LplK,|p> +Kyp|Js|yp)> > 0.
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Thus

alyp|H|y> >0
and

alylHlyp) £ dy|J1ly> >0,
aly|H|p) +c{p|Ks|p) >0,
alyp|H|yp) +b{y|Ps|yp> > 0.

Consequently for superalgebras with a <{ 0 there does not exist representation space with
positive definite norm. To this class belong all supersymmetric extensions of N*, N-, G, G’
and those from remaining ones with @ = 0 and a = —1. In the SO(3,2) case witha = 1
the last inequalities can be satisfied simultaneously for unitary representations with H
bounded below [4]. The same conclusion holds for P, P/, C and S. Therefore only for
supersymmetric extensions of SO(3,2), P, P’ and S with a = 1 there exist a class of unitary
representations in the Hilbert space with positive definite norm.

The authors are grateful to P. Kosifiski and M. Majewski for interesting discussions.

APPENDIX

The Majorana representation of y-matrices
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