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Perturbative corrections of the order of a, to inclusive double differen-
tial lepton distribution from b quark decay are considered. A perturbative
correction to the charged lepton energy spectrum has been calculated for an
arbitrary charged lepton mass. The perturbative contribution suppresses
the partial rate but almost does not change the shape of energy distribu-
tion. Applications of our result to semileptonic B meson decays are briefly
discussed.

PACS numbers: 12.38. Bx

1. Introduction

The precise determination of weak mixing angles Vi and Vi is a de-
manding task. In spite of progress in this field they still remain ones of the
worse known parameters of the Standard Model. The uncertainties which
appear here are both of an experimental and theoretical origin. The rela-
tively large theoretical errors mainly reflect the lack of quantitative knowl-
edge about the structure of hadrons and QCD higher order perturbative
corrections to the amplitudes of weak decays of b quarks. The most valu-
able source of information about the weak mixing angles are the semileptonic
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decays of B and B mesons. The leptons in the final state do not interact
strongly and the process is less affected by unknown QCD effects than a
hadronic decay. Furthermore pseudoscalar B mesons are the simplest bot-
tom hadrons. The b quark mass is about 5 GeV and thus it exceeds roughly
ten times typical energy scales which characterize the infrared dynamics in
the hadrons. Moreover the presence of this mass justifies the perturbative
treatment of most of the processes involving the b quark. The simple facts
have given rise to a quantitative description of dynamics of hadrons contain-
ing heavy quarks (Heavy Quark Effective Theory [1-6]). In the framework
of HQET many observables describing heavy hadrons may be expressed as
a power series in 1/my. In particular it was shown in Ref. [7], that the
inclusive lepton distributions from a bottom hadron decay may be treated
in such a way. It follows from the operator product expansion (OPE) that a
matrix elements which should be evaluated to derive the distributions may
be expanded into a series of matrix elements of local operators characteriz-
ing the decaying bound state. The very advantage of this approach is that
subsequent unknown non-perturbative matrix elements are suppressed by
increasing powers of m;. The leading term corresponds to a parton con-
tribution to the process. As argued in Ref. [7] the next-to-leading term
vanishes. The 1/m? corrections have been calculated for a case of massless
(8, 9] and [10-12] massive lepton. Recently also the third order terms have
become known [13].

The first order perturbative QCD corrections to the inclusive lepton
distributions in a process of decay: b — ¢l are as important as the HQET
corrections for the corresponding B decay. They have been evaluated [14, 15]
for the vanishing lepton mass. In the case of a non-zero lepton mass only a
differential distribution of the lepton pair invariant mass is known to the first
order in strong coupling constant [16]. In the present article we present our
recent calculation of the first order QCD correction to the double differential
inclusive lepton distribution from b decay with a massive lepton in the final
state. The complete analytical result and details of the calculation will be
published elsewhere [17]. Here we give results for the perturbative correction
to the 7 'lepton energy spectrum which has been obtained by numerical
integration of this double differential distribution.

2. Kinematical variables

The purpose of this section is to define the kinematical variables which
are used in this paper. We describe also the constraints imposed on these
variables for three and four-body decays of the heavy quark.

The calculation is performed in the rest frame of the decaying b quark.
Since the first order perturbative QCD corrections to the inclusive process
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are taken into account, the final state can consist either of a produced
quark c, a lepton 7 and a 7 anti-neutrino or of the three particles and a real
gluon. The four-momenta of the particles are denoted in the following way:
Q for the b quark, ¢ for the ¢ quark, 7 for the charged lepton, v for the
corresponding anti-neutrino and G for the real gluon. By the assumption
that all the particles are on-shell, the squares of their four-momenta are
equal to the squares of masses:

Q?* = mi, ¢* = m?, 2 =m? vVi=Gt=0. (1)

T

The four-vectors P = ¢ + G and W = 7 + v characterize the quark—gluon
system and the virtual W boson respectively. We define a set of variables
scaled in the units of mass of heavy quark my:

m? m2 2F; w2 P?
e=—3, n= 21 T = s t= 2 =3 (2)

Throughout the rest of this article we choose my as unit mass. All four-
momenta are understood as scaled in units of m;. In particular using this
convention we have Q% = 1, ¢> = p and 72 = 7. We introduce light-cone
variables describing the charged lepton:

SEVEED) ’
The system of ¢ quark and real gluon is characterized by the following
quantities:
Po(z) = 3(1—-t+2),
(2) = VR —z=50+0+ 27 20+ +12)]/,
Pi(z) = Po(z)x P3(2),
Vo (2)

Pi(z Pi{z
= %lnp‘:ﬁz;:ln :L/(:?)’

(4)

where Fy(z) and P3(z) are the energy and length of the momentum vector
of the system in b quark rest frame, Y,(z) is the corresponding rapidity.
Similarly for the virtual W:

Z) = %(1+t_z)’
= YWE—t=L1+2+22-2(t+ 2+ t2)]V/?,
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From kinematical point of view the three body decay is a special case of the
four body one with vanishing gluon four-momentum, what is equivalent to
z = p. It is convenient to use in this case the following variables:

po = Polo)=3(1-t+0), p3=Pe)=+/p}~o

p+ = Pi(0) =po£ps, wy = Wi(o) =1-pg,
Y, = V(o) =3Inkt, Yy, = Yule) = 3ln 3*. (6)

We express also the scalar products which appear in the calculation by the
variables z, t and 2z:

Q-P = %(1+z—t), Ty = %(t—n),
Qv = Yl-z-z+1), T P=1(z~t—7),
Qr = %:L', 1/-7':%(1—1:—24—17). (7)

All of the written above products are scaled in the units of the mass of
b quark.

The allowed ranges of  and ¢ for the three-body decay are given by
following inequalities:

2\/7_7S1’§1+77'_Q:37mam (8)

t1=r_(1—19 )§t§r+(1—19 )Ztg 9)

- T~ - T+

(a region A). In the case of the four-body process the available region of the
phase space is larger than the region A. The additional, specific for the four
body decay area of the phase space is denoted as a region B. Its boundaries
are given by the formulae:

2/ < T < Tmaey N <E< (10)

We remark, that if the charged lepton mass tends to zero than the region
B vanishes.

One can also parameterize the kinematical boundaries of z as functions
of t. In this case we obtain for the region A:

n<t<(1-o)? w_+§—§x5w++ﬁ, (11)

and for the region B:

0 7
<t< — <z .
77_.t_\/ﬁ(1 1—\/ﬁ>’ 2\/ﬁ_lSw—+w (12)
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The upper limit of the mass squared of the c-quark — gluon system is
both regions given by

Zmax = (1 — 74)(1 = t/74), (13)
hereas the lower limit depends on a region:

R in the region A
Fmin = { (1-7_)(1—t/7_) in the region B. (14)

3. Evaluation of the QCD corrections

The QCD corrected differential rate for &6 —» ¢+ 7~ + ¥ reads:
dI' =dly+dIh s+ dly 4, (15)
here
dly = G%mglVCKMPM@ng(Q; q,7,v)/7° (16)

Born approximation,
2 -
dl 3= gasG%mglVCKMl2Ml,3dR3(Q; q, 7, V)/WG (17)
mes from the virtual gluon contribution and
dTya = 20y Glmd | VomPMT (dR Q; ) /w7 (18)
1,4 = 3013 Fmbl CKMI 1,4 4( g, T v))m

iscribes a real gluon emission. Voky is the Cabbibo—Kobayashi-Maskawa

atrix element associated with the b to ¢ or u quark weak transition.
srentz invariant n-body phase space is defined as
@ &p;

dRa(Pipy,- . pn) =8P =3 ) [T 55+ (19)
(3

7

Born approximation the rate for the decay into three body final state is
'oportional to the expression

Moz=Fo(e,t)=4¢g7Qv =(1-p—z+t)(z -t —n), (20)

here the quantities describing the W boson propagator are neglected. In-
rference between virtual gluon exchange and Born amplitude yields:

Mizs = —l¢7QvHo+0QvQTHy+ qvgrH_+

+iov-T (Hy+H )+ inoQ-v (Hy — H_+ Hp) — 31 q-v Hy),
(21)



3608 M. JEZABEK, L. MOTYKA

where

. _w_
Ho = 4(1-Y,po/ps)lnAc + (2po/ps) [an (1—,”, )
Py

~ Li (1 - %‘:) — Y, (Y, + 1)+ 2(In /2 + Y,) (Yo + Y,,)]

+[2p3Y, + (1 — 0 — 2t) In \/p]/t + 4,
Hy = l[lzt(l— o)/1] p/paﬁ:llnf,

oY,
H = l—ln\/-)+ ln\/'—}— 2Ypp3—}-———.
t t p3

(22)

In M7 ; infrared divergences are regularized by a small mass of gluon de-
noted by Ag. According to Kinoshita~Lee-Naunberg theorem, the infrared
divergent part should cancel with the infrared contribution of the four-body
decay amplitude integrated over suitable part of the phase space.

The rate from real gluon emission is proportional to

- BT B; B3
M= cr oGcpc PG (23)
where
B = ¢q7[Qv(QG-1)+Gv-QvQR-G+GvQ-G]
By = ¢r[GvQq~-qvQG+Qv(¢gG-QG-2¢Q)]
FQ(QTgG - GTaQ),
B = Quv(G-tq-G—-pT1-P).
(24)

Integrating and adding all the contributions one arrives at the following
double differential distribution of leptons:

ar {121, [Fo(x t)-z%fF{‘(x,t)] for (z,t) in A, (25)
dz dt 120022 FP(z,t) for (z,t) in B
where
Gim}
o= —E7b ]2 9
0= Toon3Verml®, (26)
Fo(z.t)=(1-p—z+t)(z -t -n), (27)

and the functions F{!(z,t), FB(z,t) describe the perturbative correction in
the regions 4 and B. Explicite formulae for Fj*(z,t) and F2(z,t) will be
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given in [17]. The factor of 12 in the formula (25) is introduced to meet
widely used [10, 16, 20] convention for Fy(z) and I%.

The obtained results were tested by comparison with earlier calculations.
One of the cross checks was arranged by fixing the mass of the produced
lepton to zero. Our results are in this limit algebraically identical with
those for the massless charged lepton [14, 15]. On the other hand one can
numerically integrate the calculated double differential distribution over z,
with the limits given by the kinematical boundaries:

wi+n/wy

ar
M(mwt;gvn): E(twﬂ?) (28)
2V

Obtained in such a way differential distribution of ¢ agrees with recently
published [16] analytical formula describing this distribution. This test is
particularly stringent because one requires two functions of three variables
(t,0 and 7) to be numerically equal for any values of the arguments. We
remark, that for higher values of ¢ only the region A contributes to the
integral (28) and for lower values of t both regions A and B contribute.
This feature of the test is very helpful — the formulae for Fy(z,t), which
are different for the regions A and B can be checked separately.

4. Differential distribution of = energy

The point of interest is to check how the QCD corrections change energy
spectrum of the charged lepton. This aim may be reached by integration
of the double differential lepton distribution over the lepton pair invariant
mass:

23

dr _ f dr

dz ~ ) dzdt
n

dt, (29)

where t, is the upper kinematical boundary for ¢ given by the formula (9).
The decomposition of the resulting distribution into the Born term and the
perturbative QCD correction yields in a natural way definitions of functions

fo(z) and fi(z):

dr

i 1215 [fg(il?) - 236::f1(x)} . (30)

The analytical formula for fo(z) reads

fole) = /a2 - an{ad[e? - 32(1+ m) + 8n]

+ z3[-322+62(1+7n) - 1'277]},_ (31)
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where following [10] we introduced

_ 0

An equivalent expression for fo(z) is

—4
folz) = gay/a? - 41 [3(1+n)—2z+9—i—n+29——————(l(izn_z_/)x)

(3’3maX”“73)2 o
“Tt+n-2)2" (33)

where Zpmay is given by (8). The latter formula clearly exhibits the behavior
of fo(z) for = close to the upper kinematical limit.

The integration of FlA’B(a;,t) was performed numerically for different
pole masses of b-quark with fixed my — m, = 3.4 GeV and m, = 1.777 GeV.
The functions fo(z) and fi(z) for mp = 4.75 GeV are plotted on Fig. 1a and
the ratios fi(z)/ fo(z) for three different realistic values of m; are plotted
on Fig. 1b. As can be easily seen the ratios have logarithmic singularities at
the upper end of the spectra. Such a behavior would lead to a inconsistence.
The standard solution to problems of this kind is an exponentiation which
yields well known Sudakov form factor [18]. Far from the end point the ratio
of the correction term to the leading one is almost constant and close to 2.

0.08 (a)

0.06- vt

0.04+

fo (%), £1 (%)
£,00) / fo(x)

0.02

0.00

075 080 085 090 095 100 105 07 08 09
x=2E/my x=2E Im,
Fig. 1. (a) The distributions fo(x), fi(z) and (b) the ratio fi(z)/fo(x) for the

pole mass of the & quark m;, = 4.5 GeV (dotted), my = 4.75 GeV (solid) and
my = 5.0 GeV {dashed).
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Fig. 2. The QCD corrected 1 lepton spectrum from the b quark decay for different
values of as. The mass of b quark is chosen as 4.75 GeV.

It means that the perturbative correction changes rather the normalization
than the shape of lepton energy distribution.

The obtained distributions of the scaled charged lepton energy for m; =
4.75 GeV with and without perturbative QCD corrections are shown in
Fig. 2. The strong coupling constant was chosen as 0.2 and 0.4 since the
energy scale for this process in not known until the second order QCD
corrections are evaluated. The value of o, for this decay is expected to lay
between the two numbers.

The knowledge of perturbative corrections to lepton energy is essential
for fixing HQET parameters, especially A; and A [8, 9]. Especially analysis
of moments of the lepton energy spectrum and other quantities involving
integration over the energy distribution appeared particularly valuable for
this purpose [19] as was earlier suggested in Refs. [16, 20].

5. Conclusions

The first order QCD corrections to the double differential inclusive lep-
ton distributions from b quark semileptonic decay have been calculated for a
massive fermion in the final state. Non-trivial cross checks of the final result
have been performed. We remark that including a real gluon radiation on
the parton level yields an increase of the phase space available in the decay
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process. The QCD corrected T energy spectrum has been obtained. The
effect of the correction may be estimated as about 10% of the magnitude of
uncorrected distributions.

The presented above results can be utilized to improve an analysis of
semileptonic decays of beauty hadrons with a 7 in the final state. Thus
the values of involved weak mixing angles may be fixed more exactly. The
decrease of theoretical uncertainty increases the sensitivity to hypothetic
deviations from the Standard Model [21-23] which should have to be par-
ticularly distinct in the case of the heaviest family. The better understand-
ing of the perturbative QCD effects allows one to perform more stringent
tests of HQET predictions [10-12] and narrow the error bars for HQET pa-
rameters. Moreover one can extract more precisely some information about
masses of quarks and strong coupling constant from the data. Finally, the
process that we considered may appear a background for other processes
so precise theoretical knowledge about the process is valuable. At present
however the statistics of measured b — ¢(u)7, transitions is rather low and
ten-percent effects are not seen. Probably the application of provided here
formulae to the expected data from B-factories will be really fruitful.
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