Vol. B17 (1986) ACTA PHYSICA POLONICA No 4
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A dyon-fermion system is considered. We prove that there is no finite energy, spheri-
cally symmetric, time-independent solution of the Yang-Mills-Higgs-Dirac equations with
non-vanishing fermionic currents.

PACS numbers: 03.50.Kk

1. Introduction

The classical Yang-Mills-Higgs SU(2) theory is known to possess time-independent,
spherically symmetric solutions: the monopole and the dyons [1]. This model can be extend-
ed by adding a bispinor field. Suppose that a massless Dirac field in the fundamental
representation of the SU(2) group is gauge covariantly coupled to the Higgs meson. The
theory obtained in this way contains spherically symmetiic, time-independent, finite energy
solutions which describe fermion-dyon systems [2]. In such a field configuration all fermion-
ic currents vanish so the fermion has no influence on the dyon (it will be convenient to

understand by the fermionic current also the term — % Py appearing after variation of

the action with respect to the scalar field).

The problem which may be of interest is whether the considered theory possesses
solution with abovementioned properties and non-zero fermionic current. In this paper
it is shown that the answer for this question is negative i.e. every spherically symmetric,
time-independent, finite energy field satistying equations of motion has all fermionic
currents equal to zero.

2. The fermion-dyon system

The model which we shall consider is based on the Lagrangian [2]
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where
Fi, = 0,A7—0,Al+ec, ALAS,

Dp(pa = au(pa + eaabcAz(pc’

i a_a
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and with e, g, b, A > 0 being constants. 4y are gauge potentials for SU(2) group, y,z —
bispinor isodoublet and ¢, — Higgs field in adjoint representation. The labels a, b, ¢
= 1,2,3 and R, S = 1, 2 are SU(2) labels. We take Dirac matrices in the representation
given by Jackiw and Rebbi [2]
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Using the Lagrangian (1) we can derive the equations of motion
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and the energy density
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with E = Fi, B) = —1 ¢U*FJX,
From the assumption that fields are time-independent and spherically symmetric

(in the extended meaning see (3)), we obtain the following ansatz

- 1 - 1
Sua(xO’ X) = "'u_ G(u)na’ A?)(xoa x) = 'u— K(u)nw

- 1
A;(xoa x) = _u_ [(] _Hl(u))gajmnm - Hz(“) (5111_ nanj) - T(“)nanj]’

o - et (X (u)oix +X,(u)n 085038
Par(x", X) = — 2 a 2
u \Y(w)opg+ Yo(u)n,0ps0sg

A=1,2,34 C=1,2, D=34 u=elx, o= = 4)



327

All fields which are regular at the origin must satisfy the conditions
G = 0w, K =0®u?, T=0u?,
H, = 1+0(@u?, H, = 0®u?,
X, =0@u), X,=0w?, Y =0w, Y,=O0u?. (5)

Substituting (4) into the equations of metion (2) and the energy density formula (3) we
obtain
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For convenience we have introduced the following notation
J, =i(X,Y,-X,Y,— X, Y, +X,Y,),
J, = -(X,Y,+X,Y,-X,Y,—- X,Y,),
J = X 04X, Y+ X F+ T,
0 =X X,+X,X,+ Y, Y,+YY,,
Z =iX,,-X,Y,+X,Y, - X,Y)).

In this paper we prove that for each finite energy solution of Eqs. (6) which satisfies
conditions (5) the fermionic currents

, g _ e ge
Ja = — = PurPasOrs = —3 ZNys (8a)
2 . U
-0 € _ () a ez
Ja = — 5 WYarY 4BYBsORs = 7 Qn,, (8b)
-k € — k a e2 ‘
Ja = — 7 WYaRY 4BYBSORS = ";‘2‘ [Jlsaksns+‘,2(5ak_nank)+‘]nank] (8¢

must vanish.
We will use in our considerations gauge transformations given by SU(2) matrices
of the form

0 15(x) = (exp i%nasw))

AB

The class of spherically symmetric fields (4) is closed against these transformations. We
will need transformations formulas describing changes of some functions appearing in (6)

H| = cos 9H,+sin $H,, H) = cos $H,—sin 8H,

Ji = cos 3J, +sin 3J,, J, = cos §J,—sin 8J,

d
J'=J, T =T—u—39. )
du
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Using equations (6f, g, h, i) it is easy to obtain

10 € Gs 10
u—Q = — =GS,
du e (102)
45 _kz- 6o 10b
u—S=KZ--=GQ,
du e (10b)
d
u—Z7Z= —KS§S, (10c)
du
d
U], = —TJ,—2H,J, (11a)
du
d
uzi‘;J2=TJ1+2H1.I, (ub)
d . .
U J = 2H,J,—2H,J,, (11¢)
du :

Whel'e S = X]Y: +X1X2—‘ YIYZ_YIYZ‘
We shall consider (10) as a system of equations for Q, S, Z. From (5) we obtain

K G
im KO _ o g S®
u—0+ u u—=0* u

u = 0. Using (5) we obtain the boundary condition Q(0) = S(0) = Z(0) = 0. This bound-
ary condition uniquely determines the solution: Q = § = Z = 0 (the uniqueness of the
solution may be proved by using the methcd of Picard, see [4]). Therefore we have j, = 0,
Js = 0. The equality Q = 0 implies that each term in the energy aensity formula is non-

o

= 0. Thus these equations are regular on the whole half-line

d G\
-negative. Thus the integral J(T G- ———) du has to be finite. This implies that
u u
0
. ) G 2 : . G
limy exists. Since || — H,| du must also be finite, we obtain lim =0
u- 0o u U u— o0 173

® G
or | (H)*du < o0, k = 1, 2 (the case lim @ = ( is possible only when b = O or 4 = 0).
(1)

U= w u

Now we shall show that J, = J, = J = 0. We start with some remarks concerning

G
the case b = 0, lim 2

a0 U

= 0. Setting b = 0, Z = 0 in Eq. (6a) we obtain

d2
u? I3 G = (H}+H%G+4G?
u
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d
and we see that T G is non-increasing (non-decreasing) if G << 0 (G = 0). On the other
U

d
hand L’Hospital’s rule gives us lim — G = 0. Since G(0) = 0, the function G vanishes

u—~ AU

identically. Applying arguments based on scale-invariance one can show that the Yang-

-Mills potential is pure gauge [5]. Thus we may assume that lim G—g‘z # 0. From (10)
it follows that o
;;(Jf+1§—-.]2) = 0.
The boundary condition (5)‘yields:
JivJ:=JA (12)
In the gauge in which J, = 0 (see (8)) we obtain
J, = +J. 13)

Inserting (13) into Eq. (11c) we find that

d
u-—J = +2H,J,
du

dw
J(u) = J(uy) exp +2 le(w) ot

o

d
Assuming the energy is finite we have j (H,(w))?>dw < o0, 50 IIH 1wl ki < oo and
w

ou i

u

d

lim expizfﬂl(w)-‘f # 0. (14)

u—+oo w
o

On the other hand, if we choose the gauge in such a way that T = 0 then Eq. (6¢) becomes

d d
J=2{H,—H,~- — H,]. 15
( Zdut Hldu 2) (13)

[ee)

. d 2
But in this gauge the integrals f (H)?dw, f (;1— Hk) dw are finite for all finite energy
W
o O

fields and from (15) we obtain

o]

§ [J@)ldu < . (16)
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This condition has the same form in each gauge. Comparing (13) and (16) we see that
J = 0. From (11) we immediately have J, = J, = 0.

3. Conclusions

In this paper weé have considered the dyon-fermion system with spherical symmetry.
We have proved that for each time-independent, finite energy solution of the Yang-Mills-
-Higgs-Dirac equations the fermion does not act on the dyon. One can expect that the
same problem, but with the fermionic field being time-dependent through the factor
exp —iwx® (i.e. being of the form v g(x) = exp —iwx°P x(x), Where P, p(x) is given
by (4)), will be more interesting in this respect. The case of massless Yang-Mills-Dirac
system (the Higgs field being absent) was studied by Magg [5]. He proved that finite energy,
static, spherically symmetric solutions can only be trivial ones. In the case when the Higgs
field is present it can be shown that if such a solution with non-zero fermionic field and
positive o exists, then at least one of the expressions (7) does not vanish.
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