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A hydrodynamic form of the wave equation for the neutrino wave func-
tion is derived. The formulation is similar to that given by Takabayasi for
the nonrelativistic Pauli equation. The hydrodynamic variables comprise
one scalar field — the density — and two vector fields — the velocity and
momentum. The reduction in the number of variables to four requires a
quantization condition — the same as in the nonrelativistic case — that
relates the curl of the momentum field to an axial vector built from the
velocity field.

PACS numbers: 11.10. Qr, 03.65. Ca, 03.50. Kk

1. Introduction

The same year that Schrodinger discovered the wave equation,
Madelung [1] found a hydrodynamic form of wave mechanics. This approach
has been fully developed and extended by Takabayasi [2-5] and others [6~
8] to nonrelativistic spinning particles described by the Pauli equation. A
review of the hydrodynamic formulation of nonrelativistic wave mechanics
with a large number of references can be found in [9]. A hydrodynamic
formulation of relativistic wave mechanics of the Dirac particle was given
by Takabayasi [10]. His paper was based on some earlier studies {11, 12] of
bilinear observables in the Dirac theory. This formulation, however, can not
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be applied to the case of neutrinos since the two scalar invariants, that are
used by Takabayasi to rescale all other variables, vanish identically. I shall
show that a straightforward extension of the Takabayasi method, developed
in [4] to give a hydrodynamic form of nonrelativistic wave mechanics based
on the Pauli equation, yields the desired result. However, the resulting
hydrodynamic equations are strikingly different in both cases.

In the hydrodynamic formulation of nonrelativistic wave mechanics the
flow of probability is described by the hydrodynamic variables: the proba-
bility density p and the velocity of the probability flow ¢. For a spinning
particle we need also an additional vector § describing the spin. The advan-
tage of a hydrodynamic formulation of wave mechanics is that it enables us
to visualize quantum mechanical processes in terms of the familiar variables
of classical hydrodynamics. Since the number of hydrodynamic variables al-
ways exceeds the number of variables needed to describe the wave function,
we must impose an auxiliary condition on the hydrodynamic variables. In
other words, not all the states in the hydrodynamic description correspond
to the quantum states of the system. A selection principle — the quantiza-
tion condition — is necessary to restrict the hydrodynamic states to only
those that can be obtained from a wave function. In the hydrodynamic
formulation, the quantization condition specifies the vorticity of the flow.

In the simplest case of a particle moving in a potential field, treated by
Madelung, the hydrodynamic variables and the wave function are related
through the formulas

P:W‘za mv=p=VS§, (1)

where S is identified with the phase of the wave function (R is assumed
real)

¥ = Rexp(35). (2)

The requirement that the wave function be singlevalued imposes the follow-
ing restriction — the quantization condition — on the velocity field

}{di‘.f; = gfﬁn, (3)
C

m

where C is an arbitrary closed contour. By the Stokes theorem, the quan-
tization condition can also be expressed in terms of a surface integral rep-
resenting the vorticity flux,

/dS‘-(v X ¥) = %n (4)

S
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where § is any surface spanned by the closed contour C. Thus, the quanti-
zation condition states that the motion of the probability fluid is irrotational
almost everywhere except possibly at a discrete set of vortex lines whose
strength is quantized in units of 27wk /m.

2. Hydrodynamic form of the Pauli equation

Spin one-half particles are described in nonrelativistic wave mechanics
by the Pauli equation

-

. 1 (h 2 .
tho¥ = [%(;V - eA) +ed — ;zB-a} v. (5)

I have written here the Pauli equation for a general case of electric and
magnetic field, but in order to compare the results with those obtained for
neutrinos it is sufficient to consider only the field free case.

The hydrodynamic variables are defined in terms of a two-component
wave function @ through the relations

) h pd
p=v !P,ps“2!ll av, pp —22_(47 VW), (6)

where the double arrow denotes the antisymmetric differentiation, V =
V- +V— It can be checked that by construction the spin vector § has a fixed
length A/2 so that the number of hydrodynamic variables is not seven but
only six.

The evolution equations in the hydrodynamic formulation can be ob-
tained by evaluating the time derivatives of the hydrodynamic variables (6)
with the help of the Pauli equation

3 - N
_ tgy — t
Bip = 0(¥'9) = — = —0u (1 52, (7)
h h? -
Bulpsi) = 5 0¥ o) = “mak(spfai akw) : (8)
h — hz —
N = ta.g) = 2 t g,
0uppi) = 5091 5:9) = [-0x (¥15: 0.¥). (9)

On the right hand side of the first equation we recognize the divergence of pv,
but in the remaining two equations we need additional relations in order to
express the right hand sides in terms of hydrodynamic variables. The exis-
tence of such relations is guaranteed by the following property noted already
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by Takabayasi [4]: every bilinear expression involving the spinors #!, ¥ and
their derivatives can be reduced to the form p x [polynomialin: Inp, 5, .
When this reduction is performed, Eqs. (7)-(9) are transformed into

the following evolution equations for the hydrodynamic variables (4, 8, 14]

Otp + (7-V)p = —(Brvi)p, (10)
o 1
Ois; + (U-V)s; = %Bk(pez‘jw]‘@ksz) , (11)

1 h?
Owv; + (V- V)v; = Eak TP 3;0,Inp + p(aisn)(aksn)} . (12)

Now, we need the quantization condition which will eliminate, as in the
spinless case, two variables because the wave function of a spin-half particle
has just two complex components. As was shown in [4-6], this condition
involves a contribution from the spin variables. It can be expressed in terms
of the polar angle ¢ and the azimuthal angle 9 that define the unit vector
7 in the spin direction, § = (h/2)7,

ng = cosp sind, ny =sinp sind, n, = cosV. (13)

The condition that the wave function be singlevalued, has now the form

" h 27h
fdl- (17+ — €08 19Vgo) = . (14)
2m

m

Despite its appearance, the last term in the quantization condition (14) does
have a geometric meaning. This can be seen after the transformation of the
line integral into the surface integral by the Stokes theorem

= . h _ 2mh
/dS-[V X mv - %smﬁ(Vﬁ X V(p)] = —n. (15)
S

It has been shown by Takabayasi [4] that the second term under the integral
can be written as a genuine axial vector built from the spin vector and its
derivatives. This vector — I shall call it the Takabayasi vector — has the
form _

T = %Eijkni(V'nj) X (Vng). (16)

This important result will be rederived in Section 4. With the use of the
Takabayasi vector, the quantization condition reads

h -] onh
/dé"-{inf~—-~T] =y, (17)
2m
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Thus, for spinning particles the flow of probability is no longer irrota-

tional in the bulk but its vorticity is equal to (A/2m) T. In addition, of
course, we may also have discrete vortex lines of quantized strength.

3. Hydrodynamic form of the Weyl equation

The time evolution of the wave function for a massless spin one-half
particle — the Weyl equation — has the form

06 = —c3-Vo, (18)

where ¢, as in the nonrelativistic case, has two complex components. Notice
that the Pauli equation and the Weyl equation are complementary when it
comes to the use of fundamental constants. In the first case we have the
Planck’s constant and the electron mass, whereas in the second case we
have only the speed of light. Thus, even for purely dimensional reasons, the
hydrodynamic equations in these two cases must have a different form.

My derivation of the hydrodynamic equations for neutrino will follow
the method outlined in the preceding section for the nonrelativistic case.
The hydrodynamic variables for neutrino will be defined as follows

p=¢le, pi=codlép, pi= gz:(zﬁ%. (19)

There are two differences in notation between these formulas and the cor-
responding ones in the nonrelativistic case. In the second equation I used
the symbol # rather than & and I replaced /2 by ¢ because for massless
particles velocity is aligned with spin and therefore the vector ¢ should be
associated with ¢f#¢ rather than with momentum. This identification will
be corroborated later (¢f. Eqgs. (29)—(31) when we will see that it is consis-
tent with the form of the substantial derivative. In the third equation I used
a new symbol @ as compared to the nonrelativistic case since this quantity,
due to the absence of the Planck’s constant in these equations, can not be
assigned the dimension of momentum.

The time derivatives of the bilinear expressions (19) can be calculated
by the repeated use of the Weyl equation

01p = B1(919) = —c Oi(d'019), (20)
8 (pvi) = Ou(cploid) = —c*i(d1¢) — 2ceijmtji (21)
B(pui) = %@(W@cb) = —Okthi, (22)

where t;; denotes the stress tensor for the neutrino,

tij = g(qﬁffn 3;¢> . (23)
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In order to express the stress tensor through the hydrodynamic vari-
ables, we shall need the following two spinor identities

134 (417 5i0) = 66 (' 5:0) (24)
9136 x (416 0ig) = id'0 0i(¢179) - id G Bi(o19). (25
In terms of the hydrodynamic variables, these identities read
viti; = c2puj, (26)
2€ kim V1 tmi = €2p O;vg . (27)

The first equation determines the part of the stress tensor that (with
respect to the first index) is parallel to ¢ and the second equation determines
the part that is orthogonal. From both these equations we can determine
all components of ¢;; and we arrive at the formula

ti; = pvju; — %pa,—k,vkajvl . (28)

Upon substituting this expression into Egs. (20)—(22), we obtain the
following set of evolution equations for the hydrodynamic variables

Op+ (V-V)p = —(V-7)p, (29)
847 + (3:V)¥ = 15 x (§ x Vp) + 2(i + V x ¥) x 7, (30)
Outi + (- V)i = 350:(peirtve Vur) . (31)

These equations have a characteristic hydrodynamic form with substantial
derivatives of the variables appearing on the left hand side, as in the nonrel-
ativistic case. Note, that the hydrodynamic variables were chosen in such a
way that the speed of light never appears in the evolution equations. It only
enters through the choice of initial data, as discussed in the next section.

4. Quantization condition

In order to restrict the solutions of the hydrodynamic equations (29)-
(31) to only those that are obtained from a two-component wave function,
we must impose constraints on the initial conditions. The evolution equa-
tions preserve these constraints at all times. The first constraint is purely
algebraic; it determines the length of the velocity vector, |#] = c¢. The sec-
ond constraint — the quantization condition — determines the curl of .
Since in the relativistic case the kinematics is the same as in the nonrela-
tivistic case, we expect the quantization condition to have again the same
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form (15). I shall rederive this result now, for completeness, with the use of
yet another identity for the spinor field ¢ and its derivatives

eijel(819)? 0;(81 0k8) — 616.0;(419) (4" B10)
- %Efmn ¢Tal¢ aj(fétam¢) 81‘,((,5?0’,165)] =0. (32)
In terms of hydrodynamic variables, this identity reads
ciik0iur = PatijkEimnvi(950m)(Okvn) = 37Ti. (33)

One can check by a direct calculation, using the angular representation (13)
of the velocity vector v = c7i, that T can also be written as

—

T =sind Vi x V. (34)

This completes the proof of the equivalence of the two forms of the quan-
tization condition. In terms of the hydrodynamic variables @ and ¥, the
quantization condition reads

/dg’[V X U — Zi‘fﬁijk v; (Vv;) x (Vuy)] = 27nc. (35)
S

The quantization condition signifies that the curl of @ in the bulk of the prob-
abilistic fluid is fully determined by the velocity vector ¢ and its derivatives.
This leaves only the longitudinal part of i as an independent variable.

5. Conclusions

The main conclusion of this study is that the flow of probability asso-
ciated with the Weyl equation can be described in purely classical terms.
The probabilistic fluid moves with the speed of light and is endowed with
an additional degree of freedom — the longitudinal part of a vector field
4. As compared with relativistic dynamics of a perfect fluid, the flow of
the ”neutrino fluid ” is fairly complex. In addition to the precession of the
velocity due to the density gradient, there are is also an additional pre-
cession around the sum of vorticity and # vectors. The evolution for # is
linear but it has a complex nonlinear source term. In the face of all these
complications, are there any advantages of using the hydrodynamic descrip-
tion? It certainly offers a totally different look at the wave function and its
time evolution that involves only observable quantities bilinear in the wave
function {13]. Moreover, the hydrodynamic description clearly separates the
local dynamical laws and a nonlocal, global quantization condition. This
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important property has been utilized in the past to derive the quantization
condition for the magnetic charge [15] and to clarify the interpretation of
the Aharonov-Bohm effect [16].

Finally, I would like to mention a possible connection of the hydro-
dynamic formulation of wave mechanics of massless fermions to the string
theory. In the hydrodynamic formulation an essential role is assigned to
quantized vortex lines. Such vortex lines are very similar to relativistic
strings. They move with the speed of light, but in contradistinction to free
strings they interact mutually, just like vortex lines do in ordinary fluid
dynamics. It might be possible to extract some interesting relativistic dy-
namics of the vortex lines — the strings — from the hydrodynamic equations
of the neutrino fluid.
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the University of Ulm and the Alexander von Humboldt Foundation for an
award that made my visit in Ulm possible.
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