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1. Introduction

Theories defined by Lagrangians with higher order derivatives have already been consid-
ered many times. Let us mention classical models of spinning particles [1], some versions
of the general relativity [2], the regularized Yang-Mills theory [3], and some supersymmetric
o-models of Kihler type [4]. Recently, a new theory of this kind has appeared — the smooth
string [5]. The Euclidean version of this string is relevant for the theory of random surfaces,
while Minkowski space-time version is expected to find an application in the low-energy
QCD. Also, it has been shown that the ordinary magnetic vortex line can be regarded as
the physical realization of the classical smooth string {6]. The Lagrangian for the smooth
string contains a term with the second order derivatives which represents the extrinsic
curvature of the world-sheet of the string.

The smooth string is a bosonic string. It has an extremely complicated dynamics.
Very little is known about it even on the classical level, due to the fact that equations of
motion for the smooth string cannot be linearized by the appropriate choice of parametri-
zation of the world-sheet, in contradistinction to the case of Nambu-Goto string. For this
reason, a point-like analogue of the rigid string has been considered [7-12] with the hope
that the study of this simpler model will help to understand the dynamics of the smooth
string, The Lagrangian for the point-like analogue contains a power of the first curvature
of the world-line of the particle with respect to the time.
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In the present paper we investigate two such point models in Minkowski space-time
with the Lagrangian linear or quadratic in the first curvature of the world-line. The former
case has been considered in papers [9-11]. We add to the results obtained in those papers
the observation that in this model all trajectories have their first curvature constant. Due
‘to that fact, equations of motion are essentially linear, and we can explicitly find all trajecto-
ries of the particle. ,

The model with the Lagrangian quadratic in the first curvature is much more difficult
to analyze, because equations of motion cannot be linearized. In this case the first curvature
is not a constant of the motion, in general. However, just this model is more interesting,
because its equations of motion can be obtained from the equations of motion of the smooth
string by neglecting internal degrees of freedom of the string [14]. Thus, this model may
be called the point-like analogue of the smooth string. In the present paper we analyze
the mass spectrum of the point-like analogue, the mass squared defined as the square of the
energy-momentum four-vector. We carry out a systematic analysis of possible types of
trajectories of the point-like analogue, and we find explicit formulae for the trajectories
with the first curvature constant. We also find a rather interesting reformulation of the
model in terms of the ordinary, relativistic point particle moving in an external electro-
magnetic field. This reformulation enables us to find an example of the trajectory with
the first curvature variable.

Our main finding is that the point-like analogue of the smooth string is tachyonic
already on the classical level. This result strongly suggests that the classical smooth string
itself is also tachyonic. Let us recall that Nambu-Goto string is not tachyonic on the classical
level — it becomes tachyonic only when quantized in the standard manner. If the smooth
string is tachyonic, it will probably mean that it cannot be accepted as a satisfactory model.
Perhaps its Lagrangian should be changed by adding some new terms. Such terms will
likely contain the third order derivatives. Suggestions of this kind have already been expres-.
sed in papers [6, 15] with some other justification. Our investigation of the smooth string
we will present in a forthcoming paper [14].

The present paper is organized as follows. In Section 2 we present the equations of
motion and the integrals of motion for the point-like analogue of the smooth string. In.
Section 3 we study the model with the Lagrangian linear in the first curvature. In Section
4 we find all trajectories with the first curvature constant for the other model, i.e. the one
with the Lagrangian quadratic in the first curvature. In Section 5 we use the angular mo-
mentum integral of motion in order to reduce the original equations of motion with the
fourth order derivatives to the ordinary Newton equations for the relativistic particle in an
external electromagnetic field. With the help of this reformulation of the problem we can
find an explicit tachyonic solution with the first curvature variable. Section 6 contains
conclusions and remarks. In particular, we point out that the reformulation presented in
Section 5 suggests a new physical interpretation of the model with the higher order deriva-
tives,
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2. The equations of motion
The first curvature k, of a curve r(s) in the Euclidean R space is defined as [13]

d*r

Ky = | =5
ds?

. (6))

-

Here s is the length parameter along the curve, i.e.

s
metrization of the curve by the parameter 7, we obtain from (1)

= 1. Passing to a general para—

2 —(rr)?

2
S
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where the dots denote derivatives with respect to 7. As the Lorentz invariant counterpart
of x? we shall take a generalization of x? to pseudo-Euclidean space-time, namely
(%%)*—%7%*
(*%?

, 3

where x = (x¥), X = (d—), x% = x°%%—%’x', etc. In the proper-time gauge for time-like-
T

curves we have
%=1 “@
Then x% = 0 and

k= —-%>0.

Free relativistic point particle is described by the Lagrangian

Z = —-mg/;'ci, &)

where the constant m > 0 is the mass of the particle. Motivated by the Lagrangian of the.
rigid string given in [5] we extend Lagrangian (5) by adding a term with k, [7],

&L = ~J5 (m+aK(K)), (6)

where K(k) is a function of k. In the following we shall consider the cases K = \/k and
K = k.

Lagrangian (6) contains the second order derivatives X. The corresponding Euler~
-Lagrange equations have the form [16]

. |
i_(a_g) _ i(ﬁé’@) + 22 o 0]

dr® “ dt\ 9%, 0x,
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Because Lagrangian (6) does not depend on x, the last term on the Lh.s. of Eq. (7) vanishes,
and equation (7) can be written in the form .

i Pt =0, (8)
dt
where
Pu=_d_(6$)_62 ©
dt \ 0%, 0%,

is the energy-momentum four-vector of the particle. Formula (9) can be obtained also
from Noether theorem. Equation (8) expresses the conservation of the energy-momentum
of the particle during the motion.

From Lagrangian (6) in the gauge (5) we obtain

P, = (m+uK(k)—4akK'(k))%, +2aK" (l)kx, + 2aK'(K)X,,, (10)
dK
‘where K' = — .
dk

Let us multiply the both sides of formula (10) by x,. Using the formula %X = -2 =k,
which follows from (4), we obtain the following useful relation

Ps* = m—2aK'(k)k +aK(K). (11)

Another useful formula is obtained by multiplying the both sides of formula (10) by P* and
using formula (11) and its derivatives

dz
P*P, = (m+aK —4akK’) (m+aK —20kK’) 20 EF (kK'?). (12)

Thus, P2 = P,P" is a function of k, k and k only. By definition, P2 is the mass squared
of the particle. For the ordinary particle K = 0 and P? = m?.

Lagrangian (6) is invariant under Lorentz transformations. Noether theorem gives
the following formula for the angular momentum of the particle,

g . og .
M, = —55—éu~xv—— qu+any—~va", 13)

where P, is given by formula (9). M,,, is integral of the motion of the particle. For Lagran-
gian (6) in the gauge (4) we have

M,, = x,P,—x,P,+2aK'(k) (X,%,—%,X,), ‘ (14)
‘where P, is given by formula (10).

Interesting information about the trajectory is provided by Pauli-Lubanski pseudo-
vector

- .1 BYDE
Wl_ “‘48;_“ch P,
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which is the integral of the motion because it is the function of P? and M*". Using formulae
(10), (14) we obtain

Wy = 20(K')?e;,, % 5" % 15)

1t is easy to check that the square of the four-vector T, = ¢ M,wic“:‘é"?" is related to the
second curvature x, of the world-line, [13],

TlTA = sz'%.

In the next Section we shall prove that for K = /k, k is constant during the motion. There-
fore, in this case all trajectories have the second curvature constant too. For K(k) = k
k does not have to be constant during the motion, in general.

3. Classical trajectories in the case K = '\/I—c

In this case we can find all trajectories explicitly. For & < 0 we find the usual straight-
-line trajectories and no other trajectories. For a > 0 we find several types of trajectories
depending on initial data. In particular, there exist tachyonic trajectories, i.e. the ones
with P? < 0. The presented below list of trajectories is complete, i.e. no other trajectories
exist.

Let us start from the observation that for K = \/E formula (11) gives

P"%, = m. (16)

Thus, P*%, is constant during the motion. Formula (12) gives
P*P, = m*>—ma Jk. an

Because P, is constant during the motion, the first curvature k is constant too.

Let us first consider the case k = 0. Then, k = —X? = 0 means that X is a light-like
vector or X, = 0. However, in the gauge (4) xx = 0, where X is a time-like vector. This
relation cannot be satisfied by a non-zero light-like vector X. Thus, %, = 0, i.e.

x*(1) = % T+ x*(0). (18)

This is the usual straight-line trajectory of a free particle.
Now we shall pass to the case & > 0. It is easy to prove that for a < 0 trajectories
with &k > 0 do not exist. From formula .(17) we see that for a < 0

P% = m2 19

On the other hand, calculating P? directly, by taking square of the r.h.s. of formula (10),
we obtain

P? = m’+ ‘%"x’—azk. (20)
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Here we have used the relation
X = —x2, 1)

which follows from the gauge condition (4). X has to be a space-like vector or zero. This
follows from the condition

PX =0,

which is a consequence of constraint (16), and from the fact that P is a time-like vector.
Therefore, formula (20) implies that P2 < m®. This is compatible with inequality (19) only
when P2 = m?. Then, formula (17) implies that k = 0.

Thus, for k > Othe casea < 0isexcluded. For « > 0 we shall distinguish the following
three subcases:

(a) P2>0,
® P2=0,
(© P2<o.

Because k is constant during the motion, formula (10) can be integrated. This yields the
following equation for x,(1):

2
a £33
et %= Pt G 22)
where (C,) is a constant four-vector. Here we have used formula (17). In the cases (a), (c) we
can substitute in (22)
m(P,x+C,)
2

x, (1) = 3

+2,(0). (23)

This leads to the harmonic oscillator-type equation for z,
a 2
ﬁ Z,+ Pt 0. @4
In the case (a) the general solution of Eq. (24) has the form
z,(t) = A, cos wr+B,; sin wrt, 25)
where
2 _ P* Jk _ P¥(m*-P?) -

(0]
am azmz

0. (26)

(It follows from formula (17) that for.x > 0 and k < 0 we have P? < m?.) Solutions (23),
{25) have to obey the following conditions for all 7:

‘ 2_p2\2
%=1, 552'=—k=—(m ) %o > 0. @7
om
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These conditions are satisfied if and only if
AB*=0, P,A*=P,B"=0,

a’m?

AA" = BB = — ok

Py > 0. (28)
Thus, we have obtained the seven parameter family of solutions. For this solutions
0< P2<m

In the case (c) we obtain from (24)

z,(t) = D, exp (@1)+E, exp (—@1), 29)
where
2) (2 p2
3 = li_lgz"_z__l_)_) . (30)
a‘m

Again, we have to obey conditions (27). They are satisfied if and only if

D*=E*=0, DE= - otm?
- - s - 2(P2)2 3
EP=DP=0, Dy>0, E,<0. (31)

Conditions (31) define the seven-parameter family of tachyonic solutions (P? < 0). There
is no lower bound on the values of P2,
In the case (b) Eq. (22) gives
m m
x,(1) = o P+ o C,1*+F,t+G,. (32)

Conditions (27) are satisfied if and only if
P=0, PC=0, CF=0, C*=—-«% F*=1, PF=m,
mC?% < 2a2P,F,. (33)

We obtain the six-parameter family of solutions. N
This ends our discussion of trajectories for Lagrangian (6) with K = \/k. The presented
list of trajectories is complete.

4. The case K(k) = k — the trajectories with the first curvature constant

For K(k) = k the first curvature k is not constant in 7, in general. In this Section
we shall present the particular trajectories for which the first curvature is constant. Such
trajectories are relatively easy to find. Trajectories with k variable will be studied in the
next Section.
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For K(k) = k formulae (7), (10)-(12) in the gauge (4) give

2 x{P - (Xx*N%, ]+ (m+3ax%)%, = 0, (34)
where
0=Lox,
P, = (m+3a5?)%, + 20%,. (5
P'%, = m+ai® = m—ak, (36)
and
P,P* = m®—4amk +3a*k*—2a’k, (37)
where k = — 2.

1t follows from formula (37) that in genefal k is not constant during the motion. For-
mula (37). can be regarded as Newton-type equation:

20%k = 3ak*—4amk+m?— P2, (38)
The corresponding potential ¥(k) has the form
V(k) = —a’k®+20mk? +(P* —m?)k. (39)
For our purpose we need solutions of Eq. (38) such that k(7) is non-negative for all 7.
Let us examine the potential ¥(k). We shall distinguish the following three cases:
@ P2 = m?,
(@) m?>P*>—im?
(i) —im?> P2
The potential V(k) has the shape presented in Fig. 1. We have pictured the cases « > 0,
o < 0 separately, Trajectories with k constant correspond to the local extreme points of the
potential V(k).

Let us begin from the case (i). For both signs of o we have one local maximum of the
potential in the region k > 0. It is located at

2m Jm*+3pP?
kg = — o, (40)
3a 3

Inserting ¥* = —k, in formula (35) we obtain a linear equation for x,(z) which is easy
to solve. The solution has to obey the conditions

%2 =1, %X¢>0, Xx*= —kq [E5))

It turns out that these conditions cannot be satisfied. Thus, there is no trajectory cor-
responding to k = k.
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Fig. 1. The dotted line corresponds to the case (i), the dashed line corresponds to the case (i), the continuous:
line corresponds to the case (iii)

For P?> = m? we have another possibility:

k =0. (42)

Similarly as in Section 3, k = 0 implies the straight-line trajectory given by formula (18).
In the case (iii) no extreme points-of V(k) are present.
In the case (i) we do not have any extreme points of V(k) for « < 0, and we have
the maximum and the minimum of ¥(k) for a > 0. They are located at

2m+ v/ m?+3P?

ky,= ™ (43)
The plus sign corresponds to the maximum of V(k). Substituting ¥* = —k, in relation
(35) we obtain the following equation for x,(1)
20, —(m+ Vm* +3PD)%, = P, (44)
from which it follows that ’
%,—0’x, = 20)" (P,+C,), (45)

where

®? = Qa)" Y m+ \/m2+3P2).
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Solutions of Eq. (45) have the following form

P,s+C,
2am?

x,(7) = — + A, exp (w1)+ B, exp (—w7). (46)

“This solution has to obey conditions (41) with k, replaced by k,. This leads to the condi-
tions

A*=B*=0, AP=BP =0, AB= —-}tko™*,
Ay <0, B, <0. én

These conditions cannot be satisfied if P = (P,) is a time-like or light-like vector. For
P2 < O they can be satisfied. Therefore, solution (46) exists only for

0> P> -1m?

It is a tachyonic solution.
Now let us investigate the last possibility

2m— /m?+3P?
=TT a0,
a

For k = k, the potential ¥(k) has the local minimum, see Fig. 1. Substituting X2 = —k,
in relation (35) we obtain the following equation for x,(z)

2a%,+(v/m>+3P —m)%, = P,,
from which it follows that
2a%,+(/m>+3P? ~m)x, = P,t+C,. 48)

Solutions of Eq. (48) are listed below. For m?> > P2 > 0:

x,(7) = P;Z:;zc £ +4, cos (wr)+ B, sin (w7),
where
w? = a)"'(Vm*+3P? —m),
and

A*=B*= —k,0 %, AB=PA=PB=0, Py,>0. (49)

Conditions (49) follow from the requirements

%=1, % >0, %= —k,.
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For P2 =0:

w@=royteipaig, (50)
AT VAP

where
PC=DC=0, D*=1, C’=—%ma, DP=%ma,
C2 < 4aDyP,, Py > 0.

For —Im? < P?<0:

Pz+C, _ _
x,(1) = — m +F, exp (@1) + G, exp (— @1),
where
@ = (20) Y (m— Jm?+3p? y
and

F?=G*=0, PF=PG=0, FG=—1ko™*
Fy,>0, Gy,<0O.

Let us summarize results presented in this Section. With the help of the auxiliary
equation (38) we have found all trajectories with the first curvature constant. For « > 0
these trajectories correspond either to the local minimum or to the local maximum of the
curve (i) on Fig. 1. In the former case P? can be arbitrary in the range m? > P2 > —1 m?.
In the latter case —§ m? << P2 < 0. Thus, the tachyonic trajectories are present. Of course,
we also have the trivial straight-line trajectory (18) with P2 = m?2, For « < 0 we do not
find any trajectory with the first curvature constant, except for the trivial trajectory (18).
Nevertheless, we shall prove in the next Section that for « < 0 tachyonic trajectories do
exist. They have the first curvature variable.

5. The case K(k) = k — the trajectories with the first curvature variable

The main difficulty lies in the fact that equation (34) cannot be replaced by a linear
one in this case. Nevertheless, we can have some insight into the set of trajectories with
k variable. We shall exploit the fact that P, and M, are constant during the motion. We
shall prove that each solution of Eq. (34) can be regarded as a tré.jectory of an ordinary
point particle in a particular external electromagnetic field. This particle obeys the ordinary
Newton equation with second order derivatives and Lorentz force. This is the main result
of this Section. The external electromagnetic field is rather complicated. In spite of this
we can find an explicit example of a tachyonic trajectory for « < 0.

We see from Fig. 1 that if we take sufficiently low value of the total energy a2k2+ V(k)
corresponding to the equation (38), we can have a trajectory with t-dependent positive
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k(7). It is clear that for this type of trajectories k(r) - +oo when 1 increases. Therefore,
for sufficiently large T we can ignore the last two terms in the potential V(k), i.e.

V(k) = —a’k>.

Then, it is easy to find the approximate solution of Eq. (38) valid for large k:

4
k(z) = e (51)
We see that k(t), and therefore also X,(t) becomes infinite for some finite r = 7,. However
this does not imply that we should reject this kind of trajectories without further investiga-
tion. The reason is that 7 is not the time but only the proper time. The time variable is
t = x4(7). It may happen that xo(t) — oo for T — 7, in such a manner that x(¢) = (x(¢))
is finite for all finite #. Then we would have a perfectly regular trajectory x(¢). In other
words, the fact that x,(r) becomes infinite for finite = 7, would only mean that the particle
moves to the infinity with velocity so close to the velocity of light that the proper-time-
length of the trajectory is finite. We shall show that indeed, precisely this happens.

It is clear that Eq. (38) is not a good starting point for the study of trajectories in the
_present case. Even for the approximate form of &(7) given by (51) it is rather difficult task
to find solutions of Eq. (35) for x,(r) such that the condition %? = 1 is satisfied. We have
seen in Section 3 and 4 that it is not a trivial matter to obey that condition — some candi~
dates for solutions have been eliminated because they are not compatible with it.

Much better approach is to exploit the fact that the angular momentum M, given
by formula (14) is the integral of the motion. For K(k) = k formula (14) gives

M,, = Px,—P,x,+2a(%,%,—%,%,). (52

Muitiplying the both sides of formula (52) by ** and using the gauge condition %2 = 1
we obtain the following equation

20%, = M, X"+ P, (xx)—x,(P%). (53)

Equation (53) can be interpreted as Newton equation of motion for ordinary relativistic
point particle interacting with x,-dependent external electromagnetic field. Namely,
Eq. (53) can be written in the form

20%, = F,%", (54)
where

Fﬂv = Muv+prv_Puxv (55)

is the electromagnetic field strength tensor. For F,, one can find the corresponding gauge
potential A4 ,(x):

F,, = 0,A,—0,A, (56)
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where
An(x)‘ = - % Adpg'\.a":’Kngg)xu' (57)

Equation (54) can be obtained from the fo'lowing Lagrangian
FO = 25 + 4,3 (58)
F,, given by (55) is invariant under space-time translations parallel to P,
X, = x,+aP, (39)

where a is a parameter. The gaugc potential 4, is invariant under this transformation up to
the gauge transformation

ALX) = ALX)+8,0, (60)
where
1= 7 a(Px)* +(a*P*P =3 aM,, POX"+5 aP?x’. (61)

Lagrangian £ changes by the proper-time derivative of y, i.e.
d
g(l)(x') _ g(l)(x)'i‘ % . (62)
T

Noether theorem gives the following integral of the motion corresponding to the sym-
metry (59):

I, = 20%,P*+% (Px)*~P*M ,,x"— % P°x*. (63)

1, will play important role in our considerations. Equation (54) has the very nice feature
that it automatically guarantees that

%% =0, i.e. x* = constant = c. (64)

Therefore, if we can prove that the original equation of motion (34) is equivalent to Eq. (54),
we may forget about the troublesome step of checking whether candidates for the solution
obey the gauge condition X2 = 1. The constant ¢, in (64) does not matter because it can
always be set to 1 just by assuming that x2 = 1 for the initial data for equation (54).

Let us consider the problem of equivalence of Eq. (34) to Eq. (54). Equation (34) is
equivalent to Eq. (35) just by trivial integration. The fact that M,, given by formula: (52)
is constant during the motion of the particle follows from formula (35) for P, —- the t-deriva-
tive of the r.h.s. of formula (52) vanishes if formula (35) holds. Because Eq. (54) has been
deduced from formula (52), we conclude that Eq. (54) follows from formula (35). Thus in
order to establish the equivalence it is sufficient to prove vice versa, i.e. that formula (35)
can be derived from Eq. (54). Differentiation of Eq. (54) with respect to 1 gives

20%, = F,,5"+ P, (PX)%,, (65)
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where F,, is given by formula (55). Eliminating M, with the help of formula (52) we obtain
2ax, = —20%*%,—(P,X")%,+P,. (66)

In this step we have assumed that formula (52) holds independently of Eq. (54). We wili
return to this problem later. Equation (66) will become Eq. (35) if we additionaly require
that

P’ = m+ax>. ‘ (67)
This formula coincides with formula (36). However, formula (67) has to be regarded as an
additional assumption, because formula (36) was derived from Eq. (35) which we are
trying to obtain from Egq. (35).
Thus, we can obtain Eq. (35) if relations (52), (67) are valid. Let us recall that equation
(54) follows from relation (52).

Instead of relation (67) we will use another equivalent relation. In order to obtain
it, we write formula (52) in the form

20(%, %, — %, X,) = M,N-i-P,,xv—x,,Pv
and we take square of it. This gives the following formula
8ax? = M, ,M" +4M,,P"x"+2P*x*—2(Px)>. (68)
This formula is used to eliminate %2 from formula (67). We obtain
20P% = 20m+3+ M,,M"™+M,,P"x*+4 P2x? -1 (Px)%. (69)

Relation (69) has rather complicated form — the fact that it has to be satisfied in
addition to Eq. (54) would render Eq. (54) practically useless. Luckily, this is not the case.
Let us compare relation (69) with the integral of motion (63). We see that they coincide
if we take

I, = 2am+% M, ,M".

Thus, it is sufficient to assume rélation (69) only for the initial data for Eq. (54).

It is clear from considerations presented above that relations (52), (69) are equivalent
to Eq. (35). Part of the content of relation (52) has the form of Eq. (54). Let us now analyse
the full content of relation (52). Taking u =i, v=0o0r u=i,v=k (i,k=1,2,3),
we obtain from (52) the following relations

2&.%}3.50 = 2&.%()*""' MiO +Pix0 - Poxi, (70)
Za(Xiik—jékxi) = lwik+P,-xk—-ka,~. . (71)

Relation (70) can be used to eliminate X;, X; from formula (71). The result has the form

1
My +Pix— Prxy— N {X Mo — %Mo + Xo(Pi¥ — Py + Po(Rix— %x)} = 0. (72)
0
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Formulae (72), (70) imply formula (71). Formula (72) does not contain second derivatives.
Recalling our experience with relation (69) we may hope that it is sufficient to satisfy relation
(72) only for the initial data. Indeed, this is the case. It is easy to check that the 7-derivative
of the Lh.s. of relation (72) vanishes identically if Eq. (70) is satisfied. Thus, relation (52)
is equivalent to relations (70), (72), and it is sufficient that relation (72) is fulfilled at a single
instant of the proper-time t, e.g. at the instant at which the initial data are specified.
Relation (70) has the form of an equation of motion. We would like to clarify its rela-
tion to Eq. (54). Because relations (70) and (72) are equivalent to relation (52), and equation
(54) follows from relation (52), we conclude that relation (70) together with condition (72)
imposed on the initial data imply Eq. (54). One can also obtain this result by a direct

calculation. The first step is to eliminate %, from Eq. (70) with the help of formula x% = %,%,
' . sk
~ %%, = 0. Next, we extract from (70) x° using the fact that the matrix 6%+ );f' has
4]
as the inverse matrix é; — x7x,. Finally, we eliminate some terms using relation (72). As the
result we obtain the spatial part (i.e. ¢ = 1, 2, 3) of Eq. (54). The u = 0 component follows
from the spatial part because X, = %g '(%;X)).
Let us summarize our considerations. We have found that the fourth-order equation
(34) can be integrated twice with the help of momentum and angular momentum integrals
of motion. The resulting second-order equation has the form (54). It is equivalent to Eq.
(34) provided that the initial data obey the two constraints (69), (72).
We find it rather enlightening to write Eq. (54) in the old-fashioned way, with the ordi-

nary time ¢ = x°(t) as the independent variable and x(¢) = (x'(?)) as the trajectory. The
ordinary velocity is
. dx %
V=—=(—],
dt Xo

where, as usual, the dot denotes derivatives with respect to 1. It is easy to check that % = 7,
where y = (1-22)~ Y2 is the Lorentz factor. Equation (54) is equivalent to the following
equation

-,

d - - -
24 —-(7—;—) = E+5xB, (73)

where
E=(E", E‘=Fy, B=(B) B =—-LeFu
Fy = —&,,B,

and the cross denotes the vector product. Let us recall that we use the metric with the
signature (+, —, —, —), thus E* = —E,, etc.
We obtain from formula (55) that

E = N+1P—P,X%, (714)

B=-M+XxP. (75)
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where

N=Mo), M=(M), M =1%eM,
Conditions (69), (72) can be written as, respectively,
2am+% (M?~ N?) = 2ap(P,— Po)+ PNt— PoX N
+(X x )M +1 (Pot— PX)*—1 P2 - %), (76)
M =XxP—tox P—9x N=PyX x0. an
The expressions on the r.h.s. of formulae (76), (77) are the first integrals for the equation
of motion (73). Therefore, it is sufficient to assume that these conditions are satisfied at
a single instant of time.

It is easy to check that at the points lying on the trajectory of the particle B = xx E

Let us also note that one can use formula (77) in order to eliminate M from formula (76) —
then we obtain

2am = L (1—0)E*+1 (DE) +20y(P, — Po. (78)
Equation (73) and condition (78) are relatively simple. We can find an explicit tachyonic
solution of them. For such solution P? < 0. Therefore, using a Lorentz transformation

one can have P, = 0. Let us also assume that N = 0. Then E = tP, and condition (78)
gives for t = 0

m = —y(t = 0)Pi(t = 0). (79)

Equation (73) takes the form

(y ) _ tB(1—5) +1(FryR. (80)

This form of the equation of motion suggests the following Ansatz:
, (81)

where }F’{ = /Iﬁ, and —! < o(t) < | in order that 0 < v2 < 1.
Condition (79) gives

m m2 -1/2
= L = . 82
v(0) Bl ( Pz) (82)
Equation (80) reduces to

d v -
e — V= . 33
2a t(\/l vz) t| P} (33)
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This equation is easily solved by the substitution v = sin ¢. The result is

a(t)

= o2 2
\/1 —a*(1)
where
m |P,
ho M P, 85)
W=t 4 (®)
From formulae (81), (84) one can recover %,, %,, X,
Xo =9 = \/1+a2, %' = %' = a() 5,
|P|
da , da P
= -, X = 1+ 2 =
T NPT
d da ——d {da P
= 1 2 " =1, i 1 2247 2 - :
%o =1+a dt(a dt) x'=+1+a dt(dt \/1+a)]P| (86)

Substituting these derivatives in Eq. (35) we check that indeed, we have obtained the solu-
tion. In order to find the trajectory x(¢) we integrate the equation

-

P‘;
ke u(t) ﬁ .
It follows that
X(t) = f(‘)l% +X(0), (87

where
a(t’)
ft = —,——““____:dt'.
® J Vit+a¥(t)

For large ¢ the function f{f) behaves like sign (o)z. Therefore, for t — o

-

x(t) ~ sign (a)tl% . (88)

For « < 0 the velocity u(f) is antiparallel to the momentum .

Solution (87) is characterized by the following values of the momentum and of the
angular momentum

Py=0, P'#0, M, =0. (89)
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Let us recall that the momentum is given by formula (35) — it is not proportional to x. Tra-
jectory (87) is a straight line in the ordinary 3-space. The four-dimensional world-line is not
a straight-line, of course. The particle self-accelerates because |o| — 1 as t — +o00. From
(89) we see that P2 < 0, i.e. the solution is tachyonic. It has the first curvature variable,

da\? '
k= —%%= (:1?) . The proper-time length of the trajectory is finite,

1o =y 'dt = [ (1+a*) ™ ?dt < o0,
4] 0

in accordance with the remark following formula (51).

6. Conclusions and remarks

a) We have shown that Lagrangians (6) with K(k) = \/ﬁ and « >0, or K(k) = k,
with the both signs of «, lead to tachyonic trajectories. These trajectories lie inside the-upper
light-cone (X% = 1, %, > 0). Thus, the particle moves with velocity smaller than the velocity
of light. However, the momentum of the particle does not have to be parallel to the veloc-
ity — it can point at a space-like direction. For K(k) = ,/k and ¢ < 0 we notice rather
interesting fact that there do not exist any non-trivial solutions, apart from the straight
world-lines in space-time. In this case the particle behaves like the usual free particle, in
spite of the presence of higher derivatives in its Lagrangian.

b) The presented in Section 5 reformulation of Eq. (34) in terms of ordinary particle
moving in the external electromagnetic field suggests the following new physical interpreta-
tion of the theory with higher order derivatives. In order to uniquely specify a solution
of Eq. (34) we have to fix x'(0), %%(0), ¥%(0), x'(0), i = 1, 2, 3, as the initial data. We omit
the u = 0 components because in order to satisfy the u = 0 component of Eq. (34) it is
sufficient to satisfy the y = i components of that equation and the constraint X = 1
for all 7. All T-derivatives of x,(1) can be computed from that constraint and its 7-deriva-

tives: X% =0, X2+ %x = 0, etc. We have also to specify the initial value of x,, i.e. x5(0) —
this corresponds to the choice of the initial instant of time. Equivalently, we may fix M,
P, x(t,), #(t,) at the time ¢, = x0(0). According to formula (55), fixing M,,, P, is equivalent
to fixing of the external electromagnetic field. Thus, those degrees of freedom of the object
described by Eq. (34) which are non-standard, i.e. X', x’, can be interpreted as belonging
to the electromagnetic field. Thus, Eq. (34) with the higher order derivatives can be inter-
preted as describing the system composed of an ordinary point particle and of the 10-param-
eter family of external electromagnetic fields of the form (74), (75). This ordinary point
particle is described by Newton equation (73) and its initial data are restricted by the four
constraints (77), (78).

We have found this interpretation in the case of Lagrangian (6) with K(k) = k. We
do not know whether a similar interpretation is possible for other models with higher order
derivatives. The problem of physical interpretation of theories with higher order derivatives
is rather important one. For example, a sensible physical interpretation might help to find
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the right approach to quantization of such theories. It is a well-known fact that theories.
with higher order derivatives quantized in the standard manner are full of severe problems.
In our opinion, the primary reason for these problems is just the lack of the proper phys1ca1
interpretation of such theories.

c) The above presented idea of the new physical interpretation of theories with higher
order derivatives is a by-product of our considerations. Our main goal is to gain some
knowledge about dynamics of the point-like limit of the smooth string. Therefore, we inter-
pret the additional degrees of freedom of objects described by Eq. (34) as some remnants.
of internal dynamics of the smooth string. The fact that the model K(k) = k is tachyonic
suggests that the rigid string is tachyonic already on the classical level, in contradistinction
to Nambu-Goto string. Derivation of the point-like limit and an analysis of the mass.
spectrum of the classical smooth string will be presented in the forthcoming paper. [14]..

One of the authors (H.A.) thanks Dr V. V. Nesterenko for valuable remarks.
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