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The measurement of the electronic g-factor of hydrogenic ions is a
sensitive test of bound-state QED (Quantum Electrodynamics). The de-
viations of the g-factor of the bound electron from the free-electron value
are mainly due to i) the relativistic binding energy correction —(Za)?/3
and ii) the bound-state radiative correction a(Za)?/4x. In the experi-
ment a single hydrogenic ion is stored in the magnetic field of a Penning
trap. The g-factor is measured by inducing spin-flip transitions with a
microwave field. The magnetic field is calibrated measuring the cyclotron
frequency of the stored ion. In the Penning trap the ion is detected elec-
tronically and cooled to 4° K through a superconducting resonance circuit
connected to the trap electrodes.

PACS numbers: 12.20.Fv, 31.30.]v, 32.30.Bv

1. Introduction: bound-state QED

The g-factor of the electron relates its magnetic moment g, in units of
the Bohr magneton ug, to its spin angular momentum s, in units of Planck’s

constant h. | s |
7 s
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In the Dirac theory the g-factor of the free electron is
9Dirac = 2. (2)
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The g-factor of the electron differs slightly from the Dirac value because
the electron interacts with the radiation field (radiative corrections). The
different contributions to the g-factor of the electron can be grouped into
the following categories (electron-electron interactions are not discussed here
because we focus on one-electron systems):

I. the relativistic binding energy correction (Breit term);
I1. the radiative corrections of the free electron;
II1. the radiative corrections in the bound state;
IV. the nuclear corrections due to the finite mass, the finite size and the
polarization

of the nucleus.

I. The relativistic binding correction:

The g-factor of the electron in the Coulomb field of a nucleus with charge
Ze was first calculated by Breit in 1928 who solved the Dirac equation for
the bound system [1]. The modification to the g-factor of the electron in
the bound state (compared to the free electron) depends on its mean kinetic
energy [2] and thus on its binding energy, i.e. the Dirac energy Epjrac of
the 1s, /5 state, given by

EDirac = meczw/ 1-(Za)?. (3)

According to Breit [1] the g-factor is reduced in the bound state by
9Brei
%‘t =1 <1 +24/1 - (Za)2) =1-3Za)? - L(Za)* +0(Za)®. (4)

II. Radiative corrections:

The first calculation of a radiative correction to the g-factor of the free
electron was done by Schwinger. The Schwinger term o /7 describes the vir-
tual emission and absorption of a photon by the electron. The higher-order
terms account for the virtual emission and absorption of several photons
and for the vacuum polarization. Meanwhile, the radiative corrections were
calculated up to the eighth order (o a?) [3]
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The precision of these calculations is limited by our knowledge of the fine
structure constant a. The theoretical prediction is experimentally confirmed
to a level of §g./g. = 10711 [4].

II1. Bound-state radiative corrections:

In addition to the radiative corrections of the free electron, the g-factor
of the bound electron in the 15, /, state is modified by bound-state radiative
corrections [5].
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Fig. 1. Deviation of the g-factor of the bound electron from the free-electron value
due to the relativistic Breit correction —1(Za)? (upper curve) and the radiative

bound-state QED correction -%—%(Za)z (lower curve) as a function of the nuclear
charge 7.

The leading bound-state correction is the Breit term —(1/3)(Za)? (see
Eq. (4) and Fig. 1). Note that in (6) the term of the order (Za)* from
Eq. (4) is omitted. For heavy ions, however, this term cannot be neglected.
The term (a/4r)(Za)? is the lowest order bound-state radiative correction.
Calculations of the higher-order radiative corrections are not available, but
are underway [6]. Possibly, the g-factor calculations have to be treated nu-
merically for high-Z systems, just as in the case of the Lamb shift calcula-
tions. The experimental determination of the g-factor of the bound electron
in hydrogenic systems is a precision test of the magnetic sector of QED in
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the strong Coulomb field of the nucleus. The theoretical methods for the
calculations of the g-factor of the bound electron are similar to those of the
M1-transitions between the hyperfine levels of the 1s ground state in hydro-
genic heavy ions, which have been investigated with laser spectroscopy [7].
The g-factor of the bound electron, however, is less sensitive to the details
of the nuclear structure, since the nucleus influences the g-factor only via
the dependence of the electronic wave function on the nuclear properties.

IV. Nuclear corrections:

In the formulas (4) and (6) the motion of the nucleus is neglected, i.e.
it is assumed that the nucleus has an infinite mass. The correction terms
due to the finite mass of the nucleus have to be added to (6) [5]

g(1s) 1 2, @ 2
=t =1-=(Z —(Z
Gfree 3( a) +47K'( a)
1 2 3 me 3 m2
+3(29) (2Mn"(1+z)2Mg)
o 2 (5me 6+ Z m?
%) <§Mn 3 MZ)® (7)

Here, M, is the mass of the nucleus. Also the finite size of the nucleus
influences the g-factor of the bound electron because it modifies the Breit
term. To give an example, the finite size effect is of the order of 10~? in the
case of the hydrogenic neon ion (Ne®*t) [8], where ¢(15)/ggee—1 = —21073.
Another nuclear effect is the nuclear polarization, i.e. the virtual excitation
of nuclear energy levels. So far, the influence of this effect on the g-factor
has not been calculated.

2. Experimental tests: atomic Hydrogen and the Helium ion

The calculations of the g-factor of hydrogenic systems were tested in
only very few experiments. The nuclear mass correction (Eq. (7)) was ver-
ified in a comparison of the g-factors of the hydrogen and the deuterium
atom in a hydrogen maser with an accuracy of 41072 [9]. With the tech-
nique of spin-exchange optical pumping the g-factor of atomic hydrogen
was compared to the g-factor of the free electron confirming the relativistic
Breit term —(1/3)(Za)? with an accuracy of 7107% and the bound-state ra-
diative correction (a/47)(Za)? with an accuracy of about 40 percent [10].
The first and only measurement of the g-factor of a hydrogenic ion was
performed on the helium ion (*Het). This measurement tested the Breit
term —(1/3)(Za)? with an accuracy of 51073, but was not sensitive to the
bound-state radiative correction (a/47)(Za)? [11].



The g-Factor of the Bound Electron ... 361
3. The Penning trap
3.1. The principles of the Penning trap

In the Penning trap charged particles are stored in a combination of
a homogeneous magnetic field and an electrostatic quadrupole field [4, 12].
The magnetic field confines the particles perpendicular to the magnetic field
lines, and the electrostatic potential parallel to the magnetic field lines. The
three characteristic motions of the particles in the trap are (see Table I):

e the cyclotron motion with frequency w4, slightly modified by the pres-
ence of the electrostatic field,

¢ the oscillation in the electrostatic potential parallel to the magnetic field
lines (azial motion) with frequency w, and

e the E x B — drift motion perpendicular to the magnetic field lines
(magnetron motion) with frequency w_.

The free-space cyclotron frequency wic°n = GionB/Mion (gion and Mjon:
charge and mass of the ion) is calculated from the three characteristic fre-

quencies by
wi"“:ﬁwi—%wﬁ%—wi. (8)

The characteristic frequencies w4, w, and w_ are measured very pre-
cisely using high-Q resonant circuits, which are connected to the trap elec-
trodes, and a FFT-analyser (Fast-Fourier-Transform). The trapped parti-
cles are in thermal contact with the resonant circuits through the image cur-
rents induced in the trap electrodes. In this way the particles are cooled to
the ambient temperature of 4 Kelvin (resistive cooling). For high-precision
experiments the cooling of the trapped ions to low temperatures is of great
importance to minimize the line broadening due to inhomogeneities of the
magnetic field.

3.2. The spin precession frequency

For the determination of the g-factor also the it spin precession fre-
quency wg of the bound electron has to be measured.
uBB  eB

B g2wme )

(9)

Ws = ¢

Once the spin precession frequency w, and the cyclotron frequency wic°n

are measured, the g-factor of the hydrogenic ion can be calculated by

W Me

ion pf.
wion Mion

g=2 (10)
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A systematic error at the level of 102 arises because the mass ratio m, /Mion
has to be taken from the literature. Alternatively, the measurement of the
cyclotron frequency of trapped electrons could be used to calibrate the mag-
netic field.

Several methods exist to measure the g-factor of hydrogenic ions. The
measurements on atomic hydrogen and the helium ion (see Section 2) were
performed with the particles contained in a gas cell in a magnetic field of
about 0.01 Tesla. The polarization of the electronic spins was produced
and detected via spin-exchange collisions with optically pumped cesium or
rubidium atoms. orientation However, for hydrogenic ions heavier than
helium the process of electron capture dominates over the process of spin
exchange. Therefore, this method is not applicable to ions heavier than
helium.

Another way to measure the g-factor is the quantum-jump method, de-
veloped by Dehmelt in his g-2 experiment [4]. Here, a single particle is stored
in the Penning trap, and its spin precession frequency is measured by induc-
ing quantum jumps between the two possible spin orientations in the strong
magnetic field of the Penning trap. In the “ideal” Penning trap the eigenfre-
quencies w4, w, and w_ are independent of the spin orientation. To make
the quantum jumps observable, the particle’s axial oscillation frequency is
coupled to the spin orientation through an additional inhomogeneous mag-
netic field component Bj2z? superimposed to the homogeneous field By of
the “ideal” Penning trap.

B(Z) = Bg + Bzz2 . (11)

Due to the interaction of the magnetic moment of the trapped particle
with the magnetic bottle Byz?, the axial oscillation frequency depends now
on the spin orientation. The change of the axial frequency due to a spin-flip
transition is proportional to the strength of the magnetic bottle (see Fig. 2).

gupB2
(sz)spin flip & wz—_Mxo—n . (12)

Experimentally, frequency jumps of a few hundred millihertz can be
detected with a single trapped particle (see Table 1).
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Fig. 2. The axial frequency shift due to a spin-flip transition as a function of the
mass of the ion for different magnetic bottles By /Bjg.

TABLE I

The g-factors and the oscillation frequencies of the hydrogenic ions C*t, Ne®t and
U®+. The following parameters are assumed: magnetic field By = 6 Tesla, axial
frequency shift due to spin flip Aw, /27 = 0.2 Hz, trapping potential V5 = 0.5 Volt
and inner diameter of trap electrodes 15 mm. ‘

hydrogenic ion Cce+ Ne®* yet+

9/ 9teee — 1 61074 -2-1073 -1.510"!
spin precession

frequency w, /27 168.2 GHz 167.9 GHz 142.9 GHz
cyclotron

frequency w./27 38.0 MHz 41.0 MHz 35.0 MHz
axial

frequency w, /2w 100.0 kHz 100.0 kHz 100.0 kHz
magnetron

frequency w_/2n7 130.0 Hz 120.0 Hz 140.0 Hz
magnetic bottle B2/ By 1.4107%/mm?® 2.2'107%/mm?® 2.6:1073/mm?

The spin precession frequency is determined in the following procedure.
The axial oscillation frequency of a single trapped hydrogenic ion is con-
tinuously measured via the image currents induced in the trap electrodes.
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At the same time, spin flips are induced by a microwave field. A change of
the axial oscillation frequency indicates the spin-flip transition. At different
microwave frequencies the spin-flip rate is measured counting the number
of spin-flips in a fixed time interval. When the microwave is in resonance
with the spin precession frequency, the spin-flip rate reaches a maximum.
For the calibration of the magnetic field, the cyclotron frequency of the ion
is measured with the image current method. Finally, after the measurement
of the spin precession frequency and the cyclotron frequency, the g-factor of
the bound electron is calculated using formula (10). The described method
is universal in the sense that it can, in principle, be applied to ions with any
charge-to-mass ratio.

3.3. The expected precision

The magnetic bottle B,22%, required for the detection of the spin-flip
transition, is at the same time the main limitation to the accuracy of the
measurement. Because of the quadratic term the averaged magnetic field
“seen” by the trapped ion depends on its axial oscillation amplitude z,
resulting in a shift of the cyclotron and the spin precession frequency.

Awy, Aw., B, E,

(13)

Wge We Bo Mionw§

Here, E, = (1/2)Mjonw?2? is the kinetic energy of the ion in the axial
direction. Because of thermal fluctuations of the oscillation amplitude of
the ion, the cyclotron frequency as well as the spin precession frequency
are broadened. At a temperature of 4 Kelvin the fractional linewidth is
less than 107%. Assuming that the line can be split to 10 %, the expected
measurement uncertainty is 10~7. With this accuracy the higher-order ra-
diative corrections to the magnetic moment of the bound electron can be
tested on the percent level.

4. The experimental set-up

The trap apparatus is suspended in the vertical bore of a 6 Tesla su-
perconducting magnet. The trap is mounted in a completely sealed vacuum
enclosure in order to obtain the ultra-high vacuum necessary for long storage
times of the trapped ions. The vacuum enclosure of the trap is thermally
connected to a helium dewar at 4° K and cryopumped to an extremely
low pressure [13]. A typical liquid helium consumption rate is 1 liter per
day for the trap apparatus and 0.5 liter per day for the superconducting
magnet. To minimize the radiative heat load of the cryogenic system the
magnet bore can be cooled to 77° K with liquid nitrogen, and a radiation
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shield (at 20° K) is placed between the trap apparatus and the bore of the
superconducting magnet.

The cylindrical trap electrodes are constructed out of OFHC copper
and spaced by sapphire rings. The trap electrodes are electrically con-
nected to i) dc power supplies to generate the electrostatic trapping poten-
tial, #) function generators to excite the energy of the trapped ions and
it1) the tuned resonant circuits for detection and resistive cooling. In order
to minimize the electronic noise, the resonant circuits are kept at a temper-
ature of 4° K. To optimize the sensitivity of the electronic detection system,
a high quality factor of the tuned circuits is necessary. Therefore, the reso-
nant circuit for the detection of the axial oscillation frequency is made out
of superconducting material (NbTi). The signal from the resonant circuits
is amplified, mixed down with a function generator and analysed with a
FFT-analyser. The magnetic bottle B;2? is produced by a thin nickel ring
placed close to the trap electrodes. The microwave at 160 GHz for the spin-
flip transition reaches the cryogenic region through a waveguide and enters
the vacuum enclosure through a glass window.

5. The production of hydrogenic ions

There are several different techniques to produce highly charged ions:

e electron impact tonization
e recoil tons and

o stripping of fast ion beams in target foils.

With the method of electron impact ionization highly charged ions are
produced in a step-by-step process through multiple collisions with elec-
trons. This scheme is well-known from the electron beam ion sources (EBIS)
where the ions are trapped longitudinally by an electrostatic potential and
radially by a magnetic field and the space-charge potential of an electron
beam [14]. The production rate of fully stripped ions depends strongly on
the nuclear charge Z, because the ionization potential of a given shell scales
as Z? and the ionization cross section roughly as Z~* [15]. Therefore, both
the energy and the density of the electron beam, necessary to strip the ions,
increase with Z. Calculations of production rates for different values of Z
are available [14]. Here only one example may be given: a sample of neutral
neon atoms (?%Ne) is fully stripped within 10 seconds in an electron beam
with a current of 50 mA, a beam diameter of 1 mm and an energy of 5 keV.
With this method fully stripped uranium ions U%?* have been produced
recently [16].

Highly charged ions can also be produced as recoil ions in collisions of
a fast (MeV) ion beam with a thermal atomic or molecular gas target [17].
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The heavy-ion projectile can remove a large number of electrons from the
target atom in a single collision without transferring much kinetic energy
to the recoil ion (only a few eV). At such low kinetic energies the ions
can be loaded directly into an ion trap. This multiple ionization process
involves different mechanisms like Coulomb ionization, electron transfer to
the projectile and autoionization. The cross section for the production of
fully stripped ions depends in a complicated way on the collision parameters
and decreases rapidly with Z.

Highly charged ions up to bare uranium can be produced by stripping
a high-energy ion beam in a thin target foil. In the ESR (Experimental
Storage Ring) at GSI about 10® bare uranium ions (U%2%) can be injected
at energies of a few hundred MeV /u, stored, electron cooled and decelerated
to presently 50 MeV /u. In order to trap the highly charged ions in an ion
trap, it would be necessary to extract the ions in short bunches from the
ESR, to further decelerate them to keV energies and to catch and cool them
in a trap.

6. Summary

The measurement of the g-factor of the bound electron in hydrogenic
ions promises interesting results in the field of bound-state QED. Today,
experimental data are available only on atomic hydrogen and the helium ion
(*Het). With state-of-the-art techniques of cooling, storing and detecting a
single ion in a Penning trap, the measurements can be extended to heavier
hydrogenic ions. The available theoretical calculations are applicable only
to light hydrogenic ions, because in the case of heavy hydrogenic ions the
uncalculated higher-order QED corrections have to be taken into account.

The authors are grateful to I. Lindgren, E. Lindroth, H. Persson and
G. Soff for helpful and stimulating discussions.
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