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1. Introduction

The resummation of leading small-z contributions to the evolution ker-
nels of QCD singlet structure functions [1] may lead to large effects [2]. The
small-z behaviour of the corresponding anomalous dimensions is dominated
by the leading singularity in the N-moment plane ~ (a,/[N — 1))! and
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corrections to it. For non-singlet kernels such terms are absent both for
unpolarized and polarized deep-inelastic scattering, and the most singular
contributions behave like N(a,/N2)!. A resummation of these terms was
derived for QCD amplitudes in Ref. [3] more than a decade ago.

Similar terms emerge also in QED. There the resummed form of these
contributions may be described by the structure function method. In the
present paper, after setting up our notation and recalling the standard NLO
formulation in Section 2, we present in Section 3 a derivation of the re-
summed kernels for the case of QED and QCD [4] in parallel to relate both
cases in a direct way. The asymptotic kernels are compared with those re-
sults found in complete calculations in the limit z — 0 up to next-to-leading
order (NLO) in QED and QCD.

Recently very sizeable corrections due to this resummation have been
claimed [5] for the structure functions in both unpolarized and polarized
deep inelastic scattering at small z. In this way the small-z behaviour
of the structure function evolution, as e.g. for wFs”d(x,Qz), FFP(z,Q?) -
F(z,Q?%), and ¢f(z,Q?) - g (z,Q?) should be considerably affected. In
Section 4, we perform a detailed numerical analysis and derive the correc-
tions to the various QCD non-singlet combinations?!.

Also in the case of the singlet anomalous dimensions for polarized
deep inelastic scattering the leading singularity is expected to behave like
~ N(a,/N2)l. Corresponding equations for related QCD amplitudes have
been given in [6] recently. The explicit form of the resummed anomalous
dimension matrix as a function of a, is derived in [7] where also numerical
results on the behaviour of the structure function g;(z,Q?) are presented.
In the present paper we will deal with the different non-singlet cases only
and refer for the singlet evolution to Ref. [7].

2. Evolution in fixed—order perturbative QED and QCD

The evolution equation for the non-singlet combinations qﬁs (z,Q?) of
parton densities is given by

daxs (7, Q%)
S e = B (z,0) 0 s (2,07). 0
The corresponding splitting function combinations Pﬁs(x, a) are specified
below, and @ stands for the Mellin convolution. « denotes the running cou-
pling constant in either QED or QCD. In order to simplify the notation, we

1 A part of the results has been published in Ref. [4] recently.
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will use the abbreviation ¢ = a/(4~) in the following. The scale dependence
of the running coupling is defined by

dln Q2 B Z @B @

The first two coefficients of the S—function, 8¢9 and (1, are independent of
the renormalization scheme. For (one flavour) QED and QCD they read
ﬂQED 4 QED _ 4

3 Y
0QCD 110 TRNf’ QCD = 3346'2 — —-CGTRNf 4CpTRpNy¢ ,
(3)

with Cg = N. = 3,Cr = (N? -~ 1)/(2N.) = 4/3, Tr = 1/2, and Ny the
number of flavours in the QCD case.

In what follows we drop the subscript NS wherever the non-singlet
character of the considered quantity is obvious from the superscript £. The
splitting functions P*(z, ) are given by the combinations

PE(z,a) = Pyy(z,0) £ Pgglz,q) Z a1 PE(e (4)

For the subsequent analysis we restrict ourselves to the consideration of the
spacelike case Q% = —¢% > 0. Due to fermion number conservation, the
expansion coefficients P, are subject to the sum rule

1
/ de P (z) = 0, (5)
0

since @ acts as an independent parameter. The non-singlet splitting func-
tions for QCD are known up to NLO [8, 9] and read in the MS factorization
scheme

1+ 22
P, (z,a) = 2aC
aq (2, @) F [ T ]+
+ @ [ChPp(a) + $CrCaPo(s) + CrN;TrEN, ()] +0(@), (6)
Pg(z,a) = 4a® [CE — 1CrCq) Pa(z) + O(a®). (7)

The functions Pr(z), I = F, G, Ng, and A, can be found in refs. [9]. The
corresponding splitting functions for QED in this scheme are obtained from
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(6) and (7) by setting Cp = Tgp = 1 and Cg = 0. Most QED calculations are
carried out, however, in the on-mass-shell (OMS) scheme for which the NLO
splitting functions are different [10]. For z — 0 the leading contributions to
P*(z,a) in the MS factorization scheme are

P+’QED(:C, a) = 2a + 2a%In? z + O(d®),

z—0

P_’QED(:C, a) = 2a — 6a%In®z + O(a®), (8)

z—0

P+’QCD(:6, a) = 2aCp + 2a°C%1n? z + O(a?),

z—0

P;_;Q()CD(a:, a) = 2aCF + 24d® [-3C% + 2CrCq| Infz+0@6®. (9)

Since the parton densities ¢*(z,Q?) are scheme dependent and hence

no observables beyond leading order, it is convenient to consider also the

evolution equations for the related observables directly. These are given by

the corresponding structure functions Fii (z,Q%?), obtained by the convolu-
tion

FE(z,Q%) = ¢ (2,Q%) ® ¢F (2,Q%) . (10)

Here c;ft(x, Q?) denote the respective coefficient functions which can be ex-
panded in a as

o0

c;ft(a:,Qz) :(5(1—:1;)+Zalci:l(w). (11)

=1

After transformation to an equation in @ using (2), the evolution equation
for Ff(a:,Qz) resulting from (1) and (10) reads

OFE(z,q) 1 4 4
t = — " s 12
5a Bod K; (z,a) ® F; (z,a), (12)
where in NLO the kernels can be written as
Kf,tl (z,a) = a Pns,o(z) + a’ [Pli(x) - %H\IS’Q(I) - ,Boc;{:l(x)] . (13)

The terms  a(aln? 2)* emerge in the a-expansion of the kernels Kti(a:, a)
only in combination with the coefficient Gp. In this sense the resummation
to which we turn now is of leading order.
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3. Resummation of dominant terms in the limit z — 0

The most singular contributions to the Mellin transforms of the struc-
ture~function evolution kernels Ki(z, a) at all orders in @ can be obtained

from the positive and negative signature amplitudes fgt(N ,a) studied in
Ref. [3] for QCD via

M [K;t_'o( )] (N) = /dx zN_lei_,o(m,a)

~3 Ty o(N,a) = 8%foi(N, a). (14)

These amplitudes are subject to the quadratic equations:

(N, a) = 1672 o — +—— [fo (N, a)] , (15)

N 812 N
i (N,0) = 1672 a0 5 + 85~ FF (N,0) + =5 - [fg (N, @)]” . (16)

Here f{',' (N, a) is obtained as the solution of the Riccati differential equation

1 2
(N, a) = 167%ay < +2bvNva(N )+ e3y el )
The coefficients a; and b; in the above relations read for the case of QED
ap =1, by =1, ay =1, by =0, (18)
and for QCD [3]

1
2N’

ag=Cp, by =Cp, ay = - by = N.. (19)

In QED Eq. (17) further simplifies to an algebraic equation with the same
coefficients as (15). The solutions of (15) and (16) were derived in Ref. [3]
for the QCD case?®. They are given by

T FP(N, ):—N{l— 1—8—a},

z—0
1—2,/1_%” (20)

2 Note that there are a few misprints in Eq. (4.7) of Ref. [3].

,QED 8a
F;—?o (N,a):——N{ \jl+m
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rHaCP(y g) = —N{1 ~J1- %ﬂ} ,

r-"°P (N, q)

z—0

~_N {1 - \/1 - teCe [y el dyn (74D, /Wg](z))}} (21)

where z = N/y/2N.a, and D,(z) denotes the function of the parabolic
cylinder [11].

It is instructive to expand the resummed anomalous dimensions (20)
and (21) into a series in a®/N?*~1 and transform the result to z-space
using

1

M [mk <;>] (V) = <5 - (22)

This results in

2
K:L%ED(Q:, a) =2a+2a%In%z + gas In*z 4+ O(@a*n® z),
K;_’_?OED(x, a) =2a—6a’ln?z - 13—0a3 In*z + O(a*1n® ), (23)

z—0

2
K+’QCD(x, a) = 2aCp + 2a*C%1n% z + §a3C'f‘-,1 In*z + O(a*n®z),

K_’QCD(x, a) = 2aCF + 2a*Cp [CF + 7\7%—] In?z

z—0
c

+ §a3cp [C% _ 3 } In*z + O@a*In®2). (24)

2N,

Eqs (23)—(24) agree with the corresponding result found for Pﬁs,z_m(x, a)
in (8)—(9) in the complete NLO calculations of the non-singlet anomalous
dimensions [9] in the most singular terms since

3 1 1
Cp=—4= 2
Cg 2C’F Nc+2C'F (25)

holds in SU(N.). Moreover, K;L%ED(x,a) can be compared directly with
a result in Ref. [10], Eqs (2.30), (2.40), (2.43), restricting to the terms
o a%In?z, where the ‘~-non-singlet? terms were given separately in the
OMS scheme. Since the corrections there refer to the initial state radiation

3 Note that the singlet contributions contain terms « 1/z also in the case of
QED.
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in ete~ annihilation the NLO result for a single (massless) fermion line
reads

~,QED _1( o\ [a I v
K120 OMS (z,0) =3 (;) [5e+e— + Ogte- T 5e+e~]

H(5) Firo-Hmts

T
-—,QED
= —6a2In2z = Kl,a;Q—»o {W (z,a). (26)
+,QED

The corresponding result for K_ '3 can not be derived directly.

In the evolution equation (10) aside from the anomalous dimensions
Pl:b (z) also the coefficient functions cf’:l(x) contribute. The latter quantities
have been calculated to O(a?) (i.e. I=2) [12]-[14] for zF3(z,Q?) and the
non-singlet part of the structure functions Fy(z,Q?) and g1(z,Q?) in the
MS scheme. Expanding these coefficient functions for z — 0 one finds after
noticing that apparent terms o 1/z™, m = 1,2 cancel in the corresponding
expressions of Ref. [13, 14]

1 1
ci,1 X agln (—) , Cig X af In3 (—) . (27)
x z

Hence the terms of O(a?) and O(a®) in (23)—(24) can be identified with
the parts of the MS non-singlet splitting functions « a(aIn? z)!. Thus one
obtains

,QED 2
P ms(®a) = 3a° Iz,
—-,QED 10 _
Pz,z(ia,m(x’ a) = —?aa Iz, (28)

+,QCD _ 2.3 3,4
Pz’x_)o’m(a:,a)_ 3C’Fa In®z,

-,QCD 10 4
P2,::(i+0’m(w’ a) = ("“3—0% +4C3:Cq - C'FCé) aln*z. (29)

It should be noted that the agreement of the NLO terms between (23)—(24)
obtained from the above resummation and (8)-(9) holds for ¢ < 0 only.
This is due to the violation of the Gribov—Lipatov relation in the InZ z term
of the NLO splitting functions for ¢% > 0.
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4. Numerical results for nucleon structure functions

We now write down the solution of the evolution equation derived in
the previous sections and then study the quantitative consequences of the
leading small-z resummation. In the following we will confine ourselves to
the QCD case. Here we make use of the fact that the evolution equation (12)
for non—singlet structure function combinations reduces to a single ordinary
differential equation after transformation to Mellin moments. Including
the effect of the resummed kernels (21), the corresponding solution can be
written as

FE(N,a,) = FX(N, ao) (Z—
0

ag
1 1y
x{exp [578; /da 5511 (N,as)

ag

G [&f(N) B e (V) + moe,-,l(m] } (30)

)‘YNs,o(N)/2ﬁo

200 Bo

with

1 1
'yft(N) =-2 [dz mN_lPii(a:) ) éit(N) = [dz zN“lc?:(m) ) (31)
/ /

and ag = a,(Q32). In (30) ’yl:t(N) stands for the two—loop anomalous dimen-
sion 'y]i(N) with the leading 1/N3 term obvious from (9) removed®. This
latter contribution is already included in the exponential factor, which in
turn is connected to (21) via the subtraction of the contribution linear in
Qg

F¥(N,a) = IEo(N,a0) - 5 Jim [Nns,0(N)]

4Cp
N

The well-known NLO evolution of F*(N, a,) is entailed in (30) by simply
expanding the exponential to first order in as and ag. Finally, the trans-
formation of the solution back to z-space at any z and Q? affords only one
standard numerical integral in the complex N-plane [15].

= I’f_&o(N,a.,)-l—a, (32)

4 In (30) and (32) we have corrected two trivial misprints in Eqs. (21) and (23)
of Ref. [4].
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The remaining quadrature in (30) can be performed analytically for the
‘+’-case, resulting in

/da —TI'*t(N,a,)

=~A—’—Aln—+N(i-—1—)-—N{\/l_Aa’—\/l_Aaﬂ}

as ap as ao
A, (0-VI=Aa)(1+vI—Aa) , _SCr
(141 = A4a,)(1 — V1= Aag) ’ NZ

On the other hand, the corresponding integration has been carried out nu-
merically for the ‘~’-combinations involving the parabolic cylinder function
Dp(z2=N/v/2Nca,). Alternatively, one can expand the resummed kernels
F+(N as) and I'" (N, a,) in the strong coupling as, using the Taylor series
of the square root and the asymptotic expansion® of D p(2), respectively.
In the practical applications considered below, one finds that, even at the
lowest z-values considered, more than 90% of the resummation effects in
(30) arise from the first two terms beyond NLO in the a, expansion of
I'E(N, a,).

Let us consider the quantitative consequences of the resummation (21)
for two representatlve non-singlet combinations. For this purpose, we choose
Q2% = 4 GeV? as our reference scale in (30), and employ the same initial
distributions F* (N, ag) and Aqcep for the NLO and the resummed calcu-
lations. The evolution is performed for Ny = 4 active (massless) quark
flavours. Unless another value is stated explicitly, we take A = Agys(Ny =
4) = 230 MeV in -

(33)

as(Q?) = 1 [1 - _,B_]M . (34)

BoIn(Q?/42) In(Q?/A2)

We start with the unpolarized case, where we investigate the evolution
of the ‘+’-combination®

FyP(2,Q8)~F™(2,Q3) = CFZ(fL" Q3)®3 [sus — 2dy - 2(zd - 21)] (2, Q8),
(35)

5 For £M.10~7 the asymptotic series is no longer reliable and one has to refer
to the resummed result directly.

6 For corresponding results on the ‘~’-combination z F3(z, @?) the reader is re-
ferred to Ref. [4].
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adopting the input densities from the MRS(A) [16] global fit. The small-z
behaviour of the most relevant quantities is given by zu,(z,Q3) ~ z°-°%,
ady(z,Q3%) ~ 2933, Note that these distributions are rather ‘steep’, i.e.
their rightmost singularity in the complex N-plane lies about 0.5 units or
more to the right of the leading singularity of the non-singlet splitting func-
tions at N = 0. Studying the evolution of this Fy difference at very small
z is mainly of theoretical interest, since it is orders of magnitude smaller
than erp and F,*™ there. In figure 1 the result of this investigation is de-
picted down to = as low as 10715, Even at these extremely low values of z,
the effect of the resummed anomalous dimensions stays at the level of 1%

or below, and is still dominated entirely by the first two a, terms beyond
NLO.

_l _l“‘ H‘“ "" HH lllq UH Illﬂ I|“1 ”H qu Illq IHH HH TIT ||I_

10 3 ep en V3
b f=F"-F, :

10 ¢ E
- 10* = QX(GeV?)

10 3 E T 10° =
E —— 10 E

10 e =
sE ]
10 E 3
-6 L ]
A E
2F 3
10 .
-8 b .
10 ¢ E

107 10" 10° 10°% 107 1

Fig. 1. The small-z Q%-evolution of the unpolarized non-singlet structure function
combination Fy? — Ff™ in NLO and the absolute corrections to these results due
to the resummed kernel derived from Ref. [3]. The initial distributions at Q3 =
4 GeV? have been adopted from [16].

In the polarized case we consider the corresponding difference
9:7(2,QF) — 95™(2,Q3) = ¢ (2,Q8) ® § (Aus — Ady) (2,Q7) - (36)

This case is practically much more interesting, firstly since — unlike in the
unpolarized case — the non-singlet distributions are not a priori suppressed



... Non-Singlet Structure Functions in QRD and QCD 1319

here with respect to the singlet ones at very low z, and secondly since the
shapes of the polarized initial distributions are not yet well established. We
illustrate the strong dependence of the resummation effects on the latter
quantities by choosing two partly rather different input sets for Awu, and
Ad,. At first, we take those of CW [17], using zo = 0.75 in Eq. (12) of
Ref. [17], which have been used in several theoretical investigations [14,
4]. The small behaviour of this input is relatively flat, Au, ~ z7%17 and
Ad, ~ 21929 3t small z. As an example for a more recent parametrization
we adopt the ‘standard’” NLO set of GRSV [18] as an input, using their
value of the scale parameter, Ay=(Ny = 4) = 200 MeV. Here one has
Auy ~ 27928 Ad, ~ 27987 hence the steepness is similar to that of the
unpolarized initial distributions above. We have evolved both distribution
sets in NLO from their respective input scales, Q% = 10 GeV? in [17] and
Q? = 0.34 GeV? in [18], to our reference scale Q2 = 4 GeV?Z.

Before we derive the quantitative results, we notice that Eq. (30) vio-
lates the fermion number conservation for the ‘-’ non—singlet combinations.
Here the conjecture is that the coefficient functions cii’l(a:) do not contain

terms « In?! z in the MS scheme. For this no proof exists yet, however, we
have verified this behaviour up to 2-loop order in Section 3 for the coef-
ficient functions of zF3, F{¥5, and giNS. One should recall that the main
resummation effect comes from that and the next order. Under this as-
sumption fermion number conservation has to be restored for I, ,(N,as).
We approach this problem in several ways numerically. In a first set of
calculations we subtract a corresponding term « §(1 — z) from the kernels
K™ derived from (21), in each order in as. In N-space this prescription

(denoted by ‘A’ below) leads to
I~ (N,as) = I~ (N,a,) — I (1,a,) . (37)

Another possibility is the restoration of fermion number conservation by
subleading 1/N pole terms. An especially simple choice (denoted by ‘B’ in
the following) is to modify I'~ according to

I~ (N,a,) = I~ (N,as)- (1 - N). (38)

Besides these two prescriptions, which are analogous to the procedure in
the second reference in [2] with respect to energy-momentum conservation
in the unpolarized singlet case, we will also show the results for two other
assumptions, namely (‘C’)

I'"(N,as) = I'"(N,a,)(1 — 2N + N?) (39)

and (‘D’
) ' (N,as) = I'"(N,a,)(1 - 2N + N3). (40)
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Clearly, the results of the resummed calculation are only trustworthy, and
this approach is to be preferred over a fixed order calculation, if the differ-
ence of the results obtained by all these procedures is small.

The corresponding results are presented in figure 2. For the relatively
flat CW input [17], the effect is up to about 15% at = = 10~%. However, in
the kinematical range accessible for polarized electron and proton scattering
at HERA [19] it again amounts to about 1% or less. Note, moreover, the
wide spread of the results in dependence of the employed fermion-number
conservation prescription. Obviously the resummed contributions do not
sufficiently dominate with respect to subleading terms at any foreseeable
energy. For the steep GRSV input [18], the effect is of approximately the
same marginal size as in the unpolarized case considered above. In fig-
ure 2 relative corrections are shown. Recall that the absolute values for

Ty LR LR ALY LB RALL T T
\

0.15 (@) -

0.1

0.05

U BT EE ST AN BT ST

(L TP
- m

e P il

LR RRLLL LB LY | LR SRR | T T TImT

(b)

10 = Q%GeV)

0.015

AT

T
4

7/
4

001 | 3

LB AR |

0005 F >~ ™. -

PERTYRT SATUS B U N ST AN TSN S B U B OY

TR T T T

ool L ol L anul Lol taat)
- - - - -1
107 10" 107 107 10
X

Fig. 2. The relative corrections to the NLO small-z Q?-evolution of the polarized
non-singlet structure—function difference g, — gf™ due to the resummed kernel.
‘A’, ‘B, ‘C’, and ‘D’ denote the different prescriptions for implementing the fermion
number conservation discussed in the text. The initial distribution at Q3 have been
taken from Ref. [17] in (a) and Ref. [18] in (b).
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g1 obtained in the different parametrizations extrapolating from the range
z > 1072 of the current data down to smaller © values vary strongly [19, 20].

5. Conclusions

We have investigated the resummation of terms of order a!t11n? g,
derived in Ref. [3] for the QCD case, on the small-z behaviour of non—
singlet functions in QED and QCD. The comparison with the corresponding
contributions obtained in the same order by complete NLO calculations
shows the equivalence of both approaches in this limit up to order o2 in
both QED and QCD. Since the coefficient functions up to two—loop order
for the non-singlet combinations considered contain only terms less singular
in Inz in the MS scheme, the contributions o« a®In*z in the three-loop
MS splitting functions P%(z,a) have been predicted on the basis of this
resummation.

A numerical analysis has been performed for the QCD case of deep-
inelastic (polarized) lepton scattering both off unpolarized and polarized tar-
gets. It turns out that the all-order resummation of the terms O(at11n%! z)
leads only to corrections on the level of 1% in the unpolarized case of
FP — F,™ even down to extremely small = values, = 1072%. The cor-
rections can be larger in the polarized case, up to about 15 % at z ~ 1075,
depending on the presently not yet well established small-z behaviour of the
polarized parton densities. In any case, the resummation effects are on the
level of 1% in the kinematical range accessible experimentally at present or
in the foreseeable future.

Presently unknown terms which are suppressed by powers of Inz in
the splitting functions do contribute in a potentially significant way to the
evolution even at the lowest z-values considered. This has been demon-
strated for the ‘-’ combination g — g/* by applying several prescriptions to
implement fermion number conservation into the resummed evolution equa-
tions. Moreover, the resummation corrections are dominated by the first two
terms in an oy expansion beyond NLO. All this indicates that fixed-order
perturbation theory remains the appropriate theoretical framework for the
evolution of non-singlet structure functions even at very small z.

This work was supported in part by the German Federal Ministry for
Research and Technology under contract No. 05 6MU93P.
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