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NOTE ON THE CLASSICAL HIGGS MODEL
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It is shown that there exist no static, finite energy “‘plane” solutions to the Yang-Mills-
-Higgs equations.

PACS numbers: 11.15.—q, 11.15.K¢

In this paper we will consider the static solutions to the Yang-Mills-Higgs theory.
Let G be any compact matrix Lie group and g the corresponding Lie algebra. The Higgs
field takes its values in a vector space L in which G acts as a transformation group. We
assume that G acts linearly on L and denote by ¢ the corresponding representation. Then
the action density takes the form

A
d(A, ¢) = —_} (Fuv’ Fuv)"'%' (VA¢[D VA‘nbu)_ §(|¢12_ 1)2-

Here F,(x) = 0,4,(x)—0,4,(x)+[4,(x), A,(x)], 4,(x) is the gauge potential which takes
its values in g and V¢, = 0,6+ 0(4,)¢; (, -) denotes the inner product in g resp. L (the
relative normalization of (-, ) on g and on L is irrelevant).

The field configuration {4, ¢} is static if 4, and ¢ do not depend of time and 4, = 0.
In this case we may define the action per unit time; it simply equals —FE, where E is the
total energy of the configuration

A -
E= f[i‘ (Fijs Fij) 5 (Vatss Vads) + g(fd’iz—l)z] e

We are interested in the static solutions to the field equations which correspond to the
finite total energy E. From the Noecther theorem it follows that for any static solution the
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stress tensor

T = (Fy, ij)"'«lt 8:j(Fr> Fr) +(Vadis VA(bj)_% 0;{(VaDrs Vad)— /‘; 5ij(l¢|2 ~-1)
is divergenceless
&;T;; = 0.
This, together with the finiteness of E implies [1] that T;/(x) is integrable and
J&XTy(x) = 0.

Putting in the above equation i = j =1 and i = j = 2 and adding together we obtain

- - A
.{de(Fu, Fi) = stx [(V,d?saa Vads)+ 3 (5@2‘ 1)2] .

Assume now that the “magnetic” field has vanishing third component, i.e. £, = 0. Then
|¢] = 1 and it can be proved (cf. Ref. [1], pp. 32-33) that up to a gauge transformation
A =0, ¢ =1, ie. the solution is trivial.

The above result does not seem to be very interesting in the case of nonabelian gauge
group; it simply states that the monopoles cannot be “plane”. However, let us take
G = U(1). As it is well known [2] the abelian Higgs model does admit static solutions in the
form of an infinite solenoid stabilized by the nonelectromagnetic attractive force originating
from the Higgs potential. The energy per unit length is finite (the total energy is infinite,
of course). The Higgs field defines the homotopy class [¢] € IT,(S,) = Z and the magnetic
flux is proportional to the integer N characterizing the class [¢]. Such solutions are topo-
logically stable. The Nielsen-Olesen vortex solution was used as a theoretical base for the
string model of hadrons. Consider the finite energy solution. Jf we exclude the monopoles
it follows that the magnetic flux tube should be closed. If we assume further that the cur-
vature of the tube is large as compared to its thickness we can use the Nielsen-Olesen
solution as a good approximation. In the limit of infinitely large coupling the tube becomes
infinitely thin and topologically stable. We obtain the string model.

However, the result stated above shows clearly that the finite energy solutions, if exist,
are very complicated. For example, the simplest solution in the form of toroidal solenoid
is excluded. It is not difficult to understand why this is the case: the interaction between the
magnetic field and the current tends to decrease the radius of tori. Consequently, the sole-
noid cannot be stabilized by the nonelectromagnetic attractive forces. It seems to us that
such an argument is general and there are no static finite energy solutions to the abelian
Higgs model in three dimensions.
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