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It is shown that Sciama’s inertial force law can be used to provide an explanation of
why clusters of galaxies appear to be bound together more than gravitational force from their
luminous masses would suggest. Such an explanation gives an approximate value of the
constant in the iner.al force law. Shortcomings when the law is applied cosmologically
are noted. The law is shown not to be amenable to solar system- tests, and not to be
equivalent to Milgrom’s force law.
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The mass of galaxies which occur in clusters can be calculated from either their relative
dynamics or from their intrinsic luminosity. Dynamical considerations give a much larger
mass, see for example Rood [1], several explanations of this have been put forward such
as: large amounts of non-luminous gas, heavy neutrinos, black holes, and new force
laws. Here Mach’s principle in the form of Sciama’s inertial force law [2] is put forward
as a possible explanation. The physical considerations underlying the inertial force law are
sketched, and the implications that this type of law only has effects for enormous masses
or accelerations such as those that occur at very short distances in central orbit problems
is stressed. This approach is shown to be inequivalent to the modified force law discussed
in great detail by Milgrom [3]. Finally the significance of the inertial force law to the
dynamical situations on the scale of the Universe, clusters of galaxies, and the solar
system is discussed.

Sciama’s inertial force law arises from investigating the source of the force exerted
on a body in an accelerating frame. In an inertial frame we have Newton’s second law
F = ma; but if we use the body, upon which the force is acting, as the frame of rest we
have F—ma = 0. The —ma force has no local source and is an inertial force in contrast
to F. By Mach’s principle we say that this force occurs because the body is acceler-
ating relative to the ‘fixed stars’. Assuming that the inertial mass has both an active and
a passive role in producing inertial force, gives an inertial force Fy oc m;m,; as noted
above such a force occurs when accelerating relative to the “fixed stars” so that
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F, oc mym,a; we expect the force to be longer ranged than the gravitational force and
assuming for simplicity that it depends on an integer power of distance r gives
F; oc mym,afr, which is the form given by Sciama. Putting k as the constant of proportio-
nality, which has dimension length over mass, gives: Fy = mkym,a/r. Clearly as such
a force has not been detected either the masses or their relative accelerations must be
.very large. For a particle in orbit around a large mass Mg we have a = GMg/r? and for
the necessary large accelerations either r has to be unrealistically small or My unrealisti-
cally large, this is discussed in more detail later.

Comparison with Milgrom’s law is made by considering only a small mass m; and
a large mass Mg then the sum of the inertial force F; and the gravitational force Fg is

Fi=F,+F; =
T 1mre r r? r? r?

o

km M MG m MG m, MG kM
1 S' S + 1 S = 1 S (1_*___5).
r

Milgrom uses a modification of Newton’s second law
a
mu (—) = F, )
ao

ux> D=1, ux<D=x 3

where a, is a constant and

again considering a small mass m, and a large mass My, and using a = GMj/r? we obtain

GM;\ GM,
my (—-—ZS—) Zs = F. O]

aer r

For the two approaches to be equivalent we must have

n (ﬂl—}) = (1+ ’—C—A—l—s) (5
agr r

which is clearly not the case because of the different dependence on the distance r. Essen-
tially Milgrom assumes that when there is a large acceleration Newton’s second law holds,

whereas Sciama’s law gives the opposite effect.
In order to investigate the cosmological significance of Sciama’s law again consider
a central orbit problem with small mass m, and a large mass Ms. Now in m,’s frame of
reference m; experiences an inertial force due to the “fixed stars”, because we only wish
a rough order of magnitude for k we can take this force as being due to the mass of the

Universe My ~ 10°2 kg at a distance of the radius of the Universe R &~ 10°° m, this gives
an inertial force

kmMya km MyGMg
e R h Rr? )
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In m;’s frame F;, and Fg must balance so that

GM km,MyGM,
Fg = ;’"1 = F = Tl
r Rr,

)

which implies that k = R/My =~ 3x10-? m - kg-!. Leaving aside central orbit problems
we now investigate whether such a value of k is reasonable by looking at the effect it would
have on the relative motions of stars within the Galaxy. Considering two stars accelerating
with respect to one another, we can ask when does the inertial force become of the same
order as the gravitational force, we have

kM M,a GM M
=" xFg= -5, ®
r r
which implies a r ~ G/k = 2x 10'® m?s-2. For an acceleration of one ms-2 we find that
r is about one light year so k is clearly too large. An extension of the inertial law to

R* M. m,a
Fy= —— 12’

T ©®)

does not overcome this problem. We can see what the maximum distance that F will be
less than Fg for x > 0 in the above modification. We have
R* M;M,a < GM M,

My r?

) (10

so that
In (GMy/(ar®)) _ 1n(6x10*!/(ar?))
In(Rjr)  In(3x10%/r)

0<x< 11

For a = 1 ms~2, x becomes negative for r > 8 x 102° m. Therefore a modification of this
type does not overcome the problem of the range being too short as the radius of the
Galaxy ~ 10! m and we would expect gravitational forces to dominate there.

In spite of the shortcomings of the inertial law to explain phenomena on the cosmo-
logical scale we may consider if it has any use on the scale of clusters of galaxies and hope
that if it has that a suitable modification might describe its cosmical form. Clusters of
galaxies appear 1o be held together more than their luminous masses would suggest,
maybe this could be explained by an extra Machian binding force. If we assume an inertial
law of the original type and ask what value of & would give the inertial force of the same
order of magnitude as the gravitational force we obtain

kM Mga GM M
Fi=—""% ~Fo=—F-2, (12)
r r
where M, is the mass of a cluster of galaxies, M is the mass of the particular galaxy
in question, and a is their relative acceleration. We obtain a value for k of k ~ G/ar,
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for r = 1022 m and a@ = 1 ms2 this is ~ 10~3* kg-1. A value of this order would meet
the requirements of binding the galaxies together more than would otherwise be expected
and at the same time not interfere too much with their internal structure.

It is necessary to check that this value of k is consistent with the dynamics of the
solar system. We have a central! orbit problem in which the inward acceleration is

GMg kMga GMg kMg GMg
f=—-—— == 1+ — as ax —5. (13)
r r r r r
Therefore we have a modified Binet equation
d*u u
?+u(1—x)=;1-5, (14)
GMik . :
where u = GMg, k = ez h = r? and u = 1/r, with solution
u =h(1~x) +ecosy/1—x 6 (15)

so that there is an acvance in the perhelion of nx, compared to the general relativity value
of 6nG*MZ/(c*h?). We see that the ratio of the general relativity effect to the inertial
law effect is 6G/c> ~ 4% 10-27 to k, as we are considering values of & of the order of
10-3%, we see that the general relativity effect completely masks the inertial induction
effect, or alternatively we can say that the dynamics of the solar system put an upper limit
on k of the order of 10?8 mkg-!. If we treat the extra term in the general relativistic Binet
equation as being due to a Newtonian force we have

Fy = GMgM, [,
Fpy = 3GMoh*u? = 3GM8* or  3G*MZM,[ric?,
Fy = kMgMgalr,
Uy = —GMgM,jr,
Upa = —3G*MZIM,[2r2c2,
Uy = —kGMZM[2r?, (16)

and so we see that the general relativistic effect would be expected to dominate in central
orbit problems. Treating the general relativistic term in this way has the unusual con-
sequence that the force Fy,, can be expressed in a form not explicitly dependent on r only
on 0 (although 6% = GM/r®), and the ratio of potential of the general relativistic case
to the Newtonian case is

Uy 2rc?

= ~ 107 x for Mg = 10*?kg, 17
Una  3GMj r s g a7
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which would appear to have little effect when added to the viral theorem and applied
to galaxies. It is interesting to note that in central orbit problems the inertial force law be-
comes a r-3 short distance law, because we approximate acceleration by GM/r?, but that
its effect is so weak that it would not be expected to contribute until the distance r is too
small to be of significance in the problem. In conclusion we may say that we would expect
the dynamics of galaxies to put upper bounds on the size of constants in conjectured long
range force laws and that the inertial force law would appear to be of some use in explain-
ing the problem of missing mass, although it fails when applied cosmologically, however
we may hope that a suitable modification would work when applied cosmologically and
also explain Mach’s principle.
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