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An economy mass formula, found recently for leptons and quarks as a
semiempirical relationship based on a Dirac square-root model proposed
previously for three fermion families, is supplemented by an ansatz con-
cerning four mass scales appearing in this formula (in four cases of neu-
trinos, charged leptons, up quarks and down quarks). Then, in the mass
formula there remain only three free parameters that can be determined
from experimental values of m,, m, and |V,,]|. Nevertheless, it predicts
all other lepton and quark masses as well as quark mixing parameters in
nice agreement with existing experimental data.

PACS numbers: 12.90. +b, 12.50. Ch , 14.40. J;

In a recent paper [1] an economy semiempirical mass formula for lep-
tons and quarks was found, well reproducing all their masses (in terms of
experimental values of m,, m, and m., m;) as well as all quark mixing
parameters (in terms of experimental values of m/m, and |V,,|). In partic-
ular, it predicted m, = 1776.80 MeV and m; ~ 170 GeV successfully (the
latter if m. ~ 1.5 GeV) as well as |V ;| = 0.0455 nicely (if |Vy,| = 0.218),
though such a value of |V_| is perhaps by 10% too large.

The theoretical base for this formula was a Dirac square-root model for
three families of leptons and quarks [2], making use of new (generally) re-
ducible representations of Dirac algebra defined by means of some Clifford
algebras. These representations act on wave functions carrying N = 1,3,5
Dirac bispinor indices of which N -1 = 0, 2, 4 are physically undistinguish-
able and so antisymmetrized (such an intrinsic Pauli principle excludes all
N = 17,9,11,... ). Then, these wave functions labelled by N = 1,3,5 are
reduced to three Dirac bispinors which are conjectured to correspond to
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three fermion families. The familiar standard-model signature is given by
SU(3) x SU(2) x U(1) additional indices.

This mass formula describes the 3 x 3 mass matrices M{f) for four kinds
f=v, e, u, dof fundamental fermions: neutrinos (v, v, , v;), charged
leptons (e, pu~, 77), up quarks (u, ¢, t) and down quarks (d, s, b),
and can be put in the form

i = ph 5 |gtn2 gin2 _ g2 — e2(NY) B(H — L)
N(cf)2 N2

+eg(f) Néf)z B() ([z ei¢(f) +at e—icp(f))] 5. (1)

In Eq. (1) there appear the following 3 X 3 matrices defined in the
fermion-family space:

. (1 0 0
ﬁ=———(0 Vi 0 ) (2)
29\0 0o V24
and
) ) ) 10 0
NN = N4+ gD NP B (- 1) = (0 3 0 ) (3)
0 0 5+20NHNY BN
with
o 1 00 00 0
N=1+21’z=<0 3 o), iz:&fa=<o 1 o), (4)
005 0 0 2
while
01 0 0 0 0
a:(o 0 J:‘z) af=(1 0 0). (5)
00 © 0 V2 0

Here, & and at play the role of (restricted) annihilation and creation oper-
ators acting intrinsically within leptons and quarks (note that a® =0 and
at? = 0). They change by —2 and +2, respectively, the fermion—family
label N = 1,3,5 equal to an eigenvalue of the matrix N. More precisely,
they change by —1 and +1, respectively, the modified fermion-family label
n = (N -1)/2 = 0,1,2 equal to an eigenvalue of the matrix 7 and being
the number of pairs of the N — 1 antisymmetrized Dirac bispinor indices of
wave functions for three fermion families.
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In Eq. (1) there are also real constants of two sorts: six free param-
eters u(f), €2 and (effectively) ¢ = o(*) — o(@) which are to be fitted to
experimental data, and others given as the simple numbers

0 1 0
2 1 1 -1
¢ = (Ng)Q(f)) =44 Né.f) ={3. o) = 2/3 (6)
1 3 -1/3
and
0 1
n-=7)0 (H)l
1/3 0

for f = v, e, u, d, respectively. Note that N((;.f)B(f) + L) =1 and
B 4 (N = 1/Ng () for each f. The physical meaning of the numbers

N(f) Q) , B and L{Y) is transparent.

For leptons the nondiagonal term mixing fermion families in Eq. (1)
vanishes, in contrast to the situation for quarks when the mass matrices
require a diagonalizing procedure.

In the case of neutrinos, Eq. (1) yields [1]

O
m,, = M§ ) = “29 e?,
_ V) 4 p(”)
m,,“ = M:s 9 29 E s
) _ 28 4
M, = M5 = 2559 ETRAE (8)

thus m,, =m,, =m,, =0 if p.(") = 0, but generally m,, < m,, < m,,.
In the case of charged leptons, Eq. (1) gives [1]

(e)
me = M) = %—552 ,
4“(3)
m# = ge) = 9 29 (80+ )
24 ple)
my = M) = 25"29 (624 + €2) . (9)

Hence, using the experimental values of m. and m, we obtain

m, = 1776.80 MeV (10)
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and
u(®) = 859924 MeV, €% =0.172329. (11)

The agreement of the prediction (10) with the recent experimental value
m, = 1776.96 fg:igfgﬁg MeV (3] is very good.

In the case of up and down quarks, numerical diagonalization performed
in Eq. (1) with the use of the value (11) for 2 and the experimental tips

me = M{™ ~ (1.2t01.5) GeV, mp = M{? ~ (4.5t05.0)GeV  (12)
provides [1]

m, = - M ~ (3.7t0 4.6)MeV, my = —M{? ~ (6.8 to 7.5) MeV,

my = M{®) ~ (140 t0 170) GeV, m, = M{? ~ (130 to 150) MeV  (13)

(here, the lowest masses m,, and my are taken to be nonnegative, as always
for Dirac masses). Then, the quark mass scales in Eq. (1) turn out to be

p() ~ 9 x (61to 76)MeV, p{® ~ 9 x (110 to 120) MeV. (14)

The predicted mass ratios within triplets u, ¢, t and d, s, b are indepen-
dent of the input (12) as being determined by €2 only (thus, only by the
experimental mass ratio m./m,, due to Eq. (9)). They are

v 0.00305405, =2 — 0.0509344,

me m,

e 0.00877909, ¢ = 0.0204872, (15)
my my

On the ground of a numerical experience, let us consider the follow-
ing ansatz for the quark mass scales u(*) and (%), consistent with their
approximate values (14):

™) =9 x 8u(e) = 9% 76.4377T MeV,
D =9 x 44(8) = 9 x 114.657MeV. (16)

Of course, for the mass scales (16) the scale-independent ratios (15) hold.
Together with the value (11) for ¢2 determined by the experimental mass
ratio m./m,, the figures (16) for the mass scales u(*) and u(9) lead to

m, = —M*) = 4.58608 MeV, my = —M? = 6.99371 MeV,

me = M{®) = 1.50164GeV, m, = M{? = 137.308 MeV,

my = M = 171.047GeV, my, = M{? = 4.65653GeV.  (17)
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Here, m, /myq = 0.655744. We can see an overall consistency of the predicted
quark masses (17) with their experimental tips, in particular for the top
quark reported recently to be seen with'the mass m¢ = 174 £ 10 tig GeV
[4].

It is interesting to note that, assuming the neutrino mass scale u(*) = 0,
we can write in the case of the mass—scale ansatz (16) the formula

0
()
ul = s’L @ = (1+BO)NY (NP 1D 1), (18)
12u(®)
where

19 = (19)

BNt O bonb DN b 13| bt

is the eigenvalue of the third component of weak isospin for lefthanded
fermions of the kind f = v, e, u, d, respectively.

The quark mixing parameters evaluated in Ref. [1] — as being scale-
independent — hold for the mass scales (16). As is shown in Ref. [1], these
predictions are in an overall consistency with existing experimental data.

In conclusion, we can see that the semiempirical mass formula (1), if
considered jointly with the mass—scale ansatz (18), includes only three free
parameters: the charged-lepton mass scale p(e), the pure-number constant
€2 and (effectively) the phase difference p = (%) — o(4), The first two, u(®)
and €%, can be determined (as in Eq. (11) ) from two experimental lepton
masses m, and m, , and then one lepton mass m, as well as all siz quark
masses are predicted (as in Eqs (10) and (17) ). With &2 evaluated (as in
Eq. (11) ) from the experimental mass ratio m./m,, the last parameter, ¢,
was determined in Ref. [1] from the magnitude of experimental CKM-matrix
element |V,,|, and then all other CKM-matrix elements (including their
C P-violating phase) were predicted. The agreement of all these predictions
with existing experimental data for lepton and quark masses as well as quark
mixing parameters [5] is nice.

If one wants to diminish a bit the prediction |V ;| = 0.0455 and then
also | V] = 0.00240 (with the input |V, ,| = 0.218) [1], one may introduce in
place of the constant ¢, when appearing in the nondiagonal term in Eq. (1),
the fourth free parameter 7 = (¢ where ( = O(1). Then, with { ~ 0.90
(and |Vys| = 0.218) one obtains |V_| ~ 0.041 and also |V,3| ~ 0.0019. In
this case with the mass-scale ansatz (16), one gets m, ~ 3.8 MeV and
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mgy ~ 5.8 MeV giving the ratio m, /my ~ 0.66. Such masses, especially my,
are perhaps a bit too small. Other quark masses do not change if considered
in the two-digital accuracy.
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