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MATRIX REALIZATION OF STRING ALGEBRA AXIOMS AND
CONDITIONS OF INVARIANCE
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The matrix representations of Witten’s and B-algebras of the field string theory in finite
dimensional space of the ghost states are suggested for the case of Virasoro algebra truncated
to its SU(1,1) subalgebra. In this case all algebraic operations of Witten’s and B-algebras
are realized in explicit form as some matrix operations in the graded complex vector space.
The structure of string action coincides with the universal non-linear cubic matrix form
of action for the gauge field theories. These representations lead to matrix conditions of theory
invariance which can be used for finding of the explicit form of corresponding operators
of the string algebras.

PACS numbers: 11.17.+y

1. Introduction

String field theory [I-4] as a gauge theory is known to be based on the application
of string algebras which are specified on the string functionals ¢(x*(¢), c(¢), &(c)), depending
on the string coordinates x*(¢), the ghosts ¢(¢) and the antighosts &(g). The string fields
form the Z,-graded vector space, each element of which has a degree equal (— )¢/ = 1
or (- = —1, where |¢! is the parity of the element ¢ determined by the ghost number
of the corresponding functional ¢. In this space the operations of multiplication (¢, » ¢,)
or (¢; o ¢,) and of exterior differentiation Q¢, and either the corresponding operation
of integration ¢ or scalar product (¢,, ¢,) are also specified.

In the first case (%, Q, |) we come to the system of Witten’s axioms

Py % (D2 % P3) = (¢, » ) * 3, ey
Qs * d2) = Q¢ =, +(—1)*"1p, = 0¢,, (2
0’ =0, ©)]
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foe =0, (4)
j¢1 +¢, = ("'1)'¢"I¢zlj¢z*¢1’ (5)

where
degree (¢, * §,) = (=D degrec Q¢ = (—1)l¢!**, (6)

The action for the string field is determined from the condition of invariance under
gauge transformation

5¢=%Qa+¢*e—-a*¢, (7>

where ¢ is a functional in the space Z,, l¢] = 1, and takes the form
Sw=[{d+00+%gd*0=o} (8)

In the second case (o, @, (..., ...)) we take the system of axioms of B-algebra [2, 3]
in the form

$10¢, = (—DIlelTg, 06, )
(61, 920 §3) = (= DI*1IRI*19DG, ¢, 0 ¢)), (10)
(91, $2) = (= D)!*N1(4,, ¢, (11)
Q10 ¢2) = b, 0 $, +(—1)"*"'¢, 0 0¢,, (12)
(61, 062) = (= D'*1* (04, 6,). (13)
The action in the framework of axioms (9)-(13) is given by
Ss = (¢, 0$)+} g(¢, 0 ¢), (14)

and the gauge transformation is
0 = Qe+ gooe. (15)

In both cases the operator Q is BRST-charge operator of corresponding Virasoro
algebra.

Note that the structuie of expressions for action (8), (14) coincides with the universal
non-linear cubic matrix differential form action for the gauge field theories [5]

S = fax{yay+3 gyMyy}, (16)
where
o« = o*d,+a°,

in which all the theory properties are determined by five square matrices o*, a® and cubic
matrix M, and the gauge transformation takes the form

Sy = 0"0,e+ gNyse, a7n
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where y = {p,(x)}, & = {e, ()}, 4 =1,2,....,r,a = 1,2, ..., gare the vectors, 0" = (Q%),
N = (N%p) are the matrices with constant elements.

In this case the conditions of action invariance (16) under the transformations (17) -
can be given by the following system of matrix equations [6]

@°+d)Q" =0, #Q"=0, o“Q” =0,

(@ +E)N+N@®+8%) =0, (*+d)N =0, (18)
o*N + Ne*+(¥, M)@* = 0, (19):
Y{QMN} =0, (20)

where
e S ' =0 _ .0 g - pJae
Oy = gy, Tqp = %pq, Nyp = Np,

Y (M 5c) = 1/3UM gpc+Mpcy _+MCAB+MACB+ Mpc+Mcg,).

It should be noted the specification of gduge group representations in the space of
the field y for source fields will be sufficient to obtain the explicit forms of matrices o*, 2°, M,

b

and, hence, to determine the action (16) from the matrix conditions of invariance (18)-(20).

2. Matrix realization of Witten’s algebra

There arises a problem of realization of operators of Witten’s and B-algebras as
some matrix operations satisfying axioms (1)-(5), (9)-(13) and of representation of the
conditions of action invariance (8), (14) in the form of matrix equations. Note also, that
in Witten’s papers the string field is interpreted as a sort of “infinite matrix”. At the same
time, as the string algebras have a nontrivial mathematical structure, let us consider now
the possibility of matrix representation of the above algebras imposing a number of sim-
plified assumptions in terms of finite dimensional realization. Such model realizations
were proposed in [7, 8] and turned out to be useful to elucidate different properties of string
algebras. In [7] as a Q operator was taken the BRST-operator of the so-called “truncated
Virasoro algebra”

[Qn’ Qm] = (n~m)én+m’ n,m= 03 +, —, (21)

thus corresponding to the subalgebra generators SU(L, 1) of the Virasoro algebra. In this
case the ghost and antighost operators satisfy the following anticommutation relations

{Em Cm} = 6n+m,0’ {C,,, cm} = {Em Em} =0, (22)
and the ground state |0) is defined by the conditions

Col0> = €410> = ¢,|0> =0 (23)
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Thus there are only eight ghost states, which correspond to the ghost numbers N, = +3/2,
+1/2, that is
c_|0>, N, = -3/2,

10>,  €c-10>, c¢_c_|0>, N,= —1/2,
C0l0>, C_IO), CoC_E_I0>, Ng = 1/2’
coc_10y, N, =3/2. 24)

According to (24) we introduce the string fields as the zero-, one-, two- and three-forms
of the following structure

|8>0, ‘AO, A+5 A-—)l, ’ IFO, F+s F—->25 !D>3, (25)

where ¢, A,, F,, D are complex 2x2 matrices and the index p = N,+3/2=10,1,2,3
corresponds to the form degree. The operators #, Q, | are introduced in [7] to satisfy
Witten’s axioms (1)—-(5) as follows: :

€170 * [€200 = [€18200,  |€Dg * |Ag, Ay, A_); = |eAg, 4., 84 ), (26)

|A>; #|BY, = |A,B_+A_B,, A,By+A¢B,, A_By+ A¢B_),, 27
[A> * |F); = |[AoFo+ A F_+A_F.,>,, (28)
Q|8>0 = I[Q09 8], [Q+: 8]’ [Q—a 8]>19 (29)

Ql4>, = [{e+, A-}+{e-, 4+ }, {00, A4} +{e+, 4o}, {00, A-}+{0-, 40}>2, (30)
QIF>; = I[eo, Fol+[e+, F-1+[e-, F+1])s,  QID>; =0, €2
fP,=0, p=0,1,2, {|Dd;=TrD. 32)
Here g, are complex 2x 2 matrices of the following form
0 =303 0+ =7%(i6,—0,), "o =}(ig;+0)y), (33)

0y, 05, 03 are Pauli matrices.

We show that for algebra (21) the system of axioms of Witten’s algebra as well as of
B-algebra may be realized on the basis of matrix multiplication in some finite dimensional
vector space. In this case the action of the model is represented as in (i6) and the condi-
tions of action invariance under transformation have matrix form and are the consequence
of string algebra axioms.

Note that the operators *, Q transform forms (25) with different degrees one into
another,

i>p1 * l>p2 = l)pl-fp;’ P1+P2 < 3; i)pl * ‘)pz = 0, pl +p2 > 3’ (34)

Qi)p = i>p+ 1» p = Os 1’ 23 Ql>p3 = 0 (35)
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Let us introduce the linear vector space in which states (24) with all different ghost numbers
are the basic vectors and the matrices ¢, 4,, F,, D determine the vector coordinates in this
basis. The operators * and Q will have representation in this space in the form of matrices.
The explicit form of the matrices satisfying axioms (1)-(5) may be found from relations.
(26)(32).

Then introduce a vector in the space of all different ghost states (24)

v ={9"} = {¥° v', ¥* ¥*} = {v.}, (36)

where y* are the forms corresponding to the ghost numbers —3/2, —1/2, 1/2, 3/2 and are
given by

v = {va} = (s} ¥ = {Vmap} = {4nas}>
2 {wfaﬂ} = {Fnali}’ 'P3 = {'P:ﬂ} = {Daﬂ}' (37)

Here A = (0af, 1naf, 2naf, 3ap),n = 0, +, —, a, B = 1, 2. The components &, 4,, F,, D
are arbitrary constant complex 2x2 matrices.

Then, the operation y * ¢ may be introduced as the multiplication of cubic matrix
by two arbitrary vectors

yro=Ayp = (ASs¥s9c)- (38)
The next condition on matrix A follows from the associativity of multiplication (1)
AfpdEp = AGpAL, (9
and property (6) results in limitation
Ay =0, (=DM % (—nEia, (40)
The cubic matrix A = (4$p) is determined by the expression
A= (Ap) = (AOaﬂ’ Anmps AZnaﬁ’ A3¢ﬂ)s (41)

and the matrices A, are of the following structure

A3 0 0 O 0 A, 00
0 000 Ay 0 0 0
b=lo o000 "“lo o o of
0 000 0 0 00
0 0 43, 0 0 0 o0 43
0 A4}, 0 o0 0 0 A3 0
A=lgz o o of »=lo 4, 0o o “2)
0 0 o0 o A3, 0 0 O
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The matrix -elements A, may be expressed in explicit form in terms of Kronecker’s
symbols as

Ao = A3y = Ao = @, Q= (Q8,) = (Budoidyd)
AS, = A3, A}o = A3y, Asy =A%,
A2 = (A1) = G0, Ao = 6,0,
A= Mmoo AN,
= (a0, 480,50, )2, By 4Bt +<_s,,+am,_)rz,y(5n,-a.,.,o +51,00m, 1)),
A2 = (435 = Guobuotdudr+0,-85,00). @3),

The operator Q may be represented as a square matrix in the space y. The nilpotency
of Q means that Q,5Qsc = 0, and from (6) we obtain Q,, = 0 for (— 4! = (—1)!B1+1,
Property (2) in the matrix form reads

QucAco = A3cQcp+(— D" A5cQcp. (44)

To determine explicit form of the operator Q for (21) we represent it in the form of square
matrix in the space y as:

0 0 0 O
_tx. 0 0 O
1o x, 0 of (45)
0 0 x; 0
where the matrices x;, x,, x3 are of the following structures
@ 0 0 0 oI of
xx =10 ¢% 0}, x;=iel e 0 |,
0 0 o= et 0 of
x3 = (2o, 0% 00). (46)

The matrices g are given by
Qki = lei, Ql?:Fn = [ka Fn]ia 47).
where the cubic matrices take the form
* = (A' j;iyzaa = (5ay5ﬁ3606+5y86ﬂ65a0)' (48)

The nilpotency condition Q2 = 0 is satisfied when x,,,x, = 0. This actually always
is the case when one chooses g, in the form (33).

For finite dimensional case (21) the operation of integration may be deﬁned as scalar
multiplication of y by vector T = (0,0, 0, §,5), i.e. projecting and tracing

fv=Ty="T,=TrD. ‘ (49)
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In this case conditions (4) and (5) are given by
T,0,=0, (50)
Ty = (=)PIAT, 4G, (51)

By direct calculation it is easy to verify that the matrix operations 4, Q, T given in
the graded space y satisfy the system of axioms of Witten’s algebra.

3. Matrix conditions of action invariance

The matrix form of the action reads:

Sw = [ {¢Bd+2/3g¢T ¢}, (52)
where
B = (B%) = (4&xQps) = 40, (53)
I = (I'zc) = (A5, A%p) = AA, (54)
=Py, Py=vy’,, P:=P, (55)

The gauge transformation takes the form similar to (17), i.e.:

04 = 1/gQapep+Spdpec, I = A—-A (56)

Here AS; = (= 1)!B1 42 & is the arbitrary vector from the subspace 4°.
From the vanishing of action (52) variation under gauge transformation (56) it follows
the system of matrix invariance conditions:

(a+@)Q = 0, (57
(a+ON+N@+&)+(E M) = 0, (58)
ST MN} =0, (59)

where
« = TP,fP,, M = TP,I'P,P,,
¢ = QP,, N =IP,P,.

The structure of matrix conditions (57)-(59) coincides with that for gauge field theories
(18)20). Hence analyzing the relationships involved one may use our methods of matrix
analysis of gauge field theories [5, 6].

4. Matrix realization of axioms of B-algebra

Making use of matrix realization of the system of axioms of Witten’s algebra one
may also find the expression for the system of axioms of B-algebra. For this purpose we
use the connection between the operations (s, Q, {) and those of B-algebra (o, 0, (..., ...))
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according to [2]
pop= w*(p_(_l)lwllfpltp*,p, (60)
w9 =fyxo (61)

From formulas (60), (61) and relationships (38), (45), (49) we derive the following
matrix expressions for the operations of B-algebra in the space of the vectors (36)

poo=Ilyp, M55 = A5~(~DPI4E, (62)
(v, @) = vne, N = TcAL, (63)

Then the action takes the form
Sp = (¢1Qd)+3 g(donIlps), (64)

and the gauge transformation is
6¢ = Qe+ glige. (65)

The invariance conditions of action (64) under the transformations (65) may be also
represented in the form of matrix relationships (57)-(59) connecting the matrix opera-
tions o, M, Q, N, where

= PnQP,, M = PnlIP,P,,
0 = QP,, N =IIP,P,. (66)

5. Conclusion

We have shown that in the case of “truncated Virasoro algebra™ all the operations
of Witten’s- and B-algebras may be realized in the explicit form as some matrix operations
in finite dimensional vector space of all different ghost states.

The expression for the action of this model in terms of invariant cubic matrix forms
has been obtained. The matrix conditions of action gauge invariance, which may be consid-
ered as a representation of the system of axioms of string algebras have been also
suggested.
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