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The Foldy-Wouthuysen transformation for the Dirac Hamiltonian with an external

1 4
Yang-Mills field up to the order (—-) is performed. The color operators in the F-W
mc

representation are considered.
PACS numbers: 11.10.Qr

1. Introduction

The Foldy-Wouthuysen transformation (F-W) has greatly contributed to the under-
standing of the physical content of the Dirac theory of electron [1] and theories of particles
with the spin 0 and 1 [2]. Quite recently the F~W transformation has been applied to the
study of the classical limit of the colored Dirac particle in an external Yang—Mills field [3].
The classical equations obtained in [3] from the Heisenberg equations of motion have
a nonrelativistic form. Their relativistic generalization was proposed in [4]. It was obtained
by means of an operatorial gauge transformation. Both the Heisenberg equations and the
operatorial gauge transformation were calculated in [3, 4] up to the order to which the

2
F-W transformation was performed, i.e. (~—-) .
mc

In order to check the consistency of the relativistic generalization proposed in [4]
the higher order F-W transformation has to be known. In this paper we present the calcula-
tion of the F-W transformation for the Dirac Hamiltonian with an external Yang-Mills

mc
tion. Such a discussion has not been given in [3, 4.

l 4
field up to the order (-———) . Also, we discuss the color operators in the F-W representa-
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This paper is organized as follows. In Section 2 we derive the corrections of the order

1

3 1 4
(—> and (—v) to the F—~W Hamiltonian. In Section 3 we consider the color operators
me mc

transformed to the F-W representation and their transformation law under the gauge
group. In Section 4 we estimate the significance of the higher order corrections to the F-W
Hamiltonian in the electromagnetic case. )

2. Hamiltonians Hy and H,

Let us consider a colored particle in an exiernal SU(N) gauge field described by the
Dirac equation

oy
ih—=H 1
5 v (1)
with the following Hamiltonian
-f- g 3 . 2
H=co|p— =A)+gdy+fme, (2)
c
where «, f are Dirac matrices in the Dirac representation, p = —ihV; j = A°T

Ay = AT, a = 1,2, ... N>—1 are Yang-Mills potentials, T° are generators of SU(N)
group in the fundamental representation and g is a colored coupling constant. The genera-
tors T* are called the color operators.

The Foldy—Wouthuysen tiansformation, [1}

' =My
' iM . a —iM
H =¢ H—Lh 5; e (3)

is performed in otder to remove odd powers of  matrices from the Hamiltonian (2). It is not
possible to perform an exact transformation (3) for an arbitrary Yang-Mills field. Actually,

1
H’ can be obtained only in the form of an expansion in powers of — . In the paper [1]
mc

1 \? .
the Hamiltonian H’ was found up to the order <f> . We want to obtain corrections to
mce

1Y\ 1\*
H' of the order (——) and <—~—> . We follow the procedure of Bjorken and Drell [5].
mc mc

For simplicity we put ¢ = 1. The calculation is a standard one but rather lengthy so we
present here only main points.

In order to obtain the Hamiltonian H’ up to the desired order of acouracy we perform
five succesive transformations of the type (3), with M of the form:

M= — -0, i=12..5 4
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O, are operatois which contain only odd powers of @ matrices. We list them in the A ppendix
1

4
Thus, we obtain the Hamiltonian H' free of odd operators up to the order ( >
mc

H'=H2+H3+H4 (5)

where
. B,
H, = Ao+ —0*— — [0, 0
2 Bm"}'g o m 8?’!2[ ] (6)
B,
Hy = g ——(9°~0%), Q)
m
H ! @, [, A]+h¢+ [3]+— [[[e, 0], 0], 0] 8
4= o BT S I T om0 384m* ®)
and
4 n 00
q) - [O, ng] +ih ”a”‘t‘ .

0 = a-(p—gd),

The final step we perform is to evaluate the operator products in (6)—(8). The Hamiltonian

H, is the same as in [3]
H, = fm+gd,+ —-/i n?— ~——ﬁ~§
’ 2m m
gh ke ifj i gh? Fi
+ s &pS(n'E + Eln’y— - (D,EY), 9
N LA . . .
where 7 = p—gAd, S = ;| __ ) is the spin operator, & are Pauli matrices, D, = —
06 axt
i 5 - ¢ A
+ ,_g [4;, -] is the covariant derivative and E = E°T®, B = BT are colored electric
i
and magnetic fields defined as follows
E'=F,, B =-1M, i=1,23,
N N " ig . .
F,, =0,A4,~0,A,+ . [4,4)]), pnv=01273 (10)
The higher order corrections to H’ have the form
Hy = — —ﬂ—3 {r*—2gh((B- S)n*+7*(B - §))
11

+ g2 WX (E? + B2 + 2iey, S"(E*E'+ B*BY)}
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and

h o - A £ 3.z
Hy = — 3% 2 6wl S 7) (P + Brdynm 4 w2 B By (S - 7)
m

—S"A(7*E + E'nyn ) + i{n™ (2" E" + Emn " — am(n"E" + EMn™)n) ]

—5 if EumS™ (T (A E + E'm*) +(n*E' + E'n*)n?))
h? P
+ fn 7+ (355 (DEY + (DY) +3% (W(DE)n* + 2ty S"n"(DE) ')

gh {Fk,(n*E‘ + E'n*y + (2E' + E'nF,,

_i
38

+ 2ig; kS'(ﬁ‘ w(TE + Bty — (ﬁiEj + iji)ﬁ W}

2h'3
g 3 m i
+ e {F5% eumS™((D; E)Fkl+Fkl(D EY)

— o ([ Do¥] 4+ 2t S'E" (DY +(DLEVE)). )

We have assumed the Einstein summation convention.

The Hamiltonians H; and H, together with H, may serve as a starting point in the
analysis of the relativistic generalization of the classical equations for a colored, spinning
particle obtained by means of the F-W transformation, [3, 4]. This application of H,
and H, will be presented in another paper.

The Hamiltonians (9), (All), (12) may be reduced to the electromagnetic case if we

replace the color fields 4 w E, B by the usual commuting electromagnetic fields 4, E, B
0
and the covariant derivative D, by Pl We also substitute the electric charge e for g.

Thus, we obtain the Hamiltonian H’' = H,+ H,+ H, where

-, ehp . . eh . . L . . eh?
H2=Bmcz+er+£n2-——ﬁ B:S+ —S—(mxE—Exm) - §— -
2m mc 4m*c 8m“c

SV-E, (13)

- h ) o e e e*hig . .
Pz ef 5 {nz(B~S)+(B-S)7r2}-8m364(E2+Bz) (14)

Hy= ~ T
3 8m3c3 4m3c

and 7 = p— £ A. We have completed (13) and (14) with the light speed ¢. The formula for
c

H, is lengthy but easy to obtain from (12) so we do not write it here. The Hamiltonian
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(13) supplemented by the first term of (14)

~ B -,
H= o g™

(15)

is well known, see e.g. [5]. We will make use of the Hamiltonians (13) and (14) in Section 4
where we will estimate their significance for the spectrum of the hydrogen atom.

3. Color operators in the F-W representation

The F-W transformation (3) is supplemented by a transformation rule for an arbitrary
operator X acting in the space of bispinors y

Xpw = e€MXe ™™, (16)

The new operator Xy is called the operator-representative of X in the F-W representa-
tion, [1].

In the nonabelian case new operators appear which do not exist in the abelian case —
the color operators 7% a = 1,2, ... N>—~1. They act in a space of bispinor functions
v =(¥)

(T9)(x) = (TDpepe0), a7

where (1), are matrices of the fundamental representation of 7“ and form a set of irreduc-
ible tensor operators under the local gauge group SU(N):

Qx)TQ™ Y(x) = Vo (x)T* (18)

where V*,(x) is a matrix of the adjoint representation of the group element Q(x) € SU(N).
Operators T° transformed to the F-W representation according to (16), where the
transformation e is listed in the Appendix, have rather complicated form:

2

Tau[d] = To+ L (A0~ AP A4 - A%%)T*
8m
igf . . h. . h L " A
PSS L B T L LT (R (19)
2m 4m 8m

12 ae o s ) -
(19) is written only up to the order <—) . Note that Tgw[A4] contain the odd operators a.
m

It is obvious because the F-W transformation removes the odd operators only from the
Hamiltonian (2). :

The new color operators f’;’,w[/f] do-not have any reasonable transformation law under
the gauge group. If we try fo evaluate the gauge transformed operator Tw[A4'] where
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. ih .
A, = 04,0 + = (3,22 and Q(x) e SU(N) we will obtain
g

TSW[A‘,:I — eiM[A']j‘wae—iM[/i"]
= Q(x)eMAY e (x)TPe MG~ 1(x), (20)

We utilized here (18) and the property Qe™41Q-1 = ¢MI41 reqylting from the fact that
MI[A] contains only operators transforming homogeneously under the gauge group. The
matrix ¥?(x) does not commute with the operator ¢4 because M[A] cortains also
differential operators. Because of that we have

Tx?w[/i’] # V’“b(x)Q(x)’i"gw[,«i]Q_l(x),

Such difficulties do not appear for the operators which do not involve tree color indices
and transform homogeneously under the gauge group. For example, the transformation
rule for the operator-representative of the Yang-Mills field tensor F uv[/f], (10) is the
following:

FinA'] = QoFey[4]e(x). (21)

The same rule is valid for the operator-tepresentative of the rest of non-colored operators,

P

e.g. 55, S, p.

4. The significance of H, and H, in the electromagnetic case

Having the Hamiltonians H, and H, it is interesting to estimate their significance for
real physical systems. We will make it taking as an example the hydrogen atom. In this

case we set A, = — £ and 4 = 0 in (13) and (14).
r

The energy levels stemming from the Dirac theory have the following form of the
expansion i powers of the fine structure constant «, [S):

me2a®  mctat [ 1 3
E,, = m®— —— — — )} +0(® 22
! 2n° 2n® (j+% 4n> @) 22)
and
2.6

mec o 1 3 3 15
0(a®) = 3 - 3 — - s+ S — 50+ 23)

n (2j+1) 2n(2j+1) 2n“(2j+1) 48n

where n = 1,2 ... is the principal quantum number, j = I+4 and / = 0, 1, ... n—1. The
2.2
tetm E? = me?2—

in the formula (22) is the eigenvalue of the Hamiltonian

2
Hy = mc?+edo+ P

e .
and A, = — —  If we add to H, as a perturbation the Hamiltonian
r
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V = H—H, (H is defined by (15)) the term in (22) proportional to a* may be obtained as
the first order peiturbative correction to E?, [6]. This term is responsible for the fine structure
of the hydrogen atom. It is obvious that the term of the order a® may be obtained as
a perturbative correction to Ej if we take into account the remaining terms proportional

1y 1\* . . : .
to () and (—) in the Hamiltonian H' = H,+ H;+ H,. In this case the perturbative
me mc

Hamiltonian V = H' — H,.
The energy splitting due to the O(¢®) term is practically negligible. It is equal to
4.7x 10~° eV for the levels 2P;,, and 2P, ,, whereas the magnitude of the Lamb shift for the

1 3
levels 2P, ,, and 2S,,, equals 4.4 x 10-°eV. It means that the terms of the order <-—) and
' me

Ly - . .
—— 1} in H’ | except for the term F p* ) are practically of no importance for the energy
mc 8m3c?

spectrum of the hydrogen atom.

The author wishes to thank Dr H. Arodz for stimulating discussion and constant
encouragement.

APPENDIX

1 4
In order to obtain the Hamiltonian (2) free of odd operators up to the order (—)
me

we perform the F-W transformation (3) where

eM = oMseiMe M1
ip :
The operators M,; have the form M; = — Py O;, i =1,2...5 where
m

B 03 B 0}
0,=—d— —5 — " .[0,[0,, ®]]+ — 5.,
27 om 3m? 48m3[ [0, 2]] 24m*
B ihf 60,
0; = —[0,,86]+ )
3 Zm[ z ] 2m Ot
B ihf 80,
0,=—1[0,5,8"}+ — —,
4 2m[ 3 ] 2m Ot
lhﬁ 604

B
D = —[0,, &
3 2m[ 4 I+

s

2m Ot
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and
i 40 . s
& = [0y, gd,] +ih —5—5 = igha - E,

“ po? 1 /301' 1 "
& = gd —= = —— [0y, ?|— — + —— [0,, [0, [0;, ?]]],
gdo+ o sz[ 1 P] Py + 384m4[ 1[04, [0;, @]]]

&' = L 03+¢&".
2m

It is not necessary to evaluate operator products in the formulae above in order to obtain
the Hamiltonian (2).
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