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THE SUPERSYMMETRY CONSIDERATIONS
IN THE FIRST HALF OF THE sd SHELL*
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The search for the supersymmetry in light nuclei has been continued.
It has been shown that the important ingredient of supersymmetry con-
siderations in the first half of the sd shell has come from the assumption of
two fermion+boson model for odd-odd nuclei instead of assuming bosons
only. With this improvement the approximate supersymmetry has been
visible for the considered supermultiplet N = 5.

PACS numbers: 21.60. Fw, 21.10. Ma, 23.20. Ck

1. Introduction

The notion of supersymmetry which has come from elementary particle
physics found a nice field of application in nuclear physics in the frame of
the Interacting Boson Model (IBM) [1, 2]. In the first papers dealing with
heavy nuclei 3, 4] there has been demonstrated a very distinct signature of
supersymmetry. Although the possibility of introducing the supersymmetry
to nuclear physics is from the very beginning only an approximation because
bosons of the IBM are only approximate bosons being rather images of pairs
of nucleons, these bosons together with unpaired nucleons form a basis for
the supersymmetry application.

In recent years the supersymmetry has been extended also to light nu-
clei. The group theory calculation has become more involved as we need to
treat the IBM with the full isospin formalism either in the frame of IBM(3)
[5] or IBM(4) [6]. Two of the present authors (7, 8, 9] have been successful
to obtain a visible supersymmetry behaviour for the light nuclei from the
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second half of sd-shell. However, there have been some problems to extend
the supersymmetry to the first half sd-nuclei. We have found from our su-
persymmetry considerations that nuclei from the first half of the sd-shell
behave differently from those of the second half. It is not the first obser-
vation. In the frame of the shell model, Elliott and Wilsdon had made the
same remark in their paper [10]. It is only interesting to note that the in-
terpretation of nuclear data in the frame of the shell model had been much
better for the first half sd-nuclei contrary to the supersymmetry model.
The second problem comes from the odd-odd nuclei which happened to be
difficult to interpret both in the shell model as in the IBM [11].

2. Basic assumptions and Hamiltonian of the model

Because the IBM and the supersymmetry within the model is of phe-
nomenological nature, we are free to look for the help from phenomenology.
By inspection of experimental ground states of sd-odd-odd nuclei we have
made an observation that, within the IBM model, the unpaired proton and
neutron do not form a boson with L = 0 (or 2) but their angular momenta
are parallel with the resulting (J,4q)max for T3 even (third component of
the isospin) and (Jeven)max for T3 odd due to antisymmetry rules. The
observation leads to the assumption of bosons plus two unpaired nucleons
for odd-odd nuclei instead of assuming bosons only. To check this assump-
tion within the supersymmetry scheme we have taken the supermultiplet
of sd-nuclei with N = 5 particles (bosons + nucleons) and have assumed
that the unpaired nucleons are treated within the 7 — j coupling and hence,
they occupy the j = 5/2 level for N = 5. For the rest of nucleons on the
sd shell we assume the IBM(3) version, i.e. bosons with angular momenta
L = 0 or 2 and the isospin T = 1. If we would try to reformulate these
assumptions within the shell model we would say that our supersymmetry
model is parallel to the mixed L — § and j — j coupling. The reason for
such a conclusion is coming from the j — j coupling taken in our model for
separate nucleons but bosons can be considered either as coupling of two
nucleons in the L — § or in the j — j scheme. '

The members of the N = 5 supermultiplet are the following:

even-even 2SMg;4 and 2§Si;» (IV = 5 bosons above the double magic shell A = 16)
even-odd 23Mg;3 and 23Al;; (N = 4 bosons + 1 nucleon)

odd-odd 2#Na;3 (N = 3 bosons + 2 nucleons)

The first condition of the supersymmetry behaviour of above nuclei in
the supermultiplet N = 5 is the interpretation of their ground and excited
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states within the same group theory Hamiltonian coming from supersymme-
try considerations and with the same set of phenomenological parameters.
The simplest Hamiltonian is that one constructed with the help of Casimir
invariants of the relevant group-chain. Because of the simple but strong
assumptions, we do not expect an exact quantitative numbers but, at least,
the firm qualitative results.

From the three IBM limits of the group-chains being denoted by SU(5)
limit, SU(3) limit and SO(6) limit, the last two versions could be applied to
the deformed nuclei of the sd-shell. After detailed inspection we have chosen
the SO(6) limit in the IBM group-chain. The dimension of the boson space
(the number of the single particle boson states) is, for the IBM (3), equal
to 18 (L = 0; 2 and T = 1) and the fermion space is of the dimension 12
(j =5/2 and t = 1/2). The group-chain under consideration reads

U(18/12) > UB(18) x UF (12)
and '
UB(18) > SUP(6)xSUE(3) 5 SOP(6)xSUE(2) 5 SOB(5)
xSUZ(2) 5 S0Z(3)xSUE(2)
UF(12) 5 SUF(6) x SUE(2) D 5pF(6)

x SUE(2) D SOF(3) x SUL(2) (1)
and in the next step we form the boson-fermion groups for the total angular
momentum and isospin

SOPF(3) x SUBF(2)

To write the Hamiltonian and the energy formula we have made two as-

sumptions.

1° We consider the dynamical Hamiltonian but only with such two-body
interaction operators which can be transformed into the Casimir invari-
ants of the group-chain (1).

2° For low energy levels (up to about 4 MeV) we have assumed that the
nuclei of the N = 5 supermultiplet belong to the unique irreducible
representations of the first groups of the chain (1) up to the SO(6)
group and hence, the energies given by the eigenvalues of the Casimir
operators of those groups give the constant contributions to all of the
excited energies of a given nucleus and can be comprised by the constant
part of the Hamiltonian.

Under these assumptions the constructed Hamiltonian reads
H = Ho + AC3[SO5(5)] + B C2[SOE (3)] + a C2[SO7, (3)]
+ B C2(SOFF(3)] + 7 C2[SUR(2)] + 6 C2[SUZ(2)]
+ ¢ Co[SUZT (2)], (2)
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where C, are the second order Casimir operators of the given groups, A4, B,
a, B, v, 6§ and £ are phenomenological parameters and Hy is a constant part
which comprises the contributions of Casimir operators as well as the core
contribution. We have considered the low energy states of a given nucleus
for which T = T3 and then, the last (¢) part of the Hamiltonian can also
be put into Hy. Let us discuss also the §-term of (2). For even-even nuclei
Tp = T and then, this term gives also a constant contribution to the energy.
For even-odd nuclei within the N = 5 supermultiplet, there are 4 bosons and
one nucleon. However, bosons are coupled to Tg = 0;2;4, but only T = 0
is allowed because T = Ty = 1/2. Hence, the §-term vanishes. For odd-odd
nuclei two nucleons are on the j = 5/2 level and due to the antisymmetry
condition we get Ty = 0 for J; = 1;3;5 and Ty = 1 for J = 0;2;4. The
total isospin of an odd-odd partner of N = 5, i.e. for the 23 Nay; is equal
to T = 1 hence, the three bosons (each of Tg = 1) can be coupled for the
symmetric representation of SUZ(3) to Tg = 1 or 3. But T = 1 is only
allowed and the §-term in this case is also a constant term. Then the §-term
can be also taken into the Hj.

For odd-odd nuclei the a-term is very relevant depending strongly on
the even-odd J¢ (odd-even Ty). Hence we assume

a = (~1)Tfa0 ) (3)

where T’y is equal either T = 0 or Ty = 1 for a pair of nucleons. The a-term
need not to be taken into account for even-even and even-odd nuclei.
Hence, the general energy formula for the N = 5 supermultiplet reads

E=Ey+ Ar(t+3)+ BL(L+1) 4+ (-1)Ttag J¢(J; + 1)
+BI(J + 1)+ yT(Ty +1). (4)

For even-even and even-odd nuclei the formula (4) is only the 3-parameter
(A, B, B) formula. For odd-odd nuclei there are in (4) four but not five
parameters because in the calculation of relative energies the ap and v
parameters enter the calculations only as a combination 11ag —+. In Table I
we give the adjusted parameters of our model

TABLE I
The Hamiltonian (2) parameters
in MeV for the N = 5 supermultiplet.
A B B8 llag —7

0.19 0.12 0.08 0.82
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Fig. 1a. Comparison of theoretical and experimental energy levels for nuclei of the
N = 5 supermultiplet from the first half of the sd shell. Levels are organized into
the SO(5) representations (7). Theoretical levels are provided with angular mo-
mentum values. For each SO(5) multiplet theoretical levels are placed in the middle
while experimental ones for Mg and 28Si on the left and right side respectively.
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Fig. 1b. Experimental levels for 2*Mg (left columns), 2®Al (right columns) and
theoretical ones (middle columns), see also caption to Fig. 1a.
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Fig. lc. Experimental levels for 2Na (left columns) and theoretical ones (right
columns), see also caption to Fig. la.
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The calculated spectra and comparison with experimental data [12] for
nuclei of N = 5 are given in Fig. 1. We should stress that for all of nuclei
there have been taken all of the experimental even-parity levels up to the
considered energy (around 4 MeV) and also, all of the calculated energies
are shown in Fig. 1. There are only two cases of the calculated energies
which have no experimental partners. It is remarkable that the angular
momenta are adjusted perfectly and the calculated energies with a quite
reasonable accuracy describe the experimental levels. Having in mind that
it has been done only with the four free parameter formula, we conclude
that our supersymmetry model has found its approximate confirmation in
the first half of the sd-shell for the N = 5 supermultiplet, at least, as the
energy levels are taken into account.

The E(2) transitions

The electromagnetic transition calculation has an important value not
only because it provides another set of numbers to compare with exper-
iment but also and mostly because such calculations depend strongly on
constructed state vectors and hence, the goodness of comparison with ex-
perimental data is a measure of the goodness of the model used in the
calculations.

The electromagnetic transition operator for a system with bosons and
fermions has to contain boson and fermion parts. Let us denote boson
and fermion creation operators as b;t; a;; respectively, where I(7) is for the
angular momentum and ¢t is the isospin number equal to 1 for bosons and
1/2 for fermions (we omit here the third components of those vectors). We
consider the E(2) transition operator under the following restrictions: () it
is a scalar in the isospin space and (71) it has the dynamical symmetry form
due to the group SO(6), in other words it is constructed from the generators
of the group SO(6) [8]. Hence, the E(2) transition operator reads
a

T(E2) = g5 [(b1021) " + (bfi50)*] + ar (a3 ), (5)

1951
2 22

where the parentheses () mean the normal coupling with the help of Clebsch-
Gordan coeflicients in the angular momentum, spin and isospin spaces re-
spectively, to the total LT for bosons and JT for fermions. The constructed
T(E2) operator is compact with the assumption of a dynamical symmetry
group chain of the SO(6) type. The coefficients ¢ and gr play a role of
effective charges.

The reduced transition probability between the initial |i) and final | f)
state vectors reads

B(E2) = (2J: + )T ((FIT(E2)[15)*, (6)



Supersymmetry in the sd Shell 1409

where (i) and (f) stand for relevant quantum numbers of the initial and final
states and J; is the angular momentum quantum number for the initial state.
Because the tensorial characters of the T(E2), in the relevant transformation
groups, are known by construction, the calculation of the reduced matrix
element (6) can be done purely in the group theory algebraic method [2, 8].
The selection rules following the construction (5) are: (%) the boson part
of (5) gives non-zero transition probabilities only for 7, = 7; £ 1 and (4i)
the fermion part of (5) has non-vanishing matrix elements only between the
states with the same boson quantum numbers 7, L, because fermions in
the supersymmetry model are independent, by assumption, of bosons, and
hence, the fermion operators are scalars in the boson space and vice versa.

The boson effective charge was fitted to experimental data of the nucleus
26Mg as q% = 4e?fm*. We have taken somewhat arbitrarily the same value
for ¢% = 4e’fm*. The experimental [12, 13] B(E2) data are, in a quite wide
extent, known for nuclei Mg, ?*Mg and 2°Al from the supermultiplet
N = 5. For those nuclei we give also in Table II the theoretical values of
B(E2). The study of Table II shows that the agreement with experimental
data for the nucleus 2® Mg is rather good according to the usual standard of
comparison. However, for odd nuclei 2°Mg and 2° Al theoretical numbers are
quite apart from experimental values. We have found a probable explanation
of such a deviation. Namely, in the work of Halse et al. [14] the even-even
nuclei of the sd-shell were treated within the IBM but without assuming
the dynamical symmetry. The results have shown that the structure of the
spectrum changed significantly with the change of the boson number and the
isospin of nuclei. For example, the 24Mg has rather the rotational structure
but the 26Mg has shown the spectra of the SO(6) type. Our conclusion
from the results is that, probably, for nuclei in between with A = 25 the
dynamical symmetry is a mixture of the SU(3) and SO(6) symmetries. Then
the Hamiltonian for the supermultiplet considered in our paper should be
generalized to comprise the mixture of the symmetries. Our further effort
is devoted to such a generalization of the Hamiltonian whose eigenproblem
can be solved numerically in the constructed IBM basis [15]. We hope the
extended calculation to improve not only the visible disagreement in B(E2)
for odd nuclei, but also other theoretical prediction in the supersymmetry
model.

In the final conslusion we stress that the approximate supersymmetry
in the first half of sd-nuclei can be seen only by the assumption that an
odd-proton and an odd-neutron do not form a boson but they remain as
a two-fermion state whose lower energy states are rather with maximum J
but not with J = 0 or 2 as for bosons. The assumption is a crucial one for
supersymmetry considerations in that region of nuclei.
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TABLE II
B(E2) transition probabilities (in e? fm*)
E; Ey Ji J; Exp [12,13] Theory
28Mg
1.81 0 2 0 59.94+ 14 36.0
2.94 0 2 0 1.8+ 0.1 0
1.81 2 27.0+ 23 45.7
3.59 1.81 0 2 48+ 0.1 0
4.32 1.81 4 2 206+ 14 45.7
4.33 0 2 0 1.1+ 0.3 0
4.35 2.94 3 2 41.2+ 9.2 31.4
Zesi
1.8 2 0 68.6 + 6.4 36.0
3.33 1.8 0 2 45.8 4 16.5 0
25Mg
0.59 0 /2 5/2 2.3 +0.04 25.6
0.97 0 3/2 5/2 3.3+ 0.1 25.6
0.59 1/2 52.14+ 4.3 1.1
1.61 0 /2 5/2 121.6+17.4 25.6
1.96 0 5/2 5/2 1.94 0.9 25.6
0.59 1/2 78.2+30.4 0.4
0.97 3/2 13.04 5.6 1.1
2.56 0 1/2 5/2 11.74+ 1.3 0
2.74 0 7/2 5/2 0.7+ 0.1 0
0.97 3/2 99.94+ 8.7 6.8
2.80 0 3/2 5/2 74+ 2.2 0
3.4056 0 9/2 5/2 3264+ 2.2 25.6
1.61 7/2 65.1+ 5.2 0
4.06 0 9/2  5/2 5.6+ 0.4 0
1.61 7/2 8.3+ 0.9 11.6
25A1
0.45 0 1/2 5/2 13.0+ 04 25.6
0.94 0 3/2 52 7.8+ 2.2 25.6
1.79 0 5/2 5/2 8.3+ 1.3 25.6
0.45 1/2 1346 +£17.4 0.4
0.94 3/2 36.9+ 5.2 1.1
2.72 0.94 7/2 3/2 95.5 4 26.1 6.8
3.86 045  5/2  1/)2 26+ 0.9 8.2



Supersymmetry in the sd Shell 1411
REFERENCES

[1] F. Iachello, A. Arima, Phys. Lett 53B, 309 (1974).
[2] A. Arima, F. Iachello, Ann. Phys. (N.Y.) 99, 253 (1976); Ann. Phys. (N.Y.)
111, 201 (1978); Ann. Phys. (N.Y.) 128, 468 (1978.)
[3] F. Iachello, Phys. Rev. Lett. 44, 772 (1980).
[4] A.B. Balantekin, I. Bars, F. Iachello, Nucl. Phys. A370, 284 (1981).
[5] J.P. Elliott and A.P. White, Phys. Lett B97, 169 (1980).
[6] J.P. Elliott and J.A. Evans, Phys. Lett B101, 216 (1981).
[7] S. Szpikowski, P. Klosowski, L. Préchniak, Nucl. Phys. A487, 301 (1988).
[8] S. Szpikowski, P. Klosowski, L. Préchniak, Z. Phys. A835, 289 (1990).
[9] L. Préchniak, S. Szpikowski, Acta Phys. Pol. B24, 557 (1993).
[10] J.P. Elliott, C.E. Wilsdon, Proc. Roy. Soc. A 302, 509 (1968).
[11] P. Halse, Nucl. Phys. A445, 93 (1985).
[12] P.M. Endt, Nucl. Phys. A521, 1 (1990).
(13] P.M. Endt, At. Data and Nucl. Data Tables 23, 4 (1979).
(14] P. Halse, J.P. Elliott and J.A. Evans, Nucl. Phys. A417, 301 (1984).
(15] K. Zajac and S. Szpikowski, Acta Phys. Pol. B17, 1109 (1986).



