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Two-body relativistic electrostatic potentials between charged, massive, spin-0 and
massive, spin-% Dirac particles are derived using Barut’s method. Only terms proportional
to products of the electric charges are considered.

PACS numbers: 11.10.Qr

In this paper we shall address ourselves to the same as in [1] problem of finding an
approximate electrostatic potential between charged scalar and spinor particles. The differ-
ence, however, consists using the Duffin-Kemmer description of a scalar particle [2, 3]
instead of the usual Klein-Gordon description. This has the advantage as the resulting
equations for the bound-state wave functions become linear in the energy variable, and
become one-time equations.

We start with the Lagrangian

L = —Af(id+m)A— At (id+m)A

+ (I8 — M)y +P(i& — M) — ee [ dyD(x~ y)*(x)j,(»). ()

where

jt = AR A -y (2)
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and similarly for j* with fields 4 and § replacing 4 and y,
d =+", and d=p"g, 3

The Duffin-Kemmer matrices " are taken in the form

0 i 000 [0;0100
yk g—
g =10 pro=|it ;
0 0 } 0 0 j
0 0i
[0i0 0 i o] 0i0 0 0 z]
1 T R
f=10; .op=lop “
it Loé 0
0! i

and satisfy the relations (cf. e.g. [4])

BB R+ BB = B+ B, v, A =0,1,2,3 (5)
and

rg" = diag(1, ~1, =1, = 1.

The fields 4 and 4 are given by the five-dimensional column in terms of the scalar

fields ¢ and ¢,
m'/? mi/?
—-m”D, —m~Yp,

A= m™ D ¢, A=| m VD |, (6)
m“”zD2 r~n—”2D2
m~ 2D, m~Y2p,

where D, is a covariant derivative
D¢ = 0,0+ied, ¢, D,p = é,+ieA,d.

Conjugated fields are formed by the Hermitian conjugation and multiplication by the matrix
of conjugation [:

I' = diag (1,1, -1, =1, —1), 7N
AV =[m'?, —m7VDg, —mTVDY —mTUDL —mT'2DIN¢%, (8)
At = [’"nl,/z, __,:,z—l/zDg, —fn‘”zDT, —ﬁa'”zDi, _51—1/21)5]95*‘ ©)

The electromagnetic field A4® has been eliminated by meansrof the formula (5) of [1],
and the scalar fields ¢, @ are replaced now by the fields A4, 4.
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We introduce now the bilocal fields as follows

P(x, y) = A(x) ® A(y), 25 components, (10)
Y(x, y) = A) ® B()), 20, (11)
P(x, y) = p(x) ® A(y), 20, (12)
O(x, y) = v(x) @ P(y), 16 (13)

Due to the global U(1) invariances of the Lagrangian the zero-components of the currents
j° and j° lead to the following time-independent expressions

[ Py(—ABA+BY°p) () = 1, (14)
and

[ @y -AA+ TP () = 1. (15)
The action can be rewritten in terms of the bilocal fields and yields
S = S¢+S\y+S@+S@, (16)

where we have denoted the subsequent pieces as:

Se = jdxdyA(x, »- {qb [ﬂ" ® (id+m)+(id+m) @ $°~ ‘%ﬂ“ ® ﬂ,,] ¢} , (17

»

S¢ = jdxdyA(x, v) - {‘P

-

o~

S¢ = | dxdyA(x, y) - {@

Y

—ﬂ°®(i5—ﬂ?)—(id+m)®v°+4e—;ﬁ"®v,,]¥’}, (18)
—y° ® (id+m)—(i7-M) @ f°+ %v"@ﬁu]‘f’}, (19)

r

Se = | dxdyA(x, y) - {@ P’ @ (iT—M)+(i8—M) ® y°— fnir P ® y,,] @}, (20)

Y

and the function A(x, y) is given by the formula
Ax, y) = 2 [6(x° =10 =P +6(x°—y°+1], r= X~ pl. 21
The field equations for @, ¥, ¥ and © follow then by variations with the respect to the
conjugated fields. They are of the first-order in the derivatives and read:
~ eé
[ﬁ0®(id+m)+(id+l’n)®ﬂo—Z;ﬁﬁ”@ﬁ,,}¢ =0, (22)

[/30 ® (i8 = M)+(id+m) ® y° — fr»/f" ® v,,] Y =0, (23)
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o L.~ . 0 €€ ~
7’ ® (id+m)+(if —M) ® s YR BY =0, (24)
p
0 . ™ . 0 cé
Y @& —M)+(if-M)®y —4??"691’# 6 =0. (25)

This system of equations we want to study more closely. First we pass from the coordinates
(x, y) to the relative coordinates and coordinates of the centre-of-mass:

Py =X, ~Y, R, = ax,+(1—-a)y, (26)
thus

x, =R, +(1-a)r,, y,=R,—ar, Q7

i

For the momenta we have
of = aP*+p¥, ph=(1-a)P"—p" (28)

Transforming the derivatives we obtain the following set of equations for the bilbcal
fields

. . e
M ® 14+ml @ B+ P,(—B° @ P*+al™) + pT*— f;rﬂ“ ® B,L] 6=0 (29
~MB ® 14+ml ® 10+ P, (—f° ® " +aT") +p,T" ~ fiﬁ” ® yﬂ] ¥ =0, (30)
B nr
—"' 0 0 0 5" A Tk ed " 7

my @ 1-M1Q® " +P,(-y ® p*+aT")+p T "~ i ®B,1¥ =0, (31)

~ eé
My’ ® 1-M1 @ y°+P,(—7° & 7" +aS") +pS*— Ve vu] 0 =0 (32

where the matrices I™*, 7%, T" and S* are defined as follows:

r=pRepF-pepr, T=£er-perr
and

]

S'="®@ 7oy, T'="®p-re s
p=0,1,23 k=123 (33)

We see that the time-derivative p, does not appear in the equations (29)-(32) what permits
to consider the functions @, ¥, ¥ and @ as not depending on r°

P(x", y") = B(RY, ") = B(R", 1), (34)

and similarly for other wave functions.
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For the stationary case

H(R*T) = (R, T) - exp (—iR°E), (35)

(and similarly for ¥, ¥ and ©) the equations for ®(R, 7) and other functions simplify.

In the

These

frame of the centre-of-mass, P =0, they read
~ 10 0 K €€ 0 op | _
mp' @ 1+ml ® B +ka—Zn—rﬂ @B, +B ®BE [P =0, (36)
v (4} k eé 1] 0 T
[—Mﬁ°®1+ml®v AT @ @ R | ¥ =0, (37)
nr ]
['71?" ® 1-M1 ® p°+p,T" - 5% " ® B+’ ® PE| ¥ =0, (38)

~ 0 ‘ 0 X ee
—My° @ 1-M1® 3" +p, 8"~ -

P @7+ ® yOE] e = 0. (39)
nr

are the two-body relativistic equations containing the relevant potentials which

we were aiming at. We omitted here the terms [¢p[* in the Lagrangian since our main purpose

was to

derive lower order differential equations for the bilocal fields. We shall include all

the relevant terms in case of the supersymmetric extension of QED which we are calculating

at the
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