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The most relevant theoretical aspects associated with the experimen-
tal results obtained at LEP 1 and foreseen at LEP 2 are discussed. In
particular the quest for a fully gauge invariant formulation of radiative
corrections, both for two fermion and four fermion processes at LEP 2 en-
ergies is addressed. The outcome of the analysis clearly shows that such
a formulation is indeed possible and some of the subtleties are discussed.

PACS numbers: 12.15. J1

1. Theoretical basics for LEP 1 Physics

About 1.5 x 107 Z decays have been recorded and analysed during the
vears of operation of the four LEP experiments — from autumn of 1989 to
the end of 1994. A completely revised analysis of radiative corrections at the
Z resonance is therefore needed in order to match the reached experimental
precision. The theoretical goal must be to estimate the intrinsic theoretical
uncertainties of the results emerging from different approaches, which are
mainly caused by the neglect of higher order contributions.

The results, which have been presented in Ref. [1], are based on several
different approaches and on a comparison of their numerical predictions.
The findings of the Report are based on the following computer codes:

* Presented at the XIX International Conference on Theoretical Physics “Par-
ticle Physics and Astrophysics in the Standard Model and Beyond”, Bystra,
Poland, September 19-26, 1995.
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BHM [2]
Burgers, Hollik, Martinez, Teubert;

LEPTOP — ITEP Moscow group [3]
Novikov, Okun, Rozanov, Vysotsky;

TOPAZO — Torino—Pavia group [4]
Montagna, Nicrosini, Passarino, Piccinini, Pittau;

WOH [5]
Beenakker, Burgers, Hollik;

ZFITTER — Dubna-Zeuthen group [6]

Bardin, Bilenky, Chizhov, Dlchevsky, S.Riemann, T.Riemann,
Sachwitz, Sazonov, Sedykh, Sheer.

Conclusions from this study are that the differences between results
of different codes are small compared to existing experimental uncertain-
ties. Thus improvement of experimental accuracy at LEP 1 and SLC is
welcome even at the present level of theoretical accuracy. At present the
most promising are measurements of g, /¢, in various P- and C- violating
asymmetries and polarizations. The real bottleneck for improved theoretical
accuracy in g, /g, is presented by the uncertainty of the input parameter
a(M,). The improved accuracy of this important parameter calls for new
accurate measurements of the cross-section ete™ — hadrons at low energies
(Novosibirsk and Bejing accelerators, etc.)

The estimates of theoretical uncertainties are highly subjective and
their values partly reflect the internal philosophy of the actual implemen-
tation of radiative corrections in a given code. In many cases the one-loop
approximation in the electroweak gauge coupling is adequate enough at
the present level of experimental accuracy. At the same time, however, it
should be stressed that a complete evaluation of the sub-leading correc-
tions, O(Gii\/lg m2) would greatly reduce the uncertainty that we observe,
one way or the other, for all observables.

In case the next generation of experiments at LEP 1 and SLC improves
accuracy considerably (a problem not only of statistics but mainly of sys-
tematics) the full program of two-loop electroweak calculations should be
carried out.
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1.1, Cualculational schemes

It is important to underline how an estimate of the theoretical uncer-
tainty emerges from the many sets of numbers obtained with the five codes.
First of all, one may distinguish between intrinsic and parametric uncer-
tainties. The latter are normally associated with a variation of the input
parameters according to the precision with which they are known. Typi-
cally, we have [Aa"(M2)] = 0.12, |Amy| = 0.3GeV, |[Am| = 0.35 GeV
etc. These uncertainties will eventually shrink when more accurate mea-
surements become available. Intrinsic uncertainties associated with missing
non-leading higher-order corrections. An essential ingredient of all calcu-
lations for radiative corrections to physical observables is the choice of the
renormalization scheme.

There are many renormalization schemes in the literature:

e the on-shell schemes in various realizations [7-13, 3]
e the G, scheme [14-16]

e the * scheme [17]

o the MS scheme [18-19].

One cannot simulate the shift of a given quantity due to a change in the
renormalization scheme with one code alone. Thus the corresponding the-
oretical band in that quantity will be obtained from the differences in the
prediction of the codes, which use different renormalization schemes. On
top of that we should also take into account the possibility of having dif-
ferent implementations of the full radiative corrections within one code, —
within one well specified renormalization scheme.

There are common features of and main differences between the electroweak
libraries of the five codes.

Common features:

e All five codes use as input parameters the most accurately known elec-
troweak parameters Gy, M, and o(M,), in order to calculate the less
precisely measured pseudo-observables.

o They use the same expressions for final state QED and QCD corrections
(radiation factors).

o All codes include essentially the same internal gluon corrections of the
order of aas in the W and Z self-energy quark loops.
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o All codes include leading two-loop corrections of the order of G’im‘t‘; all

gluonic corrections of the order of ;G ,m?; leading gluonic corrections
aa? in the vector boson self-energies.

Main differences:
o Each code uses a different renormalization framework.

e Some codes define an electroweak Born approximation, others give no
physical emphasis to a Born approximation and employ only the notion
of an Improved Born Approximation (IBA) which includes the leading
electroweak loop corrections.

e They differ by the choice of the definition of the weak mixing angle.
1.2. Options, theoretical uncertainties

There is a need to quantify the effect of our partial lack of knowledge
of the missing higher-order terms in radiative corrections. Thus we have
introduced the notion of option. There are two main components in each
observable:

O =0+ A0. (1)

The term Opg, giving the bulk of the answer, is often called the Born
approximation, or improved Born approximation, or the leading contribu-
tion to O. The term AQ represents a small perturbative correction, often
called remainder or non-leading contribution. Different realizations usually
have different ways of performing this splitting so that, while they agree at
the O(«), there are differences which start at O{a?).

e Leading-Remainder splitting

Generally speaking, the effective couplings contain a leading and usually
re-summed part and a non-leading (remainder) one, quite independent
of the specific realization. The way in which the non-leading terms
can be treated and the exact form of the leading-remainder splitting
give rise to several possible options in the actual implementation of
radiative corrections that in turn become another source of theoretical
uncertainty.

e Scale in vertex corrections
Another possible option has to do with the scale of « in the non-leading
corrections, in particular the vertex corrections. The difference between
possible identifications of coupling constants in the O(a) corrections
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represents, of course, effects of (’)(az). The fact that the neutral current
amplitude is automatically expressed in terms of GP,M'; is a possible
heuristic argument to adopt the same strategy in the evaluation of the
presently known O« corrections, but in order to be on the safe side,
the differences should be considered as a theoretical uncertainty.

e Linearization
In almost any realization we have the possibility of using an ezpanded
versus a non-expanded option — to linearize our expressions.

e More generally, the difference between the two options in the evaluation
of 02, where O is given by Eq. (1), is equal to (A0)%, a two-loop re-
ducible but non-leading contribution and by comparing the two options
we obtain a rough estimate of the importance of the missing non-leading
two-loop effects.

e Resummation
There are different ways of implementing the resummation of the vector
boson self-energies. These choices in turn are deeply related to the
proper definition of remainder. Resummation is very often the main
recipe for separating a small remainder from the bulk of the effect.

One choice consists in a resummation which includes the square of the
7 — v mixing-term with the option of strictly keeping in the resummation
only the one-loop irreducible terms. Even more generally we can distinguish
among

1. complete expansion of the one-loop self-energies,
2. partial resummation of fermionic self-energies or
3. partial inclusion of bosonic self-energies in the resummation.

There are two considerations to be made at this point. Sometimes
accidental cancellations occur among the fermionic and the bosonic sectors,
which would suggest a similar treatment for both. However, the bosonic
sector is not gauge invariant by itself. Thus any resummation of bosonic

parts must properly identify some numerically relevant but gauge invariant
sub-set.

1.3. ete™ — ff at LEP 2 energies

There is an important question to be answered when we consider the
ete annihilation into 2-fermions at LEP 2 energies: what is the fate of



1610 G. PASSARINO

the familiar parametrization in terms of running effective couplings? In
order to give an answer we must remember that only a proper arrangement
of radiative corrections, including all contributions up to a given order,
is gauge invariant. Thus every procedure designed for subtracting some
part from the whole (de-convolution, de-boxization, . ..) must respect gauge
invariance.

Formally the amplitude can be written as

ViVy

Als) = ———————
() S—M02+SZZ

+ B, (2)
where S, is the full 1 PI self-energy, V; ¢ is the full 7, f state vertex and B

represents the multiparticle exchange diagrams. From the bare Lagrangian
we derive the complex pole

sp—M2+S,,(sp) =0, (3)
and a Laurant expansion of the amplitude will follow

M; M; - M;
A(S) — I‘lrf (SP) + llf(s) lf (SP) + B . (4)

5—5p 5—5p

s—s

M=V, ———2 V¢, 5
if zS_Mng_SZZ f ()

which gives the pole, the residue and the non-resonant part as separately
gauge-invariant objects. The key point is that at LEP 2 energies the non-
resonant background is large and non negligible. Thus we must examine
the box diagrams, in particular the WW box with a W propagator which
in the R¢-gauge is given by

1 - 2 PuPv
_ — | . 6
P+ M2 dur + (67 = 1) P+ EME (6)
It follows
Bww (€) = Bww({ = 2_1) % h1 S @yt (7
ww(§) =Bww({=1)+( -1) 35 7*0+7) @ 1+, (7)
w
and schematically we can write
Be = By + (€2 - A, (8)
Bg = Bg, + A(€, So) s (9)

A(g,&) = (€2 - 1)A(E) ~ (6o~ D Ao) - (10)
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This splitting is however not unique since we can always rearrange it as
Be = By + 0B + A(, &) — 8B. (11)

In any case a pragmatic proposal is available. We could use the R¢ gauge
and incorporate A(&, &) in the rest of the £&-dependent amplitude so that
the WW box is computed explicitly in the & gauge. This procedure gives
a &-independent answer which is also unambiguous, unless weak boxes are
not convoluted or unless a re-summation is performed. A proposal for de-
boxization is therefore that

1. We all agree on subtracting B(£ = 1).
2. Those working in the £ = 1 gauge stop here.

3. Those working in any & gauge compensate the amplitude (without
weak boxes) with A(&, 1).

Alternatively one could use the ZFITTER option of inserting the Weak
Boxes into the Form Factors.

2. Theoretical basics for LEP 2 physics

For LEP 1 physics or, more generally, for 2 f-physics we need relatively
few diagrams with one loop corrections and leading higher loop contribu-
tions. To the contrary for 4 f-physics we need many diagrams at the tree
level. Typically we have

1. 10 diagrams for ete™ — u~ v ud
2. 20 diagrams for ete™ — e~ ud
3. 56 diagrams for ete™ — eTe v,
Different groups are already producing results for the LEP 2 WW /EG Work-

ing Group [20], however we should ask how far one can go without loop
corrections [21].

2.1. The question of gauge invariance and the process eTe™ — WTW ™

Although the proper treatment of the problem should be discussed in
the contest of unstable (off-shell) W’s we can already show all the elements
of the method in a simpler process where we unrealistically assume that
the W are on-shell. With the simple process eTe™ — WTW ™ we intend
to mimic a more realistic situation (e¥e™ — 4fermions) where however
the full one loop calculation is not available. Even in this unrealistic case
the Z boson will appear as an unstable particle in the s—channel and this

10 — Acta Physica...
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is already enough to spoil the unitarity cancellation if the proper care is
not applied. First of all we write a Ward identity (WI) for the process
et (py)e™ (p—) = W (g )W (g_) at the three level. All particles are on
mass-shell and in general Higgs ghosts (¢) must be included. It is easy to
show that the following identity holds, where W is the sum of all contracted
diagrams

__l 2 FZ(S) _ “ 2 5
V=19 5T v, ) M) (455 —1-7") vip-)enls-),
2 2 1
7

where the sum is over all the fermions which satisfy the condition s > 4m§.

Moreover I)(,s),Qf,Nf denote the third component of isospin, the electric

charge (in units of the proton charge) and the color number for the fermion.
It is perhaps useful to comment at this point on the width to be inserted
in the Z propagator when s is well above the W threshold. Let S,,
be the Z self-energy, then the inverse Z propagator will become x(s) =
§— J\/IOZ +5,,(s). The complex pole sp is a solution of

x(sp) =0. (13)

If we write s, = m? — iI"m then, by neglecting fermion masses, it follows

2 2 2 2 2 2
m? = M2 - T?, M2 =M? - ReS,, (MZ) ,

ISy ()= =1, s<4MZ,
M 2 )
I,==LI,  M,l,=nS,, (M:). (14)

We can therefore write

1 14ilyM, 15)
s—sp s—MZ+isl,/MZ"

and take into account that the width I', is always computed for s = m? &
M; In the renormalization of the theory one will encounter terms like

Sgz(s) — ReSy5(sp)
s —8p
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where the imaginary parts of S, ,(s) due to W loops must be expanded up
to first order to be combined with the corresponding imaginary part coming
from the ZWW vertex diagram.

1 B 1 [1+ W(s)] |

s—fvfg%—SZZ(s)—-s-gM;—f—iM’—ZFZ s— Sp
, , T _
W(s)=S,,(sp) = S,,(5) +Z~M—Z~ (s—sp) .  (17)
V4

Since Im S, ,(s) = (I'/m)s = (I',/M,)s then the imaginary part of
W (s) will receive contributions from thresholds such that s > M2. We
must stress that one should write the amplitude in terms of physicaf input
parameters, i.e. «(0),Gy, My, ,M,,.... Then the question of what to use
for 5(29 will arise and from the WI relative to 7, = 0 we learn that gauge
invariance is violated unless ¢ = Mrvzv /]M;. In order to understand the
content of the WI, we write it again in the R gauge where the relevant
gauge fixing terms and the W and ¢ propagators are:

1
Ca = “E d;;Bz + SA/IH:(@.G 5

1 . ptp’
AMY — T lgHY 2 1) —+£ £ \
W= [V mra

1

Ap = ———u. (18)
PP e

If A%, and A4 are the relative amplitude, what we compute is

1

£

Another way of putting it is to say that C'* is a free field. It is convenient

to extract the W and ¢ propagators, such that

N
Al =45 ey

Xe = - puAl +iEM,, Ag. (19)

A¢ = A¢ a¢, (20)
to obtain
. " 2 php? v
Xemr P o+ (€2 -1) 22
o) [ e o
. Qg
M, —
+ 1My, P2+ &M
$ (p-ay +iMyay) . (21)

TP
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This shows explicitly how the WI is satisfied in all Rg gauges when it is
satisfied in the renormalizable (£ = 1) gauge, the only other modification
being the Z propagator where however the p,p, part gives a term propor-
tional to the electron mass. This is usually neglected or otherwise we insert
correspondinglv a ¢%-line. In turns this means that in all gauges we must
respect ¢2 = /]\42 The violation of the WI, consequence of a non zero
v, has an 1mmed1ate counterparts in terms of the asymptotic behavior of
the total cross section when s — cc.

Indeed from the three basic diagrams contributing to the process in
lowest order we find

g
o) & 5ri—g= B1(5).
52
f&y=Ay |fit+ fagm W |t (22)
The violating term A« is given by
Yz
Ay=— . 23

Clearly this is a rather academical problem since it would suffice to neglect
the Z width from the beginning. Nevertheless we insist in our discussion
since it is relatively simple and moreover the solution has everything in
common with the more realistic cases. There are three additional one loop
diagrams to be considered or rather their imaginary parts. The first is given
by the Z — v transition induced by fermionic loops. We easily find

4 g°s
~2Im T, (p*) = — Je" 3 ZE:Nfo( )
¢%sg 64 .
= e (8 - —3-36) m3p?. (24)

In this equation we have assumed that —p% = s> 4m"}, so that all fermions

are assumed to be massless. Also the ZWTW ~ vertex, corrected with a
fermionic loop should be considered. The first result is that the imaginary
parts do not factorize into the lowest order, but two additional form factors
are needed. We find
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—21m Vi = 12g%con° Z U"Wr:‘aﬁ’
1

Vlaﬁ =2 [ uBPa — OpaPp — 5aﬁq-u] )
Vuzaﬁ =2 [0upPa — duapp] -
"faﬁ =2 [5uﬁpa + 5#a?’ﬁ] ,

2 )
Vs = =~ 4-uPaPp {25)

where the coeflicients are given by

2”2 ﬂ 6

2

2 R |

v =3 362 ﬁ4+8ﬁsl°’
H#

2 ! 2
vy = -3—2[ +6f30—4% (1+332) lo} ,

vz =0,
2
Iz 8 i I p y? 1
= 24 1 16 1425 +2 ,
v ﬁ4[3 gtiipEt 3(+ 2t d“") }
(26)
and where we have used
1-5
=M2 /s,  BP=1-44 lg=1n1+;3. (27)

Notice that the CP-odd coefficient v3 is zero. Next we consider the sum W+
Wadd, where W,oa4 contains the additional diagrams obtained by inserting
the loop corrections into the Z-exchange diagram. As a result we find that
for each isospin doublet d = (f, f') the following identity holds

1 1
W+ Wogqq =-¢2 » -1 W g o

r p 3 3
Wff’ =2 (vjzc + v%,) + 14+ (vf/ _ Uf) + (IJ(,,) _ I; )>
+4(Qfl’t’ff+Qfl?f) Sg, (28)
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where vy = I;s) —QQfsg. From the fact that 1}3) —Ifj) = 1 and I}s) —vf =
2 Qfsg it follows

W 4 Waga = 0. (29)
Thus we have found the minimal set of one loop diagrams which must
be included in order to respect the corresponding WI. This set does not
include all fermionic loop insertion into the basic diagrams of the three level
amplitude, indeed we should also consider the corrections to the vy —v, y— 72
transitions and to the yWW vertex. However we find that the collection of
all these diagrams is given by

W' = g%urtven Y Ny [Whgl(f) + Whww (F) + Wis(5)] |

f
'(f) = 1 i@ v []\/1234—(3—M2)s2]
2 s—M§+iFZ(s)247r A w) o8]
1 g2 3
;WW(f):;% ij(c )Sg,
92 2

By collecting the various terms we obtain that for each fermion

W x g* }: Nfovfsg (A/IVZV — C??M; + 0(g2)> . (31)
f

Once more the WI is W' = O(g®) if we have defined from the beginning
i = A/I‘?V /M';. A more complete treatment is needed in order to achieve
W' =0 (i.e. to all orders) and it requires a comprehensive study of full one-
loop propagators in the neutral sector of the theory, including real parts.
It is important however to observe that we have defined a minimal set of
additional diagrams, needed to restore the Ward identities. Obviously the
imaginary part of the triangle VIWW (V = Z, ) is the sum of all cuts over
intermediate states. Two additional contributions have been left out in our
considerations, which will be denoted by E:’Ea .

Eiaﬁ =~ 2i(a+ b) /d4q,tr [.},M,Ypya,yo,yﬁ,yf]

X qp(q+q+)s (9 + ), m,

Eﬁaﬁ =21 (a+b) /d4qtr [,},#717,),11707;671-]

X(q+p),(g+9-)r

1
(g+p)?°’
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where a(b) denotes the vector(axial-vector) coupling of V' to down-fermions
and where all coupling constant factors have been left out. It is easy to
observe that these additional imaginary parts have nothing to do with the
Z width but rather with the W width. As such they must certainly be
included for any realistic process eTe™ — 4f in order to compensate for the
off-shell W’s but not for real W’s. Let us indeed consider their contribution
to our WI, namely ¢§ E+,qg. It is immediate to find

8. .
¥ Etpap =0,  4$E_pap=—3ila+ b)YM?2 Iobpup - (33)

Suppose that this extra term is inserted into the original WI, actually both
for the Z and for the v, and that we sum over all fermions. It is clear that the
parts proportional to I', continue to cancel, while new contributions will
appear. These new contributions are exactly cancelled by the procedure
of keeping JVI&V in all Z(y)W¢ vertices and of replacing q?j: = —-Mvzv with
i = —Mvzv + 1M, I, . The presence of the two additional cuts requires
off-shell W’s to satisfy the WI. In other words we include the additional
contributions only when the W’s are off-shell and their width is inserted
into the Feynman diagrams.

Our last comment will be devoted to the correct treatment of the imag-
inary part of the triangle diagram. One of our results is that this imaginary
part does not factorize into the lowest order. In computing the relative
contribution to the WI, particular care must be used in keeping terms pro-
portional to ¢§. The resulting expression is

~2Tm Vo = 12¢%0m* Y viWiog, (34)
i=1,6
where we have introduced additional form factors
5 9k
W pafB = -2 O,u.B(H-a N
‘/V:aﬁ =2¢—pq+als, (35)

which would give zero when contracted with a physical source. The corre-
sponding contribution to the WI (contraction with ¢%) gives

3

g
e 36
96 7 €0 %up (36)

which is what the WI requires. If we neglect the W2#* form factors then
additional terms will remain, proportional to ¢—,pg and once more the WI
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is violated. If in addition one also neglects the W®:® form factors then the
right structure J,5 is obtained but with a wrong coefficient.

2.2. The processes YW~ — e g, et W™ — e+u_17”.

In order to analyze other sets of Ward identities associated with situ-
ations where their violation corresponds to large numerical errors, we use
again processes which are simple enough to discuss everything from an an-
alytical point of view. We start with the e.m. WI for yW ™ — e~ 7, where
all particles, including the photon, are on their mass-shell. Four diagrams
suffice in this case since the ¥ — Z transition induced by fermions is zero for
an on-shell photon. We get that the sum of the diagrams is

2
g _7W+Ed481r

1’V—— 1+ ve - 37
2\/2 ( 'Y) “S—Mﬁ,-{-’l’}/ws ( )

where the sum is again over all doublets d = (f, f') and where Ny is the
total numbers of isospin doublets active in the process. Since

L= (38)
(L SPT

we observe that the introduction of the imaginary part of the YW W vertex
is enough to guarantee the validity of the WI, i.e. W = 0. Now we consider
another WI related to the W boson where we let the photon to be off-
shell and also allow for a photon propagator in the diagrams. If the vertex
correction is not included we find

2’ 1 2 _

22 (1+7)veu23 M2 ¥ iy s

where the momenta are g for the photon and p for the W boson. The fact
that this WI is violated even for zero width is well known. As soon as the
photon is off-shell, other non ¢?-resonating diagram will be present, thus we
expect a constant violating term. Alternatively one should remember that
for off-shell particles a Ward identity must be compensated by the coupling
of the Faddeev—Popov ghosts to the sources. Indeed we consider the corre-
sponding WI with off-shell photon and W boson. The three contributing
diagrams give

i g2sg ay* (1+9°) ve q° ’ (40)
2v2 Yo (v mz) (s - m2)
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where we have included the W and 4 propagators and (p+¢)% = K? = —
There is an additional diagram where the photon source emits both a W-
line and a Faddeev—Popov X ghost-line. The rule for this extra vertex can
be found following a gauge transformation of the fields.

Ay = Ay+igse WFHX™-WrXT) -0, X°. (41)
We obtain

—ingg _ 1

Wi ay* (14 7°) vey (p2 N M&.) (s ~ NI&,) )

which exactly compensates for the on-shell photon. As for the e.m. off-shell
WI one would obtain

g2 2+ M2

(9750 w115y P’ + My,
(1+97%) ¢ 2({p2 L a2 ) (= 12
p*+ M s+ Mg,

(42)

7
2v2
with an additional diagram where the W source emits both a W-line and a
ghost Y-line giving
1
q° (—s + ﬂ/[é,)

-ig? 58

22

( -+ 75) v {44)

However the introduction of a W-width will violate the identity with a term
proportional to I, s/q*. This in turns means that in a realistic process as
ete™ — ety uid the presence of a resonating W will require the introduction
of a width but at the same time an almost on-shell photon will give rise to
terms proportional to I, /me.

Next we show explicitly a W1 for the process et W= — et u 75, where
there are six diagrams in lowest order. Two of this diagrams are nothing
else that YW~ — uv, embedded with the positron line. We assume to be
far from the W-resonance so that the W width can be safely neglected. In
this case we obtain that the diagrams add up to

'7_97 Z W,

=1,5

1 ¢* — K% - M? 1
Wy = —s2 Wl Lorgasy e
1= 3% { KZ+ M2, e U7 &,
.11
W =~ P+ et (1+97)

_T—‘Y
8 K2 4 M"f’v
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1 (]2—[(2+32M2
Ws=-3 I (149°) @ (455 - 1-7°)
K2+ M2 ) (g2 + M2)
12s2-1 1
Wam =g gy 1) el —1-9%),
Ws = —g6 morrgr " (147%) © (4 - 1-9%) (45)
16 2 2 + M? g

From M';] = chg it follows W = 0. Thus we have verified that the single
W diagrams are not separately gauge invariant but all the background must
be included, otherwise the Ward identity will give rise to a ¢? independent
term. As soon as the W-width is considered we must include other four
diagrams in the WI with a fermionic triangle in the two charge assignment
and the positron line coupled to a 4 or a Z. The Ward identity becomes

Z w;, (46)

1,17

where the W;,i = 1,5 are the same as before with now K? + Mg/ -
K? + M; - i*yWK2. The two new contributions are
1, K?

We = — i=s3
270 2 (K2 + M2 — iy, K? )

Y (1+4%) @ v,

W :i132 K
27 (¢ + M2) (K2 + M2, —im, K?)

X 'ygvz)'y" (1+ ) @ vy (433 -1- 75) . (47)

The imaginary parts for each isospin doublet are

v -7
LT
n_ 9
’)’H;Y :“S—;(Qf’—Qf)Z-’YW,
2
zy_ 9 _ 1,
7§v)~—3847r (vp —vp=1) =770 - (48)

The full WL, i.e. W = 0, is now satisfied since both the ¢*>-dependent terms
and the constants cancel.
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2.3. Bremsstrahlung

One of the first examples of the interplay between Ward identities and
bremsstrahlung processes is given by the calculation of ete™ — WTW .
Suppose than one is interested in the soft photon approximation and that
moreover the renormalizable (£ = 1) gauge it is used.

In the soft photon limit, the expressions for the diagrams which have
the photon emitted from an external fermion line, factorize into some co-
efficient and the corresponding lowest order amplitude. The factorization
for diagrams, which have the photon emitted from an external vector boson
line, is not immediately obvious in the £ = 1 gauge. As a matter of fact
the non-factorizing part of the bremsstrahlung amplitude vanishes due to a
Ward identity for the lowest order amplitude. In a more general process,
as ete™ — 4fv, where double-resonating diagrams will occur, the intro-
duction of a W-width will eventually spoil the WI and interfere with usual
aspects of the bremsstrahlung process, like factorization in the soft photon
limit. In order to analyze this phenomenon we consider again a much sim-
pler process. Let us start with the standard model in the limit cg — 0 and
consider the decay Z — W+W . There are five diagrams in the £ = 1
gauge, for which the e.m. WI can be easily proved.

For on-shell external W’s there is actually no need to insert a width in
the internal W propagators, but assume for a moment that the modification
is done. As a consequence the e.m. WI is violated and, even worst, the non-
zero term are different if computed in the renormalizable gauge or in the
unitary gauge. This fact follows simply from the presence of internal ¢-lines
in the renormalizable gauge. As a next step we could consider Z — 4 fv and
lock for anomalous effects due to the W width. Alternatively we can keep
Z — WTIW ~~ but with off mass shell W’s and compute the e.m. WI. This
example is really instructive since now the two W are considered off mass
shell and the coupling of the Faddeev—-Popov ghosts to the sources must
be taken into account. We simply use the fact that the Feynman rules for
these vertices are provided by the gauge transformation of the fields, like
for instance

W, = W, —ig(coZy +seAu) X~ +igW (coX® +sgY) —0,X ™, (49)

where X*, X% and ¥ are the Faddeevfpdpov ghosts of the standard model.
Let us start again from the WI for Z — WTW ™~ with on-shell W's. The
momenta are defined by

Z(k) = WH(gr) + W™ (¢=) + () , (50)

and we also introduce
P+ =G¢+q+, (51)
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and obtain that the five diagrams contributing to the WI can be written as

dyrap = 9%seco Y dirag, (52)
i=1,5

where

Dorap = Urgo (kv ==, =D4) Vuor (=0, P4+, —04) Ay, (1) ,
dprap = Vroa (ks —P—, —44) Vupo (—¢, —q—, p=) Ay (p-)
Arap = —M255 655000 Ag (p4)
dirap = —M2 55 8radup Ag (p-)
A rap = —26u2008 + 8,800a + Suabrg (53)
where we have introduced
Ay, (p) =Ag(p) = m
vara (P95 0%) = — 8ua (91 - BD)
— 8 (P, — P2)
— 8w (B3 — P3) - (54)

It is simple to prove that ¢#d,xqg = 0. If the W’s are of mass shell then
the kinematics is completely specified by

qi:—sﬁ:a
1
Qi'q=§$i7
1
_1 . . M?
q+-q_—§ (—:L+—:L_+.s+s_— Z) )
S+ =54 — M2 . (55)

1%

Since the W-lines are off mass shell (but not the Z-line}, we allow for propa-
gators in those external lines. Being off mass shell means that ¢4 # —MVZV,
but we still retain gauge invariant W sources, i.e. d,J# = 0. In this case

the e.m. WI becomes

7"durap = 9 sece Ay (p4) Ay (=) (64 f+ +6-f2), (56)
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where fi are certain functions of the kinematical invariants. We must now
add the contribution due to the ghosts, always keeping in mind that the Z
is on-shell and that the off-shell W sources are gauge invariants. There are
four additional contributions

Diaﬁ = UABe (ks —q—, —'p+) AW (p—‘) AW ((J+) s
Diaﬁ = —UNBa (k~ —P—; —(I'f-) Agy (P—f—) A“«' (Q-) s
Diaﬁ = _5Aap—/3AX (p—) AW (Q—-) '

Df‘\aﬁ = —0xgPt+ady (p+) Ay (g4) » (57)

where A, = A, is the charged-ghost propagator. It follows

923900 Aw (Q+)AW ((I—) qp Z d:;Aaﬂ + Z Dgﬁa =0. (’58)
i=1,5 i=1,4

Thus the e.m. WI for off-shell W external lines has been proved. If we now
introduce a width for the internal W-lines, this will differentiate A, from
Ag and A, with an obvious violation of the WI. The latter can only be
restored if we include the imaginary parts from:

e 7 — v transition,
o ZWW and yWW vertices,
o ZyWW boxes.

The same imaginary parts must therefore be included in the calculation
of the process ete™ — 4f + 4.
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