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A factorized subtraction formula for R-operation is discussed. The notion of T-diagrams
as a special class of Feynman diagrams, is introduced. For T-diagrams the factorized
renormalization formula is shown to be reducible to Zimmermann’s forest formula for
R-operation.

PACS numbers: 11.10.Gh

1. Introduction

The formalism of the R-operation for removing the ultraviolet divergences and extrac-
ting finite parts from divergent Feynman amplitudes was given and developed by Bogo-
liubov, Parasiuk, Hepp, Zimmermann and Zavialov [1-4, 10]. The renormalized integrand
is obtained by performing all subtractions connected with divergent subdiagrams (i.e. renor-
malization parts).

Thus, the R-operation may be defined as the product of subtraction operators taken
over all divergent subdiagrams. It is the factorized renormalization formula.

However, by reason of difficulties connected with overlapping divergent subdiagrams
this product is usually decomposed to the well-known sum over Zimmermann’s forests
of divergent subdiagrams.

In this paper, using the x-representation for subtraction operators similar to that
given by Bergere and Zuber [5], we show that the factorized formula has well defined
meaning. In contradistinction to Bergere and Zuber [5, 6], we do not define the factorized
R-operation as the product taken over all possible subdiagrams, but simply as the product
connected only with divergent subdiagrams.

In Sect. 3, we introduce the notion of T-diagrams. It is a very wide class of Feynman
diagrams for which one can use a simplified form of x-representation for subtraction
operators. The factorized renormalization formula for T-diagrams is shown to reduce to
Zimmermann’s forest formula of R-bperation in the scalar theories case. The equivalence
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of both renormalization formulas for any type of Feynman diagrams we hope to examine
in future.

The factorized formula for the R-operation is a very handy tool to deal with ultra-
violet divergences. From a purely computational point of view, ir is much easier to calculate
the product of subtraction operators without performing the tedious decomposition into
forests.

Moreover, the presented factorization may be considered also in the Smirnov and
Cheryrkin formalism of the R-operation [7, 8], which is an extension of the BPHZ sub-
traction scheme for the case when both ultraviolet and infrared divergences are involved.

2. Factorized renormalization formula and Zimmermann's renormalization formula

Let us limit ourselves to the scalar theories case. In order to compare both renormaliza-
tion methods we write the Feynman amplitude, associated with the connected diagram I, in
the standard parametric integral representation (omitting a numerical factor) [4, 9, 10]

N © @
- . A(a, k)
E—3 (D) “on D/2
Ir=96 (Z k,,)f fdaD (2) exp (z D@) )

n=1 [ (1]

L

x exp (=i Y, am?—ic)) 0
1=1

where L — the number of internal lines of Iy, N — the number of vertices k = (ky, ..., ky)
denotes the set of external momenta, a = (&, ..., &), da = du, ... doy. The functions
appearing in (1) are defined as [see 4, 10]

D@) =Y (T]a) )
Ty 1I¢Ty
where the sum runs over all trees in I',
A k) =Y ([T (Y &)’} 3
T, ¢T3 i€V

where the sum runs over all two-trees in I" (each two-tree T naturally separates the vertices
into two disjoint non-empty sets ¥, and V).
We use the standard definition of the index w of the diagram (subdiagram)

= D(L-N+1)-2L, @

where D denotes the number of dimensions, and the following definitions:

A subdiagram is said to be full if any two vertices in this subdiagram are joined by all
the lines which already joined them in the original diagram.

A subdiagram is said to be one-particle irreducible (API) if it is connected and each
of its internal line belongs to at least one loop.

A subdiagram is said to be divergent if it is full, one-particle irreducible and its index
is non-negative.
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A family of all divergent subdiagrams included in the diagram I' we denote by £,

931‘ = {‘)’1’ Y2s --es YR}‘ (5)

In particular, the original diagram I' may belong to this family.

Two subdiagrams y, and y, are overlapping if y; Ny, # & and neither y, < y,
nor y, < y;.

A forest is a subfamily of non-overlapping divergent subdiagrams.

By the R-operation we mean a standard product of subtractions connected with all
divergent subdiagrams 7;, ¥, ..., Yr- The subtraction operation O, amounts to the sub-
traction from I of a Maclaurin polynomial with respect to external momenta of a degree
equal to the index of y. To realize it, we take the usual x-representation [4, 9, 10] modified
by Bergere and Zuber [5].

Let us denote

©)

¢ = D™"*a) exp (i e, k)>.

D(a)

The parametrical function ¢(x) is obtained from ¢ by dilatation of all a, € y, by «, (for

R 1
any 1 <r < R) and multiplication by the factor [] «? Dpr e
r=1
R
- , A, k)
. 4Dpr+12y D/2 K\
K) = Ky D " “(a@)exp|{ i .
(%) I l (@) p( D,(a)) (N
r=1

where p, = I, —n,+1 denotes the number of loops in the subdiagram y,. The subtraction
operation O, is now expressed in the standard way [9, 10]

0,=1-M,, ®
1, = ()l =1 (8a)
top+ 2,
|
M, = Z — = (K, 8b
Y — n! 616,. " Ke=0 ( )

y denotes ¢ or any expression of the form Oy, ... Oy, ¢. The number 2, > 0 is large
enough to make v and its derivatives singularity free for every point «, € [0, 1].

The formula (8) is in fact independent of the auxiliary parametr Q,, nevertheless,
Q, cannot be fixed because its smallest possible value is always determined by the actual
structure of the argument y. For some diagrams we can simplify the expressions (7) and
(8) by setting 2, = 0. But, in general, we need Q, # 0. This problem is discussed in Sect. 3.

The finite part of the Feynman amplitude is obtained by applying R-operation. As
it was said before, by the R-operation we mean the product of the subtraction operations
connected with the family of divergent subdiagrams

R=0,0,, .0, =(1-M,)(1-M,)...(1-M,). ©)
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For the sake of simplicity, we use somewhat simplified notation: 1, = 1.

The well-known difficulties connected with the definition of the products M, M,,
for overlapping subdiagrams y; and y; give rise to replacing formula (9) by the Zimmer-
mann’s forest formula

R=1+ } {[](-M,)} (10)
FcRr reF
where the sum runs over the set of all non-empty forests. The mentioned products do not
occur in (10).

In this paper we prove that the formula (9) is correct if we use the modified x-represen-

tation (8) for subtractions.

3. Renormalization of Feynman diagrams with tree families of divergent subdiagrams
(T-diagrams)

Let us limit ourselves to some special sort of Feynman diagrams,
DEFINITION. A family of divergent subdiagrams &, = {y,, ..., yr} is called a “tree
family” if there exists a tree Ty of the diagram I satisfying the following: forany r (I < r
< R) the intersection Ty, Ny, is a tree of the subdiagram 7y,.
DEFINITION. A Feynman diagram I is called a T-diagram if its family of divergent
subdiagrams is a tree family.

The topological structure of a tree family is described by the following theorem
THEOREM 1. The family &, = {yy, ..., yz} is a tree family if and only if

vi,<{l,...R} Vk<n,
C( U ')’i; n...n 'J’ik) < n_k+19 (1)

iy, ixely
where I, denotes a n-element subset of natural numbers, C(...) denotes the number of
connected components for the given diagram.
Since we shall not make use of the foregoing theorem, we omit its complicated proof.
It is interesting and useful for us to consider the particular cases of condition (1)
1°. k = 2. We obtain the following conditions
VI, e {l,..,R}:C(U 7:ny;) <n-1 )

i,jern

The above implies that there is no “diagram loop”
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2°. k = n. In this case the condition (1) leads to
V{ijs ccos iny = {1, ..., R}:
Cly, n...0op)< L. 3)

It means that all possible intersections of subdiagrams belonging to a tree family are empty
of connected.

The important analytic properties of Feynman amplitudes connected with T-diagrams
are stated in the next theorems.
THEOREM 2. The x-parametrized integrand (2.7) and its derivatives with £ assumed
to be equal to zero (i.e. Q, = Q, = ... = Q¢ = 0) have no singularities for every point
xel0, 11? (ie. (1, ..., k) €0, 11x ... x[0, 1]) if and only if the Feynman amplitude
is associated with a T-diagram.
COROLLARY. One may set 2 = 0 in x-representation of subtraction operations (2.8)
if and only if the Feynman amplitude is associated with a T-diagram.
THEOREM 3. If we work with the subtraction operators only within the framework
of Zimmermann’s forest formula for the R-operation (2.10), then for any Feynman diagram
we are allowed to set 2 = 0 in the x-representation.

The proofs are given in Appendix L

As it was previously mentioned, the results do not depend on the particular choice
of auxiliary parameters £2, but sometimes, for the sake of mathematical correctness, it is not
possible to choose 2 = 0. Moreover, for some products of subtraction operations, the
choice of £ is dependent on the order of their factors.

We now begin to investigate the product of subtraction operators M, M,, associated
with two overlapping subdiagrams of some T-diagram I'. The first step is to introduce the
(x,, k,)-parametrization.

Pk, K5) = w <i ‘Lﬂl) (4)
Dy (%) D,, (%)
where:
Dy, (@) = kP K3? z Du(“)xrf";v (4a)
k=0
Ay, (@ k) = K063 Y Aula, kKiK. (4b)

>

The coefficients D,;, and A,, are given by

Dyy(a) = Y. (J1 29)s (5a)
Trigwi(T1) = k+pyy s¢T,
{wz(T;) = l+pz}

Ak!(a’ k) = Z {( n G(s) ( z ki)z}, (Sb)

Ta: qwi(T2) = k+ps S¢T> ieV;
w2(T3) = I+p2

where w{T ;) denotes the number of lines belonging to y; but not to given T, (T3), and
the sums are taken over all trees (two-trees) satisfying our conditions.
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Using the fact that the intersection (in the sense of common lines and vertices) of
subdiagrams belonging to a tree family is connected, one can easily show that
Doo(@) # 0. 6)
From (4a, b) and (4) we have

Z A(a, k)"’i’clz

Ky, Kp) = D@t xh] 2% exp | i #22
¢4, K3) { Z (@)K 2] P 5 D@t Q)
k1>0
The product of subtraction operators M,an is given by
M, ¢ = E pv an” qv aKq cimram0 @®)
so that
Cijstfg
M,¢ = E D2 Bijusg Dyj, - Dy,
4,819
|
X Agy, oo Agy, €XP (l DZZ ) , &)

where Bjjys. Cizsisy are some coefficients.

Let us imagine that x, and «, are of dimension g, the cofficignts D,; and 4,, are of
dimension a~ %7, so that D, ., (@), 4,,..,(%, k) and ¢(k,, k) are dimensionless. Comparing
(8) and (9) one can establish the following inequality

f S
L L

We now turn to carry out the “dimensional analysis” in another way. Let us assign dimen-
sion a to each coefficient D,; and A4, In this case we obtain the following relation

g

+ Y 4 <3 (0+wy). (10)

=1

“MQ

Bijsesy = f+s. (11)

) , (12)

The formula (9) can be rewritten as

Cijs!fg
§ Dp/z Iy Dy, Ay, %X exp

Laso .9

where the sum runs over all indices fulfilling (10).
For what follows, we need two other subdiagrams

Yo =71V 72 and y, =¥, N Yy,
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where y,, is the full subdiagram of I which contains all vertices belonging to y, and y,.
We denote by /, , the number of lines which belong to y_ but neither to y, nor to y,. The
subdiagram vy, is also full. Moreover, y,, is connected (because y, and y, overlap) and y,, is
connected as well (because I' is a T-diagram). We also need two parameters x, and «,
defined for y, and y, in the natural way. Let us introduce them into Dy («) and 4,(a, k)
(5ab)

LEMMA 1. The coefficients 4,; and D,, in (4ab) after the (x, x,)-parametrization become
of the form

Dm(“, Ky Kn) = KOUKLD Z K':;K:lf;Aklk’l'(“) s (13a)

& ¥I>0

Ayla, k, 1, k) = kP2kED lz o K’SK:;Aklk’l'(aak)’ (13b)
L

and the following inequalities are valid
K4l <k+1 (13¢)

Proof. Let us consider a term of (5a) connected with a tree T,

IT o (14

3¢Ty

This term after (i, k,)-parametrization is multiplied by a factor x*vT9*n(TD  where
w (T) = k'+p, and w.(T) =1+p.. 15)

Note the following relations
w (1) = wi(T) +wy(T) —wn(T) +wi(Th), (16)
Pu = Pi+P2—patlhia, an

where w; ,(T',) denotes the number of lines belonging to y,, but not to y,, y,, T,.
Using (15), (16), (17) and the foregoing definitions of w, and w, and taking into account
that w, ,(T}) < I, , we obtain (13c).
The above lemma, together with inequality (10) (note that Dy, and A, are mono-
mials with respect to (x, x,)-parametrization), implies that the (x, x,)-parametrized
product M, M, ¢ may be viewedhas the polynomial being of the form

(M71M72¢)xu,xn = Z CMK{’;K‘,!,,

P
where

p+q <3 (0+w,) C(18)
To go further, we need the following relation (proof in Appendix II)

wv+mn_wl—w2 = (D_z)zlr (19)
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As a simple consequence of (19) we have v, +w, > 0. We now consider the three possible
cases

aw,>0,0,<0
b.o,<0,w,>=0
co,=20w,=20

Case a

Since y, is full, connected, one-particle irreducible and its index is non-negative,
then y, is a divergent subdiagram of I'. It can be easily seen from (19) that

70, = 3 (@ +0y). (20)

It means that the highest power with respect to x, in the polynomial (14) is not greater
than the range of the subtraction operation connected with y_. It leads to the identity

o, M,M,.¢ =0 (21)
Case b
In this case relation (19) implies
7 0n =5 (w+0y). (22)

The subdiagram 7, is connected. It follows from the fact that y;, and y, belong to the
tree family. If y, is one-particle irreducible, then it is a divergent subdiagram of I" and the
same reasoning as in the case a leads to the identity

QVthanb = 0. (23)

Suppose now that the subdiagram y,, is not one-particle irreducible, i.e. it contains lines
which do not belong to any loops. Let us remove each such line. The remaining diagram
is composed of r one-particle irreducible, full and mutually disjoint subdiagramse,, ¢,, ..., &,
Moreover, because the removed lines were not associated with loops

0, + @, + ... +0, Z 0, =0. (24)

We can number the subdiagrams with non-negative indices as ¢, ..., & (s << r). They are
divergent subdiagrams of I'. Considering subtractions associated with subdiagrams
€1, ..., &, in a quite analogous manner as before, we obtain the following expression

My M, D), = 2 Caryunaes - Ko (25)

['FSRX: F)
where

it o g < 3 (0 + ).

Relations (22) and (24) lead to conclusion that at least one operation O, cancels the poly-
nomial (25)

0, ..0.M,M,o =0. (26)
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Case ¢
From (19) we have

1@ +0,) = 7 (0 +0,). €3]

The situation is similar as it was in Case b. If the subdiagram 7y, is one-particle irreducible,
we may prove that

0, 0, M,M, ¢ = 0. (28)

Yu o I

More generally, if the subdiagram contains mutually disjoint and divergent subdiagrams
g we obtain

0,0, ..0,MM,o=0. (29)

Tu T ey

The above considerations lead to a common conclusion. If a Feynman diagram I is a T-dia-
gram, then for any two overlapping subdiagrams y,, 7, € #, there exist a set of divergent
subdiagrams y,, ..., y;. € & for which

O},‘1 O?I'M},GMM]) =0, (30)
where

Vi<kriyp, cyiny, or 7y, =7V 7, (30a)

It should be emphasized here that the relations (30), valid for each pair of divergent
subdiagrams, do not directly ensure the reduction of the factorized formula (2.9) into the
Zimmermann’s one (2.10). If there is only one pair of overlapping subdiagrams, the reduc-
tion is trivially verified. But if we have more than one such pair, the reduction cannot be
obtained by means of succesive application of the suitable relations (30), because we are
not allowed to make use of them separately. However, both renormalization formulae
(2.9) and (2.10) are equivalent, as the following Theorem proves.

THEOREM 4. For any Feynman T-diagram we are allowed to make use of the x-represen-
tation of subtraction operations with fixed £ = 0 and, in this case, factorized renormaliza-
tion formula (2.9) is equivalent to Zimmermann’s forest formula (2.10).

071 Omd’ = [l+ Z H (—Mv.-)] (31)
FcRr re#

Proof. Let us expand the left-hand side of (31)

0, ..0,¢6=[1-YM,+ Xs: M, M, — ”Z¢ M, MM, + ..]¢. (32)
First, we consider two-element overlapping products of the expansion (32). We have
to group together several terms of (32) in order to form expressions like (30), and remove
them. It is important that we always construct a relation (30) taking into account all sub-
diagrams satisfying (30a). Then we turn to three-element products of (32) and repeat the
above procedure, and so on. It is possible to meet a number of products M, M, of over-
lapping subdiagrams in a given many-element product of the operators M,, so we need
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some rule to choose the correct product, for which the construction (30) is to be built.
Let us define the following partial ordering relation

Y1 VY2 E V3 UYys OF

Vi UY2=73U%% and ¥ Ny E 93 07

We extend the foregoing relation to the linear order relation (in any way). Let the product
we choose be the maximal one with respect to the linear order relation. Now we should
prove that a systematic procedure based upon the above algorithm will actually enable
us to remove from (32) all “overlapping™ products, i.e. all products associated with families
of subdiagrams not being forests.

First we introduce the notions and the terminology which will be used (all following
notions are connected with divergent subdiagrams).

¥1 <>y, means that the subdiagrams y, and y, overlap.

{y: <> y,} designates the set of all divergent subdiagrams y satisfying y =y, Uy,
or y< y; N ys.

(71> 72) = 73 means that y, <>y, and y; € {y, <> y.}.

(vi» y)) = max (yy, y2, ..., yy) means that the pair (y;, y;) is the maximal one among
all pairs included in the set {y,, ..., yy} with respect to the linear order relation.

Let o/, &, %, ... denote products of the operators M.

A product « is said to be a base product if it has been chosen to built the construc-
tion (30).

A product # is said to be an adjoint product if it has been used to built the construc-
tion (30) for some base product .

A product ¥ is said to be an original product if it does not contain operator M, for
which y e {y, <> y5}, where (y4, y5) is the maximal pair in this product.

Of course, looking at the given product we cannot say whether it is a base one or an
adjoint one. It depends on some “organization” of the process of removing overlapping
products.

o - 4 means that the product of is an original one and furthermore if it is a base
product then the product & is an adjoint one used to built the construction (30) for .

A chain for the product & is the sequence of the products &, ..., Zy for which

(71, 72) < (y3,74) = [

@Nﬂgalq_l-)...—).@z—‘.@l—’d

and there exist no product ¢ satisfying: 4 — By.

The following lemma is a first step to prove that the provided algorithm for removing
overlapping products is consistent.
LEMMA 2. If y, 95, 71372, 71 S Y4 O Vg Y4 = Ya, Y ... U7y, and there exist
Y4, sSuch that y, <> yp, then

(V15 ¥2) 7 MAX (V15 V25 Yap> o> Vanr ¥8)- (33)

Proof. There are two cases to consider

1.y, s,

2. y2 = 75
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Case |
We note that in virtue of the assumptions of the Lemma it is evident that
Y1V P2<7Y V2 (33a)
Y1 O Y2 & Y5 N Y2 (33b)

In order to prove the validity of (33) we need only to show that (33a) and (33b) cannot
hold simultaneously. If they were then

Y=Y 01V 7)) =0 NY)Y (¥ N Y2)
=9, Uy O7) Sy S P4

and this would contradict overlapping y, and yz. Thus the above reasoning essentially
gives a relation

(1 72) < (B, 72)-
Case 2

Consider 7y,, such that y,, <> ys.
Because we have 7, Uy, c yp it guarantees that

Y1V P2 EPBY Ya

and accordingly (y;, y2) < (75, 74,)-

Remark. It is easy to see that the statement remain valid in the special cases
I° N =1,
2% yy =74, OF y2 = Y4,

COROLLARY. If (y4 ys) = max (y4 ¥p Y1, 72) and (y1,72) = ya then y4 = y1 U 7,
Proof. By utilizing the contradiction of the Lemma, we can exclude the case y, = y; N 7,.
LEMMA 3. For any product «f there exist at most two different products %, satisfying
B, - A.
LEMMA 4. For any original product s/ there exist at most one product & satisfying
B oA,

Proof. Let (y,, y5) be the maximal pair in the product &. If &/ is not an original
product, it contains operators M, for which y € {y, <> y5}. We remove all such operators
and using remaining operators we create the product #. Clearly # — & and it is one of
the products mentioned in Lemma 3. To establish both Lemmas it is sufficient to show
that there exists at most one product #,, different from %, such that #, — &. Assume,
to the contrary, that there exist two products #; and £, satisfying #; > . Let (4, 72)
and (ys, 74) be the maximal pairs in the &, and %, respectively. There is no essential loss
of generality in assuming that

(15 72) < (135 ¥4) < (Vs VB)-
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We can limit ourselves to examine two following situations (the other can be obtained by
reversing the roles of the subdiagrams)

1° ys,va€{yrey} and  ypie{ys oy},
2° y,74€{yi 72} and  ype{ys >y}
Ad 1°. Applying the Corollary to Lemma 2 we obtain

Ya=P1 VY2=74=735 UYs
Accordingly y4 = y; and it contradicts overlapping of y; and y,.
Ad 2°. From the Corollary to Lemma 2 we have
Ya=Y1UY2=ys and yp=1y;3 Uy,

Thus y, < 7, but this contradicts overlapping of y, and y.
This completes the proof.
LEMMA 5. For any product &/ there are no more than two non-equivalent chains

@N -—’QN—I - ... —)Ql —’d,
by > b1 ... €, > A, (34a)
where the products &,, ..., By, €y, ..., € are original ones and the lengths of the chains
are related by the condition
N=M+1 (N=2). (34b)
Moreover, the products %,,; and %, have the same maximal pair (y,, ¥s,)-
The foregoing construction will be termed the ladder for the product /. There are

some exceptions to the general statement of this Lemma which will be termed as degenerate
ladders, namely

1. o,
2. By ... %, - .

For a given product o there exists only one chain in the latter case and none in the former
case. Moreover, if the product o is not an original one, then there is only one form of
degenerate ladder

B~ A.
Proof. From Lemma 2 and Lemma 3 it follows that there exist at most two non-equivalent
chains for the given product &. Therefore, excluding the possibility of the existence of
a degenerate ladder, the lemma just formulated above will be proved if we succeed in estab-

lishing the assertion (34b). We will prove it by induction. Let (y,4, y5) be the maximal
pair in the product of. Let us assume that for some n there exist the following ladder

Qn-{-l_’gn—’ ven 4.@1 _’d,
€21 ..., > A,
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where for any k < n the products #,,, and %, have the same maximal pair (y,,, ys,)-
Moreover

(gk = 3?“1@1;: (35}

where 2, is the product of all operators present in €, which are associated with subdia-
grams belonging to the set {y, <> y5). Obviously, if €, contains no such operators then
2y=1and €, = &4+,

We will establish the following equivalence. There exists product %,,, such that
%.+1 — €, if ond only if there exists the product 4, , , such that #,,, — #,, ;. Moreover,
the products #,,, and ¥,,, have the same maximal pair and €,., = Z,+2%n+1-
(=>). Suppose that there exist the product €, , such that €,,, = %,, and let (v, ,, ¥»..,)
be the maximal pair in €,, ;. From the Corollary to Lemma 2 up to a change of the roles
between y,, and y, we obtain

Ya = Yay Y ‘)’bla
71:1, = ‘Yakq.g v ’ka+l’ for any k < n.
Thus

?A = '}’b, v ybz ULV ybwn Y ya,;-n‘ (36)

We note that all operators associated with the subdiagrams which appear in the right-
-hand side of (36) are involved in the product €, .. Then the following statement is true

(}'a,.“’ ybnﬂ) = max (ya.n-x? Poys oee s Ybn+ 1 ‘)’B) (37)

First we prove that
Vans 1> Vonss € 104 Y8} (38)

Assume, to the contrary, that y, ,, € {y, <> ys}. Because (y,,, > 75,.,) < (y4, y5) it implies
thaty, ., = v4 N yp. Referring to relation (36) and applying Lemma 2 we would contradict
relation (37). With this contradiction the condition (38) is established. Keeping in mind
the conditions (38) and (35), we define &, ;, := ¥, +,/P,+, and conclude that B, , , = B, ;-
(+=). Now suppose that there exists the product &, , with the maximal pair (y,,, ,, ¥»,.,)
satisfying 4, ., — %,.,. We construct the product 2, , ; from the product by the removal
of all operators associated with subdiagrams belonging to the set {y, ,, < 7,,,,}. Then
we define €, 1= &,,,9,+,. To prove that €,,, — %, we should only show that the
pair (y,,, » ¥5,..,) 1S the maximal one in %, . ;. Let us suppose that there exists a pair (y,, 7,)
in the product €, such that y, € {y, «* y5}. Clearly y, = y, n'y5 and, because the rela-
tions (36) and (37) hold, under Lemma 2 we obtain

(')’1’ )’2) < (Yan-u’ ybn+1)'

This completes the proof. In a similar way we prove the additional statement of Lemma 5
referring to degenerate ladders for non-original product.
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LEMMA 6. Let us consider any product & with the non-degenerate ladder
Bryr = > B> A,
En— ... —» A

The products #,; and ¥, are not simultaneously base ones nor simultaneously adjoint
ones.

Proof: Because the products Zy.,, ¥y are base ones, then the products By, €y-, are
adjoint ones, the products &y_,, ¥y, are base ones and so on.

Now, we are in a position to complete the proof of Theorem 4. We will establish
by induction that the provided algorithm of the removal of overlapping products is con-
sistent. Let us assume that the process of removing overlapping products has been accom-
plished in N stages, without fail. Now we deal with (N + 1)-element products. Consider
any (N+1)-clement overlapping product .

1°. Is o an original product?

If 7 is not an original product and it has not been removed so far, then it has got an non-
-degenerate ladder. But from Lemma 6 we conlude that it should be removed. This leads
to a contradiction.

2°. Do we still have all adjoint products necessary to built the construction (30) for &/ ?

Let us consider any adjoint product # such that # — /. If &4 has been removed
previously, then # has an non-degenerate ladder. Considering Lemma 6 we establish
a contradiction by concluding that the product o should be removed previously.

3°. Let o/, and &, be (N + 1)-element original products which have not been removed
so far. Is there any product # being adjoint simultaneously to &, and &, : 4 — &
and &, > £#?

Because the product # has got an non-degenerate ladder, the assumption that &/,
and &/, have not been removed leads to a contradiction.

This work was started in collaboration with Dr. S. Brzezowski to whom I am much
indebted for remarks, comments and for helpful discussions.

APPENDIX I

This Appendix is devoted to prove the theorems from Sect. 3 which show the analytic
properties of Feynman amplitudes associated with T-diagrams. We intend to give only
the proof of Theorem 2. The Corollary is a straightforward application of this theorem,
the Theorem 3, in turn, can be proved analogously.

Suppose that there exists a tree 7'y satisfying the assertion that for any r (1 < r < R)
the intersection T, Ny, is a tree of the subdiagram y,. Denoting by w,(T;) the number
of lines belonging to y, but not to 7T,, we have

DK(d) — Z(x}vx(h) x:n(Tx) I'I Ot,)
Ty T,

= &ft kR [M;‘] o+ D(@)], m
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where

D:(a) — (H Kwr('I‘l) pr l‘I Cl;)

Ti#Ty* r=1
Because w/(T},) > p,, DX(a) is' a polynomial with respect to . Similarly, it is possible to

write

Afa, k) =3, {H KW'(T”(]_[ ) (Y, k)*} = it .. kfRAZ(, K), @)

T r= eV

where A¥(a, k) is a polynomial of x as well.
Substituting (1) and (2) to (2.7) we obtain

AXa, k
) = . A k) )

‘ e
[IT oc,+D,":(a)]D/2 o ( [] «+Di()
leT* 1¢T*
It is apparent that ¢(x) and its derivatives have no singularities.
To prove necessity, suppose that the Feynman diagram is not a T-diagram. It implies
that for any tree T, there is a subdiagram y, such that w(7,) > p,. Thus,

D)

K .. KRR

=90

Ki=+=Kkp=0

and ¢ has got a singularity at the point »x = 0.
This completes the proof.

APPENDIX II

We use the same notation as in Sect. 3. We intend to prove the general relation
O, + 0 — 0, —wy = (D=2)l1,+D(s—1),

where s is the number of connected components of the subdiagram y,. To obtain the above
statement it suffices to combine the following relations

o; = D(l,—n;+1)-21,
where i stands for 1, 2 or U,
o, = D(,—n,+5)—2l,,
=L+, =1+,

n, = n1+nz—n,\
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