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ELECTROMAGNETIC MASS DIFFERENCES OF MESONS IN
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Considering the gluonic contribution to mass difference in the non-relativistic QCD
potential model of Schnitzer, we calculate the electromagnetic mass differences of strange,
charm, b-quark and t-quark mesons. The numerical results are found to be in agreement
with the available experimental values and with the theoretical values of others. We predict
T+ (d)— Tty ~ T*—T*° ~ 3.6 MeV.

PACS numbers: 13.40.Dk, 12.35.Eq>

The electromagnetic (e-m) mass differences of mesons are important [1] in determining
the production ratios of various mesons’ and of their decay mechanism. There has been
extensive discussion [1-4] on the estimation of mass splitting of D+ and D°. It has been
found that the simple non-relativistic models could be used to estimate the e-m mass splitting
ot heavy ‘mesons. Such a model has been used by Lane and Weinberg [2]. They estimate
the D+—D° mass difference to be 6.7 MeV as compared to the experimental value of
4.7+0.3) MeV. In their calculation, however, they 1gnored the gluonic and magnetic
contribution to the mass difference. Consxdermg gluonic [5] and magnetic term ‘explicit-
ly, Chan [3] calculated the D*—D° and other hadron mass differences and found the
D+-—D° mass difference to be 5.2 MeV, which is a closer value to the experiment.
The gluonic contribution term is significant and cannot be ignored. The D*—D° mass
difference has also been calculated by others [4]. The B*—B® mass difference has been
discussed by Chan, Eichten, Singh et al., and Kim and Sinha [6-8]. Recently the evidence
[9] of t-quark hadron has been found at the CERN pp collider and the mass of t-quark is set
at 40+ 10 GeV. Recently, there has been renewed interest in the e-m mass difference
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of t-quark isodoublets (T° = ut, T+ = dt and T*°, T*+). This will entail calculations of
the production ratios of these mesons [7, 8].

One of the main objectives of this work is to evaluate the e-m mass difference of pseudo-
scalar and vector mesons in a QCD potential model of Schnitze1 [10]. The characteristic of
this model is the explicit use of the effective coupling parameter which is a function of mass,
in contrast to a fixed coupling constant in a usual phenomenological model [7, 8]. The
model also provides the hyperfine splitting of mesons and the other properties of hadrons.

In the present note, we utilize the technique and analysis of Lane and Weinberg [2]
a la Schnitzer to estimate the e-m mass differences of strange, charm, b-quark and t-quark
mesons.

In his model, Schnitzer {10] considered a Fermi-Breit type of Hamiltonian, which
contains a short range Coulomb type 1/r vector exchange term with a long range scalar
confining force. Taking the effective coupling constant for gluon to be mass dependent
and assuming the long range vector exchange to be absent, one can express S-wave hyperfine
splitting for mesons as

32n

AE = = a(M?) y(0) (1)

mym,
with

a(M?) = _ (in M?/A%)71,
(33-2ny)
where m, and m, are the masses of quarks, a,(M?) is the effective coupling constant and
(0) is the wave function of the particle at the origin. Taking M as mass of vector meson
with A = 500 MeV, Schnitzer [10] calculated for #; = 4 the values of a,’s as a,(¢) = 1.80,
o (K*) = 1.294, o, (D*) = 0.545 and o,(F*) = 0.524. In our calculation, we will assume
M=M,, =m+m, with A =400 MeV. Taking the numerical values of parameters
{(Ref. [10)) as m, = 1/2(m,+my) = 313 MeV, m, = 490 MeV, m_ = 1.6 GeV and
m, = 5.0 GeV, we get for n, = 6 the values of a, as a(M2) = 1.99, a(M2) = 1.288,
a(M2) = 0573, «(M2) = 0.543 and o (M2,) = 0.347. The value o (M2) = 0.194
for m, = 40 GeV (Ref. [9]). These values of «,’s are in general agreement with the values
obtained from the consideration of M as a mass of vector meson with A = 500 MeV.
The choice of A =~ 400 MeV is necessary for our phenomenological calculation, which
is also within the recent experimental limit of A(310+ 140 MeV) [11] and it is consistent
with the values of some other calculations [11]. We calculate the hyperfine splittings of the
mesons with the given experimental values of different wave functions in Ref. [12] (Table I).
Considering wave function as spin-independent we have |p(0)2, = 2.55—3.25
x10-3(GeV),  [9pO)[gex = 3.0—4.4x 1073 (GeV)?, |p(0)|Z.p = 9—17x 1073 (GeV)?,
[9(0)[3 ¢ = 10—20x 10~ (GeV)®. The hyperfine splittings of the mesons are (4E),-,
= 577736 MeV (expt. 633 MeV), (4E)gsx = 283—416 MeV (expt. 396 MeV), (4E)p.—p
= 116-216 MeV (expt. 143 MeV) and (4E)p.p = 78154 MeV (expt. [13] 139+
+22 MeV). The calculated values are in agreement with the values of Schnitzer [10]
and with the experimental values [14] within the range of predicted values. The ranges in
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the values arise due to the uncertainties in the experimental values of |p(0)]2. Note that
if we take

[9(0)|Z.x = 4.22x 1073 (GeV)?,
[9(0)3e p = 11.15x 107 (GeV)? 2

then it will reproduce the experimental hyperfine splittings 396 MeV for K*-K and 143 MeV
for D*-D mass differences. The values in (2) are within the given range in the experimental
values of |y(0)/%.

For the b- and t-quark sector, due to the lack of knowledge of wave functions, we will
assume  |9(0))Z.r = |9(0)Fep =~ 19(0)/2 y =~ 15x 10~ (GeV)?, then the hyperfine
splittings are

(AE)B"'B = 37.0 MCV, ) (AE)T‘—T = 2.9 MCV. (3)

The value of B*-B = 37 MeV is of the same order [15, 7] as that of Ono (34 MeV),
Singh (40 MeV), Eichten et al. (50 MeV) and Kim et al. (41 MeV). T*-T = 29 MeV is
of the same order but lower than that of Kim et al. (5.0 MeV).

Considering gluonic, Coulomb and magnetic interaction terms explicitly, the e-m
mass differences of pseudoscalar and vector mesons are [7, 8]

1
Py — My, = (A'")du+(Am)gluon+aele2 |:<—'> W’(O)ip:l
rf, mm
My —m,, = (Am)y. +(4 IN 2% o2
v+ vo = d, T m)gluon+aelez “P(O)‘v > (4)
r/, 3mpm,

where m;, = 1/2 (m,;+m,) and m, stands for quark masses of m,, m., m, and m,. ¢; represents
the fractional charge of ith quark.

For numerical estimations of mass differences from relation (4) we nced the values

i

of my—m, and of <—

r

From (4) the explicit expression for K+ and K° mass difference is

>. The values of quark masses, «_ and |y(0)]> are presented earlier.

K'-K* = (md~111“)+ S(M“) [w(0)iz (—- - i)
3 s u md
a/l 2 o
“§<';>K—‘3“ ;n, 1“/)( )lx (5)

One can derive, by combining Dashen’s theorem [16] and non-relativistic atomic model
of K-meson, the mass relation [2]

nt —n® = (K* =K%, (mg/m,). (6)
Taking n+—n° mass difference (4.6 MeV) as ani mput one gets (K~—K9), = 0.85 MeV.



From (5) and (6), we have
. o a/1\. 2n a 5
(K'=K), =3(7) +t75 i9(0)ig = 0.85 MeV. @)
K

3 3 mgm,

Substituting the numerical vatue of (7) and taking K+ — K° mass difference (4.01 +0.13 MeV)
as an input, we get from (5) that my—m, = 2.5140.07 MeV. This value of my—m,
is consistent with the value of others [6-8). A quesnon of apphcanon of first order perturba-
tion in strange quark’ sector rmght arise as o, (M2) >~ 1.3, a value larger than unity.
This is the limitation of Schnitzer’s model in the low mass quark sectors. However, as it
estimates correct value in hyperfine splitting and a consistent value of my—m,, we will
use the value of my—m, (2.51+0.07 MeV) from a phenomenological staudpomt On the
other hand, for charm, b- and t-quark sectors no such limitation occurs as o, is less
than one [17].

1
The numerical value of <—r—> can be obtained from (7) by substituting the numerical
K

1

value of |yp(0)’k.x = (3—4.4)x10-3 (GeV)>. Then we have <—> = 160-—-220 MeV,
T/ ks

a range in numerical value rather than a fixed one due to the fluctuation in the experimental

1
value of |p(0)}>. For |p(0)1*cex = 4.22x 1073 (GeV)? as in (2), the <~> = 171 MeV.
r/kex

The value |9(0)1*c.x can be calculated from. the theoretical relation (18] jw(0)]? = ..gg.
T

1
with @ = 0.194 (GeV)>. Then <7> = 108 MeV. Neglecting magnetic interaction, Lane
K

1 . .
and Weinberg obtained <~—> = 350 MeV from (7). But if one takes the magnetic part
r/xex

1 , ‘ .
into account then from (7) the value of <-r—> should be smaller than 350 MeV. We
K*K

1 o
found <—> = 108—220 MeV [8]. Although, we could not fix a particular value of
r/xsx

1 ' . . '
<—-> , it seems to be somewhere between 108—-220 MeV, if one exploits the fact
r/x~x

that the values of [y(0)|.« can be obtained from experimental evaluation and from

: : 1
the theoretical calculations [19]. The value of <;—> = 108 — 220 MeV is also consistent
K*.K

1
with the value Cy = <—> = 205+ 110 MeV, obtained by Chan [6] from a different type
r

1
of analysis. The value of the matrix elements <——> for different mesons is calculated [2]
r

by using (—) =|— —) .
’ ' /m M/ \T/x’
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At this stage we know the numerical values of all parameters and we can numerically
estimate the ¢-m mass differences of mesons. The explicit expressions for e-m mass differ-
ences of all pseudoscalar and vector mesons can be written like relation (5) from relation (4).
The mass differences are presented in Table I. In our estimations of e-m mass differences
of b- and t-quark isodoublets we made an approximation in wave functions due to lack
of knowledge of |y(0)|3 ;. However this approximation affects mainly the gluonic parts
of these mesons, which are very small for B°—B* and T+—T° mesons mass differences.
Hence the predictions of mass differences will not change very much and at best they
change by 0.1 MeV for B+~ B°® mesons and by 0.05 MeV for T+ — T° meson. Furthermore,
we have not discussed, isospin-dependence of |4(0)|* and «,. Isospin-dependence might
be more prominent in a light meson, where the gluonic contributions are large, compared
to heavy mesons. We have checked that for m;—m, ~ 2.51 MeV the values of lw(O)li._K
and «(M2,) are changed very little and the product o(M2) [9(0)|Z.x changes by only

~ a
0.05%. As we see by using relation: [9(0)}2 = fi‘— with my—m, = 2.51 MeV, we have
e

lw(0) 2, = 5.90x 1073, |p(0))3 = 5928 x 103, a(M2) = 1.2874, a(M2) = 1.2816 and
a (M2)p(0)12, = 7.595x 1073, o(M2)|9(0)3, = 7.598 x 10-3, in their respective units.
Thus, the isospin-independent approximation of (0) and «, is a fair one.

A calculation of e-m mass differences of mesons was carried out by Barik ‘and Jena
[20] in a similar model from a different point of view, considering an argument of possible
double counting of the Coulomb part. However, their numerical values are different
from those presented in Table I. They used experimental mass differences of K°—K+
(3.99 MeV), D*—D° (5.0 MeV), K**—K*+ (4.1 MeV) and D*+—D*° (2.6 MeV) as input
and predicted the same mass differences K®~ K+ (5.62 MeV), D+—D®° (4.91 MeV), K*°
—K*+ (3.48 MeV) and D*+—D*° (2.66 MeV) by choosing the free parameter m,—m,
= 1.9 MeV. The deviations of input and output values in their mass differences calculation
motivated us to analyze the same problem in the model of Schnitze:, using the techniques
of Lane and Weinberg. It is clear from Table I that the results of mass differences are in
good agreement with the observed values and consistent with the results of others [6-8],
with an overall change in the numerical values due to the gluonic effect. This deviation was
to be expected when comparing Schnitzer’s model with that of a parametrized potential
model. '

In conclusion, in this report we have analyzed the e-m mass differences of strange,
charm, b- and t-quark mesons in a non-relativistic potential model and have found that
the numerical values are in general agreement with available experimental values. However,
for K*°—K*+ meson mass difference we found 1.3 MeV much lower than the observed
value. This discrepancy is discussed by DeRujula, Georgi and Glashow [5] and by others
[6, 8]. Our B°— B+ mass difference is relatively low in value compared to the QCD-sum
rule calculations of 5.8 MeV by Mathur et al. [21]. We see that their (4m)5 37" = 5.8 MeV
is large compared to our (Am)y¥°" = 2.8 MeV. Furthermore, Mathur et al. considered
that the photon part is a relativistic one for heavy mesons like D and B. The photon contri-
butions for D and B mesons in relativistic consideration are 0.35 MeV and 0.12 MeV
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respectively, a smaller value compared to non-relativistic calculations (see Table I) a fact
which was also pointed out by them. However, it is of the order of the value obtained by
Singh et al. [6], Chan [6] and of others [7, 8].

For this difference in claim we would also like to point out that future experiments.
will provide the tests for B+— B°® mass difference predictions. Our T+—T° and T*+—T*°
mass differences are about 3.6 MeV, which is one MeV smaller than our earlier estimation [7]..

. .. . 1
In our earlier estimation we considered <—> = 350 MeV, alarger value compared to that
rfx. :
of the present calculation. However, it is in agreement with another recent calculation in

a parametrized potential model [8]. Finally, in this analysis with the present model, we
/1

have considered the different values of quantities o,(M?2), |1(0)|?, and <—-—> for different
r

mesons. We calculated their contributions to e-m mass differences. However it is clear
from the results that these considerations will not considerably change the prediction of
numerical values of mass differences and that they will remain close to those of parametrized
potential model calculations. We predict T+—T° and T*+—T*° mass differences are
3.6 MeV for m, = 40 GeV. However we checked that for the variation of m,, the T+—T°
and T*+—T*°® mass differences will vary very little and for m, from 30 to 50 GeV [9] the
mass differences will change at best 0.01 MeV. In other words, the contiibution-to the
gluonic part is getting an asymptotic value in case of a high quark mass [7].

The work is in part supported by the Greenberg-Barber Research Fund of the Univer-
sity of Regina.
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