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First, we summarize the recently proposed idea of leptons and quarks
composed of algebraic degrees of freedom (defined by Clifford algebras)
that justifies the existence of three and only three replicas of the funda-
mental fermions (as e.g. e, u~,77). Then, we find within this algebraic
scheme a possible place for Higgs scalar and pseudoscalar, both appearing
in two replicas.

PACS numbers: 12.90. +b, 12.50. Ch

It was suggested recently [1] that the physical difference between fun-
damental fermions of equal standard-model signature, belonging to three
experimentally observed families, may be caused by some “hidden” degrees
of freedom involved presumably in the algebraic structure of these fermions.
The argument went as follows.

The Dirac algebra

{r*, r'}y =24*", (1)

determining intrinsic properties of the Dirac equation
[I-(p-94)-M]y=0 (2)

in the spacetime, admits the sequence N = 1,2,3,... of remarkable repre-
sentations

e LS, (3)
ﬁi:]
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where the matrices v/ , i = 1,2,..., N, are defined by the sequence N =
1,2,3,... of Clifford algebras

{v£,7%} = 26:59"" . (4)

As can be readily seen, the representations (3) are reducible except for N =
1. It is so, because for any N > 1 one can introduce, beside I'}' = I'* given
in Eq. (3), N — 1 other Jacobi-type independent combinations I'y’,..., 'y
of 75" , ViZ.

1 1
1‘2"::—\7_5(7{‘—75‘),F;=%(7f+74‘—27;‘) TREEY) (5)
such that

{rf, Iy} = 26:50"" . (6)

Hence, the representations (3) may be realized in the form

B o= IF = b
'“=rf=9@1®---®1. (7)
(N-1)times

In particular, for N = 3 one may write
If=7"9101,If=7"0i"1*01, If=7"81"®7*. (8)

In Eqs. (7) and (8), v#,1,7% = i7%y19292 are the usual 4x4 Dirac matrices.
With the use of representations (7) the Dirac-type equation (2) for any
N can be rewritten as

[v:-(p—94) - Ml 5 ¥p10s.an =0 (9)

if the mass term M does not depend on the matrices I'/* (though it may de-
pend on N). Here, the wave function (or dynamical field) % = (Ya,ay...ay)
carries N Dirac bispinor indices a; = 1,2,3,4,7=1,2,..., N, of which only
the first one is acted on by the Dirac matrices 7# and so is coupled to the
particle’s momentum and to the standard-model gauge fields symbolized by
A, (among others, to the electromagnetic field). The rest of them are free.
Thus, only a; may be “visible” in the magnetic field, while az,...,ay are
"hidden” in this field (as well as in any other standard-model gauge field).
In consequence, a particle described by Eq. (2) or (9) may display in the
magnetic field only a "visible” spin —;- though it possesses also N —1 "hidden”
spins % Note that for N = 1 Eq. (2) or (9) is the usual Dirac equation,
while for N = 2 it presents the Dirac form [2] of the Kihler equation [3].
For N = 3,4,5,... it gives new Dirac-type equations.
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At this point we made in our argument two crucial assumptions:

(i) the physical Lorentz group of the theory of relativity, if applied to Eq.
(2) or (9) for any N > 1, is generated both by the particle’s visible and
hidden degrees of freedom, and

(#i) the particle’s hidden degrees of freedom (corresponding to asz,...,an)
are physically undistinguishable and so obey the Fermi statistics along
with the Pauli exclusion principle, what implies for any N > 0 the
antisymmetry of the wave function (or dynamical field) Ya, ;...ap With
respect to the hidden bispinor indices as,...,apn.

We inferred in Ref. [1] that the assumption (%), if combined with the
probability interpretation of ¢ = (Y a,...ay) treated as a wave function,
restricts IV to its odd values N = 1,3,5,..., since the Dirac-type equation
(2) implies the fully relativistic current- conservation equation

Ou (onyt Iy ...T{Iy) =0 (10)

only for N odd. Here, 7y is a phase factor making the matrix nnIP Ty ...I'}
Hermitian. Then, the assumption (%) restricts N further, to its three
values N = 1,3,5, due to our exclusion principle. Moreover, an inter-
play of the assumptions (i) and (i7) with the probability interpretation of
¥ = (Yaya,...ay ) treated as a wave function causes that — not solely in the
case of N = 1, but also in the cases of N = 3 and N = 5 — there exists one
and only one Dirac particle of a given standard-model signature, satisfying
the Dirac-type equation (2) or (9) (in the cases of N = 3 and N = 5 the
hidden spins % sum up to zero). Thus, our assumptions (i) and (#1) applied
to the Dirac-type wave equation (2) or (9) lead to the existence of three and
only three versions (replicas) of the Dirac particle with a given color and
(weak) flavor. It was tempting for us in Ref. [1] to interpret these versions
as three experimentally observed replicas of leptons and quarks, responsible
for the phenomenon of three fundamental-fermion families.

Now, let us note that the Dirac-type equation (2) implies the second-
order equation of the form

{94 -M? —ig} [T}, 1] Fufw = 0, (11)
where I"l“ =I'*and F, =0,A, - 0,A, +ig[A,, A,] (the inverse implica-

tion is not true). Hence, the following fully relativistic current-conservation
equation holds:

3y, [nN¢+I‘1°I’§ .Y (i Y —gA“) 1/}] =0, (12)

where 9= 3(8#— 8*),if A, are independent of I'} = iI'PI'}I'?I'} , what
may be possible only for N even. However, the current in Eq. (12) cannot
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be satisfactorily interpreted as the probability current, in contrast to the
current in Eq. (10) working for N odd. The conclusion we can draw from
this observation is that for N even the function ¥ = (¥a;a,...ay) €scapes
from the probability interpretation of a wave function (so, instead, it may
be considered as a dynamical field in the spacetime).
Evidently, for N even our exclusion principle restricts N to its two
values N = 2,4 corresponding to
'l’a;a; = <(121)a3 b] ¢a1a303a4 = e.ﬂ;azasa;‘pf:l)pz . (13)
This implies the existence of two and only two versions (replicas) of 16
spin-(0/1) bosons composed of our algebraic degrees of freedom. We can
see from Eq. (13) that in the case of N = 4 there are 3! = 6 equivalent
nonzero components (carrying two bispinor indices a; and f33), all equal up

to the sign to 1/:a1ﬂ2

Formally, both fields 1,bg)a, and 1/;5,,‘1{,, can be expanded into 16 spin-
(0/1) fields ,

'l’c(le,;g = 601(!33(2‘4) + 7(5!103 P(2’4) + 72103"}52.4)
2.4 . 2,4
(11 ayey A 101 N0, TRV, (19)

all having the same standard-model signatures, analogical to those of leptons
and quarks. Of these fields, only the color- and charge-neutral components
of the scalars §(2+4) and pseudoscalars P(214) could develop nonzero vacuum
expectation values,

('l’gx’:l) = (6a1a2(5(2'4)00> + 7c5xlag (P(2,4)00)) (projector on 00). (15)

Thus, only §2:4)9% and P(2:4)90 might play the role of charge-neutral com-
ponents of the Higgs doublets

§(2,4)0+ p(2,4)0+
( s(z.0)00 | > p(z.4)00 | - (16)
They would break spontaneously the electroweak symmetry. Of course, in
our algebraic scheme there are also other spin-(0/1) fields involved in Eq.

(14), but they do not break spontaneously the standard-model symmetry
Let us tentatively assume that the boson fields (13) couple to paxrs of the

fundamental-fermion fields of three families, ¢(1)¢<(,13), 1/)(,,l ¢¢(;?, 1,()0,‘ '/)((!52)’
through the simple fully relativistic combination

2 4
Yaja; + Asﬂzﬂzﬁam'l’alﬁ:ﬁsm = 'l"(’l)az + 6)“1’1(11)02 (17)
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with 1/:91}2 expanded as in Eq. (14) (as argued in Ref. [1], the fundamental-
fermion fields should form in their Yukawa coupling the combination
1/-;‘(111)¢((!12) + 41[7&31)1#‘(,3,) + 241/-:‘(-,51)1#‘(,5,) )- Then, we may expect the follow-
ing Higgs coupling of the doublets (16) to, say, the leptons v, , e~

==, [ S0+ 4 45P(2)0+ 4 61540+ 4 A4S P40+ _
h(7eL ,eL) ( s(z)oot_ +5 p(2)00 16,\5(4)°° :6A75P(4)°° ep +h.c.

(2)0+ (2)0+ (4)0+ (4)0+\ _
= k(7L , cL) (b:g(z)oo :_ };(2)00 ::1\5(4)00 ++66,{\II:(4)00 ) egp +he.,
(18)
where I 1 = 3(1 £ 75)1.

Concludmg, in the case of Higgs bosons as glven in Eq. (16), an intrinsic
coupling of visible spin 5 and hidden spin -]2- is responsible for the Higgs
mechanism, since such a coupling makes possible the formation of 16 spin-
(0/1) fields (among them, S and P) involved in Eq. (14).

In contrast, for N odd, when our exclusion principle restricts N to its
three values N = 1,3,5 corresponding to three fundamental-fermion fields

¢gt11)a 1/’91), (5) (1], no intrinsic coupling of visible and hidden spins %
manifests. 1tself

Eventually, it may be interesting to rewrite in the cases of N =
and N = 4 the second-order equation (11) in terms of 16 spin-(0/1) fields
appearing in the expansion (14). If for N even there is no I'}-dependence
of Ay, the result is

[(p— g4)* — M}, 5O =1gFreT Y,

(0 - g4)? — MZ,] P = _ Lig FrvT %)

[(p _ gA)z _ M22'4] T;Si'4) =g [F“,,S(z’“ - iF“VP(2,4)

+1 (FI‘,PT‘()?I’4) - FPVTﬁ(lva")) ] ’

[(p— g4)® — M2, VY =ig (F“"V,f“) ¥ if“"Af,z")) :

[(p— 94)? - M2,] ADY =ig (F,2 A0 4 i VEY), (19)
where FHY = }e#¥P? Foe with €9123 = 1. Here, the mass differences within
two 16-plets are ignored. Note that the system of equations (19) would split
into two independent subsystems: for S, P, T and for V, A, respectively, if
the gauge fields A, might be considered as external.

Obviously, the second-order equations (19) can be also obtained from
the first-order equations following from the Dirac-type equation (2) when
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rewritten in the cases of N = 2 and N = 4 in terms of 16 spin-(0/1) fields
involved in the expansion (14). If A — p are independent of I'?, they are

(p— yA)"i’,f“) = MS@Y
(p— gA)*AZY = MpCY
(o g AT + (5 94), 5 _ bV,
—(p - -‘IA)VT;(L?'A) +(p— gA),,,P(Z"‘) — MA&Z"‘) ’
=i [(p - 94), Vi — (p - 94), V)]
—€eu®(p - yA)pA(a2’4) = MT,(ﬁ,"‘) , (20)

where T,“, = %5)1,,,,an" and p, = 10,.
Beside the standard-model gauge fields A,, our spin-(0/1) boson fields
are expected to be coupled also to the fundamental-fermion sources (cf. e.g.

the Higgs coupling). Then, these sources should appear additively on the
r.h.s. of Egs. (19).
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