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ON THE FORM OF THE SUPERSYMMETRY ALGEBRA FOR
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It is shown that the supersymmetry aigebra for massive free fields has to contain the
translations — the absence of translations implies vanishing of supersymmetry altogether.

PACS numbers: 12,35 Kw

1. Introduction

Some time ago P. K. Townsend wrote the paper [1] entitled “Local supersymmetry
without gravity”. He was able to give an example of lagrangian realizing local supersym-
metry transformations, but with a peculiar feature of these transformations; the point
is that the anticommutator of supersymmetry transformations Q, did not produce the
translations P,, and consequently this model does not contain gravity. At this point appears
the discrepancy with the Haag-Lopuszanski-Sohnius theorem [2] which states that in the
massive field theory the anticommutator of supersymmetry generators Q, and Q: has to

have the form

{0, 05} = 0P, = P,. )

This theorem is valid only for interacting fields and the model of Townsend is effectively
free, as he showed in [1].

In this note we are going to look for the form of supersymmetry algebra for massive
free fields. Especially, we are interested in the possibility of ruling out the translation
operators at r.h.s. of (1). We will show that the form of supersymmetry transformations
for the free massive fields is so restricted that it is not possible to get rid of P, on the r.h.s.
of (1). Following sections contain the proof for the case of scalar-spinor and scalar-
~spinor-vector fields. The method of investigation is very similar to the one invented by
Yupuszanski [3].
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2. The case of scalar and spinor fields

Let us consider the model consisting of s scalar real and f spinor Majorana fields
subjected to the free equations of motion and translationally covariant:

(O+m?*)$(x) =0, )
i[Py ¢P(N] = 0,6°(x), i=1,2,..,5, 3
FFyO(x) = my @ (), (4)
i[Py 900 = 8,90°(x).  a=1,2,...f. (%)

The most general supersymmetry transformations preserving the equations of motion
have the form

S
0w 67 = m ¥ ey, ©
(0 ¥} = —am T 40) ™

Here ¢,; are arbitrary c-numbers. From (4) and (7) we can compute the action of Q;’ on
the y,:
+ s ~ai i
07, w0} = Y. e0,:69x). ®)

i=1

Now we can compute the action of {Q,, Q;} on scalar and spinor fields
» s f » .
i[{Qu 05}, 6°(0] = m ¥ (T (@™ +c"e™)}0,;6™(x), ©
k=1 a=1

S s .
i[{Qw QF }, ¥@(x)] = m PIR(p) 120,59 P(x)

A

+ Y (@ =)0, (%)} (10)
i=1
The r.h.s. of (9) and the first term on the r.h.s. of (10) express the action of P, (see (3) and
(5)). Let us denote

R ;
A% = Y (@t ce), (11)
1

B = Y i, (12)
i=1

In order to get rid of the action of P, we have to put A* = 0 and B” = 0. In particular
the diagonal elements of these matrices have to vanish, what leads to the conclusion that
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¢ =0,a=1,..,fi=1,..,s Butit means that the action of supersymmetry transforma-
tions also dissapears. In this way we obtain a rather surprising result that the supersymmetry
algebra for free fields has to contain the translation. It is known that free fields have infinite
number of ordinary (i.e. nonsupersymmetric) symmetries [4].

Let us remark that the anticommutator of Q’s rotates the fields ¢ and p — so at
first sight it seems to be the mixture of P, and internal symmetries. However, from (11)
and (12) it follows that the matrices 4 and B are symmetric and hermitean, respectively.
(The reality of 4™ is connected with the reality of fields ¢®). So there exist matrices S and
F which diagonalizes 4 and B, respectively, and we can write

i[{Qn 0 }, 2V(x)] = mi"0,;0V(x),
f
. + a L aj;~ a ab =
{00 3 1> ¥P()] = mu@0 50+ X 50,5907,
where
(i) i ik g (k) (a) s Ihabyy (b
oV = ST hikg® @ Fhysp®,
k;( Yo . b;(

and A9, u® are eigenvalues of 4 and B. So it turns out that the mixture of P, with internal
symmetry is spurious. The above rotations do not violate the fact that fields are free, but

the fields ¥ does not longer fulfil the Majorana condition, as ¥ %@ % m®#*_ Let us
also remark that the transformations (6) and (7) does not require the equality between the
numbers of degrees of freedom of scalar and spinor fields because some of the eigenvalues
A9 and ;i can be zeros and the arguments of [3] are not applicable here.

3. The case of scalar, spinor and vector fields

The anticommutator {Q,, Q;} is a vector and the r.h.s. of it should be a combination

of vectorial generators. In order to achieve that the translations in the supersymmetry
algebra are absent we should introduce generators of vectorial character different from P,,.
It is known [5] that the free scalar and vector fields are invariant under the following action
of a vectorial generator B,

i[B,, 9] = V,, (13)
i[B,, V,] = (gm+ %) o. (14)

So we hope that the introducing of vector fields should give the richer structure of the
supersymmetry algebra. The operator B, is generated by the following conserved current

juv = Vvau¢_¢ayvv
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Because this current is translationally covariant

i[Pb juv(x)] = aljuv'

the generator B, = | d3xj,, commutes with P,.
" Let us assume that beside scalar and spinor fields we have also v vector fields

Vi = (6")y; V), fulfiling the following equations
(O+m)Vg(x) = 0, (15)
&) =0, (16)
I[P, V(0] = 8,V.5(x). (17

The most general supersymmetry transformations of scalar, spinor and vector fields being
the symmetries of equations (2), (4), (15) and (16) have the following form

Lo
i[Qw ¢(x)] = m ¥ c"pl(x), (18)
a=1
. () 4 at (a) 4 at 5 (a) :
@ Ves(0)] = = ¥ a"0psy"(9)+2 3, a"05957(), (19)
(00 ¥} = —epm ¥ 0+ T 3235 x), (20)

where ¢* and a® are arbitrary coefficients. Now we can derive the action of {Q,, Q;}

on the fields.
After a tedious computations we obtain:

4 oL {ak
i[{Qx: Q3 }, $V(0)] = m k;1 {}__l (@™ +c"e™)0,50 (%)}

v I . .
+m? Y Y (“a" +E“‘a‘")v;(;)(x)}, 1)

* 4 : i-bi ? at=bt
[{Qe Q5 90T = m 3 AL, (") + 3, (a a’

S s o -
+ 2&"'ab'))6ai,1p§,b)(x)} +m bz {( z (calEbz - Emcbt)
=1 i=1

v

+ Z (aat&bt*_ a"'a"‘))ay;,zpif’)(X)}, (22)

t=1

+ t : 4 t F —at> @)
i[{Qu Q5 }, Vii ()] = m ; {; (@"a™ +a”a")0,;V(x)}
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s s . o
(20,5 +2m3e655) 3. {3 (@ +a"e)pP}
i=1 a=1

(@"a"—a"a") @rVed =03V} @)

M-
M

+m

t

{
1
1 a

]

First terms in the above formulas describe the action of translations. In (21) and (23)
we can also recover terms expressing the action of B, defined by (13) and (14)!. If we demand
that the translations should be absent in the supersymmetry algebra we are confronted
with the fact that ¢* and @* have to vanish, what in turn leads to the vanishing of super-
symmetry at all.

Let us also remark that, as in the previous section, the matrices rotating the fields and
acting together with translations can be diagonalized.

The author would like to thank Prof. J. T. Lopuszafski for the reading of the manu-
script and some valuable remarks.
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N
! Let us note that 0,3(0,)y5 = 2e4835.



