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The existence of the theory of ‘twisted cotangent bundles’ (symplectic
groupoids) allows to study classical mechanical systems which are gener-
alized in the sense that their configurations form a Poisson manifold. It is
natural to study from this point of view first such systems which arise in
the context of some basic physical symmetry (space-time, rotations, etc.).
We review results obtained so far in this direction.

PACS numbers: 03.65. Fd, 03.20. +i

0. Introduction

The theory of quantum groups [1] (and Poisson groups {2-5]) has two
kind of applications in physics:

1. hidden symmetries. The physical model is formulated in a standard
way (mostly in the two-dimensional ‘space-time’) — the formulation
does not involve the (quantum/Poisson) symmetry. This symmetry is
hidden and serves as a technical tool to establish the integrability of the
model.

2. explicit symmetries. The physical model is drastically non-standard
— the configuration space is considered to be non-commutative. The
quantum/Poisson symmetry controls the non-commutativity and is also
used to define the dynamics, for instance the free one. These models
are up to now only speculative, with no direct relation to reality.
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In the present paper we review the results of our investigations of classi-
cal mechanical models of the second type: with explicit Poisson symmetries.
Our method is as follows. We pick up some typical mechanical system whose
configuration space M carries a symmetry group G. We ‘Poisson deform’
G, i.e. choose a Poisson structure # on G making it a Poisson group. We
choose a Poisson structure mps on M such that the action of G on M is
Poisson. The symplectic groupoid of the Poisson manifold (M, 7as) is then
considered as the phase space (it is a natural generalization of the cotan-
gent bundle, called also a ‘twisted cotangent bundle’, see [6-9] and references
therein). We denote the phase space by Ph (M, 7). The action of G is
lifted to Ph (M, mys) (with a canonical moment map J with values in G*
— the Poisson dual of ) and we can consider some dynamics compatible
with the lifted action.

1. Space-time symmetry

Let M be the Minkowski space-time and let G denote the Poincaré
group acting on M. Ph(M,nps) is then the extended phase space of an
elementary system (without spin; the inclusion of spin requires more subtle
approach [10]) and the free dynamics is uniquely defined by fixing a mass
shell, which is just the inverse image of a symplectic leaf in G* by J. The
phase trajectories are the characteristics on the shell.

1.1. Two-dimensional space-time

In [6] we have considered the following Poisson structure on the two-
dimensional Minkowski space-time:

{zt, 27}y =cata™, (1)

where 2% := 2% 4 2! are the light-cone coordinates and ¢ — the defor-

mation parameter. The (left) symplectic groupoid projection of the phase
trajectories turned out to be the constant-shape hyperboles

1

(@t - N - ) =5

(2)

(m is the mass; the constants ¢t, ¢~ are subject to the restriction cte™ <
0). The result of the noncommutativity (1) of the space-time is therefore
comparable to a presence of a repulsive force.

Taking into account that the Poisson structure (1) is built of commuting

vector fields:
Ty = Ea:"' 9 AZ i
M= dzt dz—"'

(3)



Classical Mechanical Systems... 2803

we obtained in [7] a realization of Ph (M, 7s) in the cotangent bundle T* M
(the symplectic structure remains that of the cotangent bundle, whereas
the two groupoid projections are ‘deformations’ of the original cotangent
bundle projection, see [9]). The cotangent bundle projections of the phase
trajectories have the following parametric description (p is the parameter):

(p~ﬂ).

+ o Sinh £p _ _q Sinh
m

(4)
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The constants a, 3 are in one-to-one correspondence with the ‘scattering
data’ (vin, vout):

1 1

. ) 3
Vip 1= pllvrlloo Z—O = tan(a — = f), Vout 1= ) lim g—o— = tan(a+ Zﬂ) (5)
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(in [7], the factor at 3 was %; we correct that error here). See {7, 11] for
the discussion of the role of different projections in the symplectic groupoid
and the comparison of commuting positions ¢* with non-commuting posi-

tions z*.
1.2. Four-dimensional space-time

According to [12], all Poisson structures on the Poincaré group G are
of coboundary type with the r-matrix given by

2 2 2
r:a+b+c€/\g:/\V€B(VAb)@Ab, (6)

(we used the semi-direct product structure of the Poincaré Lie algebra g =
V xb with V — translations, f) — Lorentz Lie algebra), where a, b and
¢ (the components of r coming from the decomposition on the r.h.s. of
(6)) are listed in the table in [12]. For each such r-matrix there is exactly
one Poisson structure mps on M such that the action is Poisson, namely
M = 'y, where

rye) :=rz for x e M (7)

(see [13, 14]). The components a, b and ¢ correspond to the constant, linear
and quadratic part of wps, respectively. Looking at the table we see that
¢ # 0 implies that r is triangular. Therefore the construction of Ph (M, 7r)
is relatively easy. If r is triangular we can use the methods of [15, 14]]. If
not, the Poisson structure mps is linear plus constant and Ph (M, mys) is
easily obtained using the cotangent bundle of an appropriate Lie group.
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1.2.1. Triangular deformations and the abelian subcase

If r is triangular, one can realize Ph (M, 7)) as (a subset of) T*M
with the shifted Poisson structure [14]

TT*pM = IT*M + o , (8)

where mg is the canonical Poisson structure of T*M (the left groupoid pro-
jection is here identified with the original cotangent bundle projection; note
that this projection maps 7mp=ps on wps). The first term after the equality
sign is defined using the action of G on T*M = M x V* (similarly as in
(7)). Since the tangent action (and its dual) involves only the action of
the Lorentz part, the vertical part of (8) comes only from ¢: ry» = cy=.
Hence the Poisson bracket between the momenta pj is purely quadratic.
The Lorentz square of the momenta, p? := gijpipj, Poisson commutes with
Pk

{p2,pk} =0, (9)
since p? is preserved by the action. These properties suggest that the mass
shell might be defined by p?> = m? (¢f. [16] for a similar Ansatz on the
Klein-Gordon operator). This however should be verified by a computation
of the true mass shell (using the moment map). We leave it for the next
future.

We have made more effective calculations in the special subcase of the
triangular case: when r is abelian [9]. In this case we can use a little
different realization of Ph (M, mps) in T*M than (8). This time Ph (M, wyz)
is identified with T*M with its canonical symplectic structure, but the left
and right groupoid projections are given by

M xV*3 (z,p) = (z,p)1 = exp(—3rJo(z,p))z € M, (10)
MxV*>5 (z,p)— (z,p)r= exp(—l—%rJo(z,p))x EM, (11)

where Jo: T*M — @* is the usual canonical moment map and r is treated
here as a map from g* to g. As we know from [9], the Poisson dual of
(G, 7) can be naturally identified with g* as a Poisson manifold (the group
structure of G* does not however coincide with the abelian group structure
of g*). Let J: Ph (M, 7)) — G* = g* denote the canonical moment map
for the lift of the Poisson action of G on M. Here is the main result of this
subsection.

Theorem. J = Js.
Proof: We know from [9] that Ph (G, 7) can be realized as T*G with the
left groupoid projection given by

T*G 3 o+ af, = exp[r(—1ag;")]gaexplr(395 )], (12)
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where g, denotes the ordinary projection of & on G. Let ¢ denote the
action of G on M. We shall show that Ph¢ = Pho¢, where Ph¢ is the
symplectic groupoid lift of ¢ and Phg¢ is the ordinary cotangent bundle
lift of ¢ (¢f. [9]). It is easy to see that Pho¢ is given by

Ph0¢ (avf) = gaf» (13)

if g5 a = Jo(£) (otherwise Phog¢ (a,£) = @); here @ € T*G, £ € T*M.
The graph of Ph ¢ is a lagrangian submanifold of the symplectic manifold
T*M x T*G x T*M (the bar denoting the opposite symplectic structure)
which intersects the base manifold M x (G x M) along the graph of ¢. At
the same time, it is contained in the inverse image of the graph of ¢ by the
left projection in Ph (M, 7ps) x (Ph(G,7) x Ph(M, 7)), since

dlar,€r) =exp[r(~iagi)]gaexplr(3g5 )] -exp(—3rdo(E))ze
=exp[r(—3ag5")]gaze = exp[r(—$Ady, 95 @)]gaze
:exp[r(_%']()(gaf)]gaxf = (#(a, €))L

(here z¢ is the ordinary projection of &) if Pho¢ (o, &) # . It follows
that Ph (¢ is a solution of the problem of characteristics which is the well
known procedure to lift Poisson maps [17, 18], hence Ph¢ = Phy¢. This
immediately implies the statement of the theorem.

Corollary. In the considered realization of Ph (M, wps), the mass shell
is ‘non-deformed’ and given by the standard formula: p? = m?. The phase
trajectories are usual straight line solutions. Their ‘abelian’ projections
coincide with the usual trajectories of the free particle. Their groupoid pro-
jections are easily calculated using (10). Note that they are also straight
lines. It follows from the fact that Jy(z, p) is constant on the phase trajec-
tory, hence the whole dependence of (z,p); on the parameter comes from
the second occurrence of z, where the dependence is linear.

1.2.2. Non-triangular deformations
A representative example of a non-triangular r is given by the so called
‘k-deformation’ (¢f. [19]; subcase 7 in the table, with 8 = 0). The phase

trajectories in this case has been calculated in [11]. Using the fact that mps
is a product of two commuting vector fields:

0 3 g
— k
™ = €55 A kEZ] ek (14)
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we can, similarly as in (3), realize Ph (M, 7ps) in the cotangent bundle and
use the commuting positions. The calculations show that the intrinsic non-
commuting positions are in this case ‘more physical’ than the commuting
ones: the dependence of velocity on the momentum is monotonic in the first
case and not monotonic in the second.

2. Free motion on Poisson SU(2)

Each Poisson-Lie structure on G = SU(2) is isomorphic to the one (we
denote it by 7) defined by the following brackets

{a,7} = icay _
i A S C) EEL I
{a’a} ] 225”}"!2

where ¢ is some (deformation) parameter. According to the general rule 3,
5, 20, 18], the phase space of (G, 7) is given by the Manin group:

Ph (SU(2),7) = SL(2,C) = SU(2) - SB(2) = G - G*, (16)

where G* = SB(2) is the Poisson dual of (G,7) composed of upper-
triangular matrices with positive diagonal elements:

B=(g p’_’l), p>0,neC. (a7

Each element A of SL(2,C) has a unique (Iwasawa) decomposition as a
product of v € G and B € G*:

A:(‘Z g)::uB:<: ?)-(g pﬁl) (18)

and A — u is the left groupoid projection. The symplectic structure on
Ph(G,7) = SL(2,C) (see the previous references for the definition), is
given in terms of coordinates by the following brackets

{a,b} = —icab, {b,¢} = 2iead,
{a,7} = icac, {b,d} = iebd,
{a,d} = 0, {c,d} = —iccd,

ie (la|* + 2|cl?),

{b,a} = 2iecd,
{ta} = 0, _
{d,a} = —icad.
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{8,0} = e(]b|* + 2lal* + 2]¢]?), {ec} = iele?
{¢,b} = —iebg, {d,c} = 0,
{d,b} = 2icaE, {d,d} = ie(|d|?® + 2|c|?).

We are now going to pick up a function on Ph (G, 7) which plays the role
of the hamiltonian of a free motion. The natural thing is to consider G-
biinvariant functions on SL(2,C) (they are in one-to-one correspondence
with the Casimirs of the Poisson structure on the ‘momentum space’ G*).
Each such a function is a function of the following basic example:

H=1ltratA = Liraat (19)
(this is also biinvariant in more general case G = SU(N), SL(N, C) = SU(N)-

SB(N)). We take (19) as the hamiltonian of the free motion. Using the
brackets above, we obtain the following equations of motion:

a =1c(aH — E)
b=ic(bH +7)
¢ = ig(cH +b)
d = ie(dH — @)

which can be written in the following compact form

A={H A} =ic(H-A+YAY), (20)

0 -1
(2 3).
Since H is a Casimir of G*, the momentum B is constant: B = 0. Using
the fact that for u € SU(2) we have Y7 = uY, we obtain from(20)

where

4B = ie(HuB + uY BY), (21)

or,

w4 =ie(H +YBY B™!) = const. (22)

It follows that the trajectories in Ph (G, w) projected on G coincide with the
configurational trajectories of the usual free motion. Of course, the phase
description is different. The right hand side of (22) may be considered
as a (deformed) Legendre transformation (transforming momentum B into
velocity u™14).
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In order to make a closer comparison with the usual free motion on
SU(2), let us note that the Poisson structure on the ‘momentum space’

SB(2,C),

{¢, w} = —iw, {w,w} = Z,smt;?eﬁ’ where p= ¢S, n= 2w (23)

(calculated by the projection A +» B) is isomorphic to the usual linear
Poisson structure

{z -y, z+iy} =2i2, {22 +iy} =i(z+iy) (24)

on su(2)* (see [21] for a similar fact concerning SU(N)) by the following
transformation:

sinh? er — sinh? ez . »
=z “’:_\/ 7 @tiy) (P=2" 4yt 427 (25)

Recall that such an isomorphism defines a symplectomorphism of Ph (G, )
with 7*G, transforming the symplectic groupoid over G* into the usual
symplectic group algebra (T*G as the symplectic groupoid over g*). The
simplest Casimir of (23),

. 2
2 2 sinh £¢ H-1
— - 26
R o+ (R B2 (26)
is related to r? (the natural Casimir of (24)) as follows:
eR =sinher. (27)

It follows that the relation between our hamiltonian H and the usual hamil-

tonian b = 1r? is given by

H = cosh 2er = cosh(2eV/2h), . (28)

Let us make only two remarks at this point:

(i) if we took H' := %(3-arcosh H)? instead of H, we would obtain a
hamiltonian system on SL(2,C) which is symplectomorphic with the
usual one of the free motion,

(i) we conjecture that the quantum version of our model (which likely ex-
ists) should have the quantized version H of H with the spectrum equal

Sp H = cosh(2e4/2Sp h), where h is the quantum hamiltonian of the
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free motion on SU(2) (the laplacian). If one prefers to work with a
hamiltonian which tends to h as ¢ — 0, it is reasonable to replace H by

. 2 . 2
o - lRZ _ H-1 _1 (smhsr) _1 <s1nh€\/2h> (29)

2 4g2 2 € 2 €

(see also [22] for an independent treatment of this example).

3. Rotational symmetry

We consider the rotation group G := SO(n) acting in the fundamental
representation: M =V = R". It is not difficult to prove [14] that for any
classical r-matrix on @, the bivector field mps := rps (¢f. (7)) is Poisson
(and the action of G on M is Poisson). In [14] we have constructed also the
(essential part of the structure of the) symplectic groupoid of (M, mps) for
the standard r-matrix given by

r=iey <XQ,A§_L> (30)

where X, are root vectors relative to a Cartan subalgebra, a > 0 are
‘positive’ roots and (-, -) is the Killing form.

Due to the comphcated structure of the phase space in this case, simple
examples of hamiltonian systems having this symmetry, like for example the
deformed harmonic oscillator, are still under investigation.
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