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CHAOS IN YANG-MILLS MECHANICS*

By J. KARKOWSKI
Institute of Physics, Jagellonian University, Cracow**
{ Received December 12, 1989)

Classical Yang~Mills mechanics is studied numerically in detail. Several typical trajec-
tories corresponding to different values of energy were found. The Lyapunov characteristic
functions together with the general qualitative analysis suggest that the system for sufficiently
big energy exhibits weak chaotic behaviour.

PACS numbers: 11.15.Kc

Introduction

Weak and strong interactions are described — as is widely believed — by the Yang-
-Mills (Y-M) theory. This theory is based on partial differential equations of strongly
nonlinear type. The methods in use for such mathematical problems are rather poor up
to now. Therefore only partial solutions of the whole Y-M theory are known. From the
other side the mathematical difficulties encountered in the so-called Y-M mechanics —
the dynamical system closely related to the Y-M theory — are not so great. That is why
it seems worth examining.

The equations of the Y-M mechanics arise as the Y-M potentials in the whole Y-M
theory are assumed to be time dependent only. The actual form of these equations depends
of course on a fixed gauge. In our considerations we limit ourselves to the ‘“classical”
version of the Y-M mechanics corresponding to the simplest possible gauge choice. This
dynamical system may be viewed as a one-parameter conservative Hamiltonian system
in four dimensional phase space [1, 2]. However the authors of the papers [1, 2] consider
Y-M mechanics for a very special value of the parameter only. The theory arising then is
claimed to be chaotic. From the other side the existence of the non-chaotic region is proved
for a slightly different version of the Y-M mechanics [3]. Therefore in the present paper
we continue this subject by accomplishing — in our opinion —a more representative
choice of the above mentioned parameter. In Sect. 1, after some technical manipulations
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we get finally the base of our study: the system of two first order, time dependent differential
equations. Although this system is non-Hamiltonian it is very well suited for numerical
calculations. Sect. 2 involves two definitions of chaos adopted for our purposes. Sect. 3 —
the main part of our paper — presents several numerical orbits of the system under study.
They correspond to different values of the initia] conditions and energy. Along each trajec-
tory the linearized equations are analyzed and the appropriate Lyapunov functions are
obtained. All results are presented graphically to give a better qualititative insight into
considered problems. In Sect. 4 we resume our paper. Some general conclusions and com-
ments are provided to stress that the Y-M mechanics is a chaotic system in a weak sense
only.

1. Yang-Mills Mechanics

We regard Y-M mechanics as the dynamical system corresponding to SU(2) gauge
theory in the way described in [1]. This system is governed by the following set of the
Lagrangian type differential equations:

"= —w(sw—uz), z=u(sw—uz), u=z(sw—uz), w= —s(sw—uz), (1.1)
subject to the kinematical constraint:
sz—Sz+uw—uw = 0. (1.2)
(A dot over a letter denotes the differentiation with respect to time.) Introducing new
variables ry, 0., 73, 05
1

V2

1 .
rycosf, = —=(s+w), r;sinf, =

\/2‘ (u - Z),

1 1
r,cosf, = —=(s—w), r,sinf, = —=(u+z 1.3
2 2 \/2( ), T2 2 \/2( ) (1.3)
it easily turns out that the quantities L, = r2d, and L, = r2f, are constants of motion
of (1.1) and the constraint (1.2) requires the equality L, = L,. Taking this into account
we may reduce (1.1) and (1.2) to the system of two equations with one parameter L = L,
= Lz:

2 2

" 2 Pn 2 2

ry = r_3 —% "1("1‘"%% r, = ‘r? +% ry(ri—rz). (1.4)
1 2

The above equations can be obtained from the following Lagrangian:
I/t o1
Z = S+ -3 01-r))~ —(—2 + -—s)- (15)
2\r; r3

This system with L = 0 was studied extensively in [1, 2]. It is claimed there to be
chaotic. However L # 0 implies quite different behaviour of (1.5): r;, =0 and r, =0



531

1 1
Fig. 2. The equipotential lines of V(ry,r.) = %(r:—r§)2+%<— + —)

2 2
1 2

straight lines become then singular. (Compare Fig. 1 and Fig. 2 where the equipotential
lines are presented for L = 0 and L # 0.) In the present paper we analyze the equations
(1.3) in the region ry, r, > 0 with L # 0. The behaviour of the potential for big values
of ry, r, is similar to the appropriate case with L = 0 and only one trajectory of (1.4)
reaching infinity is expected: namely that one with r, = r, [2]. All other orbits are anti-
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cipated to have oscillating character both in r; = r, and r,+r, = const. directions.
The total energy E of (1.5) is of course the constant of motion and (1.5) can (in principle)
be reduced to the time-dependent Hamiltonian system with two-dimensional phase space
[4). In our case, however, it can be done only locally but this is useless for the numerical
analysis. We reduce (1.4) to the system of the two time-dependent first order differential
equations in a little bit different way. First four new variables x, p, I, ¢ are introduced:

x:\/ii(rl-i-rz), p= \/—(r1+r2),

\/- sin¢ = —("1-"2), J2Ixcos ¢ = —\-/% (Fi—F3) (1.6)

(I, ¢ are the action-angle type variables). Then it can easily be checked that ¢ > 0; so
¢ may be chosen (instead of time) as the new independent variable. The energy formula
allows us to calculate I as a function of x, p, ¢ and the parameters L, E. Finally we obtain
the following system of differential equations:

dx dp

= s Xs D L E S —_ = X, P L E R 1.7
a0 f(¢,x, p; L, E) o g(¢, x, p; L, E) (1.7
where the explicit forms of fand g are rather complicated ; to present them some additional
functions must be introduced earlier:

1
v=—, a=QRE-p)v*sin®p, b =2[°sin?¢,
X
4 = ;0 +b[1 (5+4a)’ -3 (1-a)’]+3 b(1 —a),
d, = Y(1=aP+% b(5+4a)+9 /4,
d, = V(1—a)’+3 b(5+4a)—9 /4, (1.8a)
and
arcco ( (1 0)3 9 2)
P = arccos
\/(1—a)2—3b)3
L _yp  2m _y 4
wl—'3’ ¢2‘3+39 w3_‘3+3>

¢ = min (cOs y,, COS ,, COS ¥3),

. {% a+i(2—d,~d,), if 4>0,

) 1.8b
la+2(l+cV(1—a)?=3b), if 4<0O. (1.85)

Using this notation we find that the functions f, g from the formula (1.7) have the
form:
pv _ K¢, x,p; L, E)

—, g=— (1.92)
m(¢, x, p; L, E) m(¢, x, p; L, E)

f=
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where
1+3z
¢, x,p; L,E) = —xzz+2sz4(1_z)3 ,
34z

m(¢, x, p; L, E) = 14 pv’ sin ¢ cos ¢ +b

Tt (1.9b)

Although the obtained system of differential equations (1.7) is non-Hamiltonian it
is well suited for a numerical study. We will examine it for several differeat values of
- energy E and one fixed value of the L parameter: namely L? = 0.5 (the influence of a value
of L on the qualitative behaviour of our system is very weak).

2. Chaos in dynamical systems

The notion of chaos is not unique. Let us briefly recall two simple definitions of chaos
and adopt them for our purposes.

Let # be a compact symplectic manifold ‘and F,,,, the evolution operator corre-
sponding to some Hamiltonian H on .# (that is F,,, (q,,p:) = (¢, p») where (q;, p1)
=(q(t,), p(t1)), (42, p2) = (q(t5), p(1)); (q(v), p(t)) is the solution of the Hamiltonian
equations generated by H and (g, p) denotes of course a point of .#). We say that the
dynamical system (., H) is chaotic if the following condition is valid [4]:

" vol(F,,,.(#F) ¥ _ vol(9)
ool vol(F)  vol(w)’

2.1

where &, 4 are arbitrary subareas of .# and vol ( ) denotes the volume of the approp-
riate area. We propose to call the dynamical system strongly chaotic if it satisfies the
above definition. Let us stress that in practice the condition (2.1) is very difficult to check.
Although our system of differential equations (1.7) is non-Hamiltonian and the space of
(x, p) is not compact it seems worth asking if some mixing property similar to (2.1) is
fulfilled. We will return to this question in Sect. 2.

The second notion of chaos we want to adopt is concerned with the so-called Lyapunov
exponents [6, 7]. Let us consider a set of differential equations:

-

—‘% = f(1, %), (22)

where X, f are some n-dimensional vectors. Let x(tf) be the solution of (2.2) satisfying
the initial condition X(#,) = X,. The first variation AX of the trajectory x(f) obeys the
set of linear non-autonomous differential equations:

d(4x)

— = (@Ho V) f (1, %(1)). (2.3)
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We define (the one- and two-dimensional) Lyapunov functions in the following manner:

At 30 10, Ay = UG to3 O]
14,1
X > - ’ o X A—’ ,los 3 -
Ralt, 5(1); to, A3, A7q) = 1103 XN 2 Ulh to; XAyall ) )
ﬁAxo A A.Vo ”

where U(t, X(1); o) is the time evolution operator of (2.3) and 4Xx,, 47, are the n-dimen-
sional vectors playing the role of the initial conditions at ¢ = #,. The Lyapunov exponents
are simply the limits of the appropriate Lyapunov functions for ¢ — oo. We call the trajec-
tory x(1) chaotic if

Amax = max (lim 4,(t, x(1); to, 4%,)) > O. (2.5)
d;e 1w
The system (2.2) is chaotic if all its orbits are chaotic in the above sense. Of course
Amax €@nnot be obtained in numerical calculations and we will only examine the Lyapunov
functions for possibly big values of time. Let us note that 1, gives some information about
non-Hamiltonian character of the system under study; it is strictly zero for Hamiltonian
systems.

3. Numerical results

Let us begin this Section with some important remarks. We have tried to find some
typical orbits of the system (1.7) for different values of E. Several numerical algorithms
have been applied: the fifth order Runge-Kutta method with adaptive stepsize control
[8], the Bulirsch-Stoer method with the Richardson extrapolation [8] and the Gear’s
algorithm for stiff differential equations [9]. All trajectories we have found start with ¢,
= 0, p{¢po) = 0 and different values of x(¢,). Fach orbit was calculed forward in inde-

p 0.20
0.10 —

0.00 -

-010

.0.20 i ) l { ! ]
1.60 1.70 1.80 1.90 2.00 210 2.20

Fig. 3. An example of a trajectory with a small amplitude (E = 0.5, x, = 1.72)
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Fig. 4. An example of a trajectory with a big amplitude (E = 0.5, xo = 1.1}
p 200
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Fig. 5. Another example of a trajectory with a small amplitude (E = 2.0, x, = 1.785)
P
0.20 I+
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4

Fig. 6. Another example of a trajectory with a big amplitude (E = 2.0, x, = 0.6)

~2.80¢ Y T T T ] T T T
-1.80 3.20 8.20 13.20 18.20 23.20 28.20 33.20 38.20 x

Fig. 7. An example of an ergodic trajectory (E = 4.0, xo = 0.55)
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Fig. 8. Another example of an ergodic trajectory (E = 8.0, xo, = 1.85)
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Fig. 9. The two dimensional Lyapunov functions for trajectories with big amplitudes (/: E = 0.5, x, = 1.1;
2: E= 20, xo = 0.6; 3: E= 8.0, xo = 0.525)

pendent variable ¢ to some ¢; > ¢, and then backward to ¢, to restore the appropriate
initial conditions. This was a test of the accuracy of the chosen numerical algorithm.
The maximal possible value ¢, was reached in each case. Along the fixed orbit the Lyapunov
functions were calculated for different A%, Aj;o. The following results have been obtained:

As was anticipated earlier in Sect. 1 all trajectories have oscillating character but
the amplitude in the x-direction €.g. Xy, — Xmin is different for each oscillation. It is
impossible to foresee its changes. For small values of E (for instance E = 0.5) two types
of orbits should be distinguished: those with Xp, — Xmin l€ss than ~ 1.0 (Fig. 3) and
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Fig. 10. The two dimensional Lyapunov functions for trajectories with small amplitudes (/: F = 0.5,
Xo=172; 2: E= 20, xo = 1.785; 3: E = 8.0, xo = 1.85)
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Fig. 11. Temporal convergence of the one dimensional Lyapunov function (E = 0.5, x0 = 1.1; I:
A%, = (1.0, 0.0); 2: 4%, = (0.0,1.0))

those With Xpa, — Xmin greater than ~ 10.0 (Fig. 4). This feature seems to remain valid
for E ~ 2.0 (Fig. 5 and Fig. 6) but it fails for E > 4.0. Let us compare two trajectories
(Fig. 7 and Fig. 8). The oscillations of the first (E = 4.0) are at the beginning quite large
but then become very small. The amplitude of the second (E = 8.0) increases rapidly
after some small oscillations. Thus using the terminology of Sect. 2 we can say that our
system is rather regular for small E and becomes chaotic for greater values of E indicating
the mixing property. Of course this statement is based on pure qualitative analysis only
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1 Fig. 12. Temporal convergence of the one dimensional Lyapunow function (E = 8.0, x, = 1.85; I: 4%,
= (1.0,0.0); 2: 4%, = (0.0, 1.0))
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Fig. 13. The one dimensional Lyapunov functions for the trajectories with big amplitudes (I: E = 0.5,
xo = 11; 2: E= 2.0, xo = 0.6; 3: E = 8.0, x, = 0.525)

and the strong condition (2.1) cannot be applied here. It should also be noted that the
system under study is close to Hamiltonian system because the Lyapunov function 4,
remains very small all the time (Fig. 9 and Fig. 10).

Let us now apply the second definition of chaos from Sect. 2. We have examined the
Lyapunov function A; for all orbits presented earlier. Their shapes and magnitudes —
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Fig. 14. The one dimensional Lyapunov functions for the trajectories with small amplitudes (I: E = 0.5,
Xo=172; 2. E= 2.0 xo = 1.785; 3: E = 8.0, xo = 1.85)

as is expected for chaotic systems [7] — do not depend on 4x, (at least for sufficiently
big values of ¢ — Fig. 11 and Fig. 12 illustrate this fact for £ = 0.5 and E = 8.0 corres-
pondingly). But the main result of our analysis is the following one: the Lyapunov function
A, does not depend in practice on energy E for trajectories with big amplitudes (Fig. 13)
and rather strongly increases with E for orbits with small amplitudes (Fig. 14). More
generally: the region of small x, p is more chaotic than the rest of the (x, p)-space.

4. Conclusions

Let us briefly resume our considerations. First of all it should be noted that our
numerical results of Sect. 3 do not depend on the chosen algorithm. So these results are
believable. However they give mainly the qualitative description only. This description
shows that our system is chaotic for sufficiently big energy in the area of small values
of x and p. Although we did not examine the system for different values of the L it is
not expected to depend strongly on this parameter. It should be stressed that the greatest
value of the Lyapunov function 4, we have obtained does not exceed the value ~ 0.25.
It is not too much comparing to ~ 1.45 of the Lorentz system which is regarded as the
“classical” chaotic system [6]. Also the mixing property in our system seems to be limited
because the orbits with extremely big amplitudes remain such for all oscillations. How-
ever these trajectories are very difficult to examine. Thus generally speaking the Y-M
mechanics is the dynamical system exhibiting a weak chaotic behaviour only (at least
in (x, p) surface) and the attempts to interpret the main features of the whole Y-M theory
on the base of chaos seem to be exaggerated.
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