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We discuss the choice of the Lagrangian in the Poincaré gauge the-
ory of gravity. Drawing analogies to earlier de Sitter gauge models, we
point out the possibility of deriving the Einstein-Cartan Lagrangian with-
out cosmological term from a modified quadratic curvature invariant of
topological type.

PACS numbers: 04.50. +h, 04.20. Cv

1. Introduction

One of the main achievements of the gauge approach to gravity (see [1-
5] and references therein) lies in a better understanding of the deep relations
between the symmetry groups of spacetime and the nature of the sources of
the gravitational field. At the same time a satisfactory kinematical picture of
gauge gravity emerges which specifies metric, coframe, and connection as the
fundamental gravitational field variables. In contrast, the dynamical aspect
of the gravitational gauge theory is far less developed. In general, the choice
of a dynamical scheme, i.e. of the gravitational field Lagrangian, ranges
from the simplest Einstein-Cartan model with the Hilbert type Lagrangian
(linear in curvature) to the 15-parameter theory with Lagrangian quadratic
in torsion and curvature, or even to non-polynomial models.

Some progress was achieved in gauge theories based on the de Sitter
group [6-11] which is, in a sense, the closest semi-simple “relative” of the
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(non-semi-simple) Poincaré group. The main idea behind the derivation of
the gravitational field Lagrangian was to consider it as emerging, via a cer-
tain spontaneous breakdown symmetry mechanism, from a unique invariant,
the Chern-Pontryagin or the Euler invariant, e.g., which have the meaning
of topological charges. Recently this approach has been reanalyzed in [12].

In this paper we report on an attempt to exploit the analogy with the
de Sitter gauge approach. In a Riemann-Cartan spacetime, we construct a
gravitational Lagrangian by starting from a topological invariant quadratic
in curvature, deform it suitably, and arrive, apart from an exact form, at
an Einstein-Cartan Lagrangian (linear in curvature). Whereas in the tra-
ditional approach of (4.6) the emergence of a cosmological term cannot be
prevented, our new method, see our main result (4.9), yields a pure Einstein-
Cartan Lagrangian without cosmological term.

2. Two four-dimensional topological invariants

The spacetime which we consider obeys a Riemann-Cartan geometry
with orthonormal coframe 9%, a metric ¢ = 0,39 @ 9, and a Lorentz

connection I'*# = —[Ba = ,Fi.aéd?’i‘ Here the anholonomic frame indices
are denoted by o, 3,... = 0,1,2,3, the holonomic coordinate indices by
4,J,-..=0,1,2,3, and 044 = diag (—1,+1,+1,+1) is the local Minkowski

metric (with the help of which we raise and lower Greek indices).

As it is well known, in four dimensions there are two topological invari-
ants which are constructed from the (in general, Riemann-Cartan) curvature
two-form Ro?® = dI,P — I'yY A Fvﬂ. These are the Fuler invariant defined
by the four-form

E:=Ras AR = 19" R s AR,y , (2.1)
and the Chern-Pontryagin invariant described by the four-form
P:=-R.,’ ARs* = Ro3 A R®P. (2.2)

Both forms (2.1) and (2.2) are functionals of the Lorentz connection res
and of the local metric 0,3. The n®PkY is the Levi-Civita tensor, and no
any other geometrical variables are involved. The right star * denotes the
so-called Lie dual with respect to the Lie algebra indices.

The Gauss—Bonnet theorem states that an integral of (2.1), with a
proper normalization constant, over a compact manifold without a boundary
describes its Euler characteristics (the alternating sum of the Betti numbers
which count the simplexes in an arbitrary triangulation of the manifold). As
for the integral of (2.2), also introducing proper normalization, this repre-
sents the familiar “instanton” number specialized to the gravitational gauge
case.
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3. Ordinary and twisted deformations of the curvature

Due to the peculiar properties of the Lie algebra of the de Sitter group,
a new object appears within the framework of de Sitter gauge gravity part
of the generalized SO(1,4) or SO(2,3) curvature, a two-form

1 .
248 = Rap — 17 Vo s with Vop i=PaANVg. (3.1)

We may call it a deformation of the original curvature form by a specific
contribution constructed from the translational gauge potentials, namely
the coframe one-forms #*. The constant £ with the dimension of length
provides the correct dimension. If we recall that the curvature of a Riemann-
Cartan spacetime can be decomposed into six irreducible pieces (N)Rag,
with N = 1,...,6, see [4], then we find that ¥,4 is proportional to the
sixth pieces (G)Raﬁ, the curvature scalar, that is, in (3.1) we subtracted a
certain constant scalar curvature piece from the total curvature.

Similarly to (3.1), by means of the Hodge star, we can define another
deformation

1 1.,
Rap = Rapg — g_gﬂaﬁ:Raﬁ_ 7z (19(1/\19g) . (3.2)

We may call this a twisted translational deformation, since 7, has the
opposite parity behavior compared to Rog. In fact, the term 744 is pro-

portional to a constant pseudoscalar piece (3)Raﬁ of the curvature or, in
components, t0 R[,5q4)- In other words, in (3.2) a constant pseudoscalar

curvature piece is subtracted out. Note that (3)Rag vanishes together with
the torsion since, by means of the first Bianchi identity,

DT = RgA9® ot DTAdq = RagAI*ADP = BIR A0 N0F
(3.3)
Hence, in a Riemannian spacetime, (3)Raﬂ vanishes identically.
Using also the irreducible decomposition of the torsion into three pieces
(M)To with M = 1,2, 3, the last equation can be rewritten as
G Rg A% NI =d (96 AT®) — To NT®
= d (90 A OT) =D A DT 2T, A )T
(3.4)

For a proof of this equation see [4] Eq. (B.2.19).
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Before we consider some Lagrangians in the next section, we develop
some algebra for the quadratic expressions of 9,4 and 7,4. We find:

Jap NOE = — (o AO%) A (%wﬂ) =0. (3.5)
Moreover, for any two-form &, we have **@ = —@. Consequently, we find
Do NP = — (P 0o5) NI = — g A *9°P = —nogAn®f (3.6)

or
Nap AP =0. (3.7)

The mixed term can be expanded as follows:
190,/;/\170‘/3 = %n°ﬂ76ﬁ9aﬂA1975 =127. (3.8)

Here 7 is, as usually, the volume four-form. If we transform the Hodge star
* into the Lie star *, we have

naﬂ — ﬁ*aﬂ — *ﬁaﬂ . (39)
Eventually, we take the Lie star of the last equation:

n*ef = —9oh (3.10)

4. Deformed topological invariants
and the Einstein—Cartan Lagrangian

Let us calculate the Euler and Pontryagin four-forms with the curva-
ture replaced by the deformed curvature. We denote the Lagrangian of the
Einstein—Cartan theory by

1
— B
Lgc = o Nag N R (4.1)

Later we will meet similar Lagrangians with 7,4 substituted by d,5. We
do the corresponding algebra first:

Dap AR = LRYP 9 s ADop
= LR{agye) 95 AP ADT A0 = BV Rog A9* AP (
Nag N R*P = —20*Lgc, (
Dap A R**F = 9B A\ Rog =10 AR = —20Lgc, (
Nag A B = n**® A Ryg=—9"" A Rag=—Rag A9* N9 (

4.2)
4.3)
4.4)
4.5)
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In the formulas (4.2) and (4.5) it is of course possible to substitute the first
Bianchi identity (3.4) in order to splitt off a boundary term, if desireable.

For the deformations (3.1) and (3.2) one finds, respectively, the follow-
ing generalized Euler forms:

12

VEu:QaﬁAQ*Gﬂ:E—{-ZiLEc—{— €4 7.

(4.6)

2 12
Vi, = Rag AR™ = B+ 5 DRy A9 A9 = 520, (47)

V= 2ag AR*™P = E4 2Lpc + Zlf B Rag AI*ADP . (4.8)

It is interesting to note that the translational Chern-Simons term 9, A T¢
[13], via (3.4), appears as boundary term in (4.7) and (4.8). The other
mixed term, Roz A £2*29, is the same as that in (4.8), since the Lie star
can be moved to R,3.

Three more generalized topological Lagrangians are defined according
to the Chern-Pontryagin pattern as follows:

Vpo = RO(S AR = P+4Llpc, (4.9)

Vi = Qag A9 = P — 22,2(3)1%&;,/\190'wﬂ, (4.10)
1" af 1) o g 12

VPOZQQﬂAR :P+2LEC—K_2 Ra’@/\’ﬁ /\19 +-é:{l’] (4]1)

As we can see, both deformed curvatures, (3.1) and (3.2), generate the
Einstein-Cartan Lagrangian (4.1) from the topological type invariants, since
the variational derivatives of E and P are identically zero. In the case of
24 one should use the Euler type form {4.6), while for R, the Chern-
Pontryagin type invariant (4.9) suggests itself. Actually, the case (4.6) was
studied in the work of MacDowell and Mansouri [6] (see also [7-12]. The
problem of this de Sitter gauge approach was a very large cosmological con-
stant ~ 1/£* which is generated simultaneously with the Einstein-Cartan
Lagrangian. To the best of our knowledge, the possibility (4.9) of using
the twisted deformation of the curvature was not reported in the literature,
even if Mielke [14] had somewhat related thoughts, see his Eq. (9.8). A nice
improvement of the usual de Sitter result is then the absence of the cosmo-
logical term in (4.9). It can certainly happen that the cosmological constant
would reappear due to other physical mechanisms (through the quantum
vacuum corrections, e.g.), but the huge initial value 1/¢* is avoided.

The inspection of the Lagrangians (4.7) and (4.10) shows that they are
trivial from the dynamical point of view. Since, up to a boundary term,
(B)Rm@ AIXANIB ~ Ty AT?, see (3.4), the vacuum field equations leave the
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curvature undetermined while the torsion turns out to be zero. In the non-
vacuum case, like in the Einstein—Cartan theory, the torsion is related to the
spin current. More exactly, it is proportional to the Hodge dual of the spin.
A similar thing happens in the curvature sector where the left hand side of
the gravitational field equation is then represented not by the Einstein form
but rather by its dual. This theory evidently has no Newtonian limit and
thus appears to be physically irrelevant.

The cases (4.8) and (4.11) also induce an Einstein-Cartan Lagrangian.
However, in both cases additionally a definite parity violating term [15, 16]
emerges, see also [17] Sec. 5.3, a possibility which one has to keep in mind,
but presently a need for such terms is not obvious. The Lagrangian (4.11)
represents the MacDowell-Mansouri Lagrangian with an additional parity
violating admixture, whereas (4.8) is attached to our new Lagrangian (4.9)
in an analogous way.

It would be tempting to include the twisted deformation of the cur-
vature (3.2) into a generalized gravitational gauge theory analogously to
the way (3.1) appears in the de Sitter model. However this seems to be
impossible, at least at the present level of understanding this problem. A
simple argument runs as follows: The de Sitter group describes the sym-
metry of a four-dimensional model spacetime the curvature of which is de-
fined by putting (3.1) equal zero, i.e. the model is a de Sitter spacetime
with R*® = L9> A 9. Calculating the exterior covariant derivative of
this equation, one finds that, in four dimensions, torsion is equal to zero,
and one is left with the usual Riemannian spacetime of constant curvature.
Unlike this, the condition R*? = z%naﬂ specifies a spacetime of constant
pseudoscalar curvature, but does not seem to define any sound spacetime
geometry. Again taking the covariant exterior derivative, one discovers that
torsion is absent, and the remaining equation, which involves the purely
Riemannian curvature, turns out to be inconsistent. Hence it looks as if
no fundamental spacetime existed with a symmetry property which would
make it possible to include the twisted deformation of the curvature in some
sector of a generalized gauge group.

5. Scalar field

In general case, the third and sixth irreducible parts of the Riemann—
Cartan curvature read [4]

(3)Raﬁ=-‘1%XTlaﬂ, (6)Raﬂ:_.l_1§Rq9a/\q9ﬁ, (5.1)
where the curvature pseudoscalar and scalar are defined by

X:= *(JaA9sARP)  or  R:=es]es| R, (5.2)
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respectively. This suggests a natural generalization of the deformations (3.1)
and (3.2) by introducing a scalar field & according to

285 = Rag — Vg (5.3)

and
REs = Rag — P*nag - (5.4)

There is no need to introduce a constant factor £~2 since the canonical
dimension of a scalar field is already ¢71.

The analysis of the arising gravitational Lagrangians is straightforward,
since it is only necessary to replace in the formulas (4.6)—(4.11) everywhere
1/¢ by &. In the absence of matter one notices immediately that all these
models possess the Weyl conformal symmetry

9 —s er9 hence g=0a39%® Lp—— (5.5)
d— e, (5.6)

With the suitable choice of the conformal parameter function A, it is always
possible to eliminate the scalar field completely by picking the gauge ¢ =
1/¢. Thus the Lagrangians (4.6)—(4.11) provide a Poincaré gauge gravity
analog of the Riemannian gravity sector in the model of Pawlowski and
Raczka [18, 19]. Introducing the matter sector in such a way so that the
conformal symmetry (5.5), (5.6) is preserved, it is possible to arrive at the
Riemann—Cartan generalization of the Pawlowski and Raczka model. If,
however, the coupling with matter is introduced without respecting (5.5),
(5.6), we discover the non-Riemannian generalizations of the scalar—tensor
theroies of gravity.

6. Discussion

One may notice that both deformations (3.1) and (3.2) are particular
cases of the general deformation

R*P — %ﬂawhgnaﬂ, (6.1)
with arbitrary constants A and B. Then a straightforward calculation
demonstrates that both topological forms, of the Euler type as well as of
the Chern—Pontryagin type, generate the same gravitational Lagrangian
which includes the true topological invariant, the Einstein—Cartan term
modified by the square of torsion (“twisted” Einstein-Cartan) term, plus
the cosmological constant ~ 1/¢%. One can verify that the Lagrangian
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ALgc + BT* AT, has the same physical contents as the usual Einstein—
Cartan model, provided A # +iB. This confirms earlier observations made
within the framework of the self-dual two-form approaches to gravity the-
ory. In accordance with the discussion above, in the most general case A
and B may be (nonconstant) scalar fields, thus yielding either conformal
invariant or scalar-tensor versions of the “twisted” Einstein—Cartan model.

The general deformation (6.1) is again closely related to the de Sitter
symmetry group, and hence one could probably obtain this from a kind
of a twisted de Sitter gauge theory. However, the gravitational Lagrangian
should inevitably contain a large classical cosmological constant with all the
known difficulties of physical interpretation of such a model.
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the Polish-German Theoretical Physics Meeting in Zgorzelisko (near Za-
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