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A NOTE ON GEOMETRY OF x-MINKOWSKI SPACE*
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The infinitesimal action of k-Poincaré group on &-Minkowski space
is computed both for generators of k-Poincaré algebra and those of Wo-
ronowicz generalized Lie algebra. The notion of invariant operators is
introduced and generalized Klein-Gordon equation is written out.

PACS numbers: 11.25 Hf

1. Introduction

In this short note we consider some simple properties of differential
operators on sk-Minkowski space M, — a noncommutative deformation
of Minkowski space-time which depends on dimensionful parameter s [1].
We calculate the infinitesimal action of k-Poincaré group P, [1] on M,
both for the generators of k-Poincaré algebra P, [2] (this is done using the
duality P, <=> P, described in [3]) and for the elements of Woronowicz
generalized Lie algebra [4] of k-Poincaré group [5]. The result supports the
relation between both algebras found in [5]. We introduce also the notion of
invariant differential operators on M and write out the generalized Klein—
-Gordon equation.

Let us conclude this section by introducing the notions of x-Poincaré
group P, and algebra P,. P, is defined by the following relations [1]

[e#,2"] = = (8fa* - 8a*),
[A”ll? Aaﬂ] = 0 '
[A%),2%) = == (A0 = 8§) A4 + (4% = 8)g™)

* Supported by 1L.8dz University grant N° 458.

(2171)



2172 S. GILLER, ET AL.

A(Ak,) = A"a ® A%y,

A(:c"): ®x°‘+x“®1,

5(A%,) =

S(zh) = —A "a:

e(A%y) =467,

e(z*)=0. (1)

The dual structure, the x-Poincaré algebra ﬁn, is, in turn, defined as fol-
lows [6]

i, Pol=0,
M;, Pj] = igijx Py
Ni7P0 - 2Pl7

(

A(Nz) N®€_P°/ﬂ+I®N —IEi]‘ij@Pk,
AR =R I+I13 R,
(Fi)

AP)=P,ge P/ 1 1o P,
S(M;) = —M;,
S(N:) = —Ni+ P,
2K
S(Py) = —Py,
g(PIMMi»N')“O (2)
Structures (1), (2) are dual to each other, the duality being fully de-

scribed in [3].
The analysis given below was suggested to two of the authors (P. Kosifiski
and P. Masdlanka) by J. Lukierski.

2. k-Minkowski space

The k-Minkowski space M, [1] is a universal *-algebra with unity gen-
erated by four selfadjoint elements z# subject to the following conditions

[z#, 2] = i-(agx" — Lahy. (3a)
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Equipped with the standard coproduct
Azt =zt QT+ 1 Q™ (3b)
antipode S(z#) = —z* and counit e(z#) = 0 it becomes a quantum group.

On M one can construct a bicovariant five-dimensional calculus which
is defined by the following relations [5]

1
[Tlt’lu] _ _gOuTV guuTO + —gl“/T,
K 4
4
ot = ——7#,
[r, 2] = -
TEATY = =TV A TH,
TATH = —1H AT,
(tHy* =1+, ™= -7,
dr* =0,
dr = =21, ATH. (4)

The k-Minkowski space carries a left-covariant action of k-Poincaré group

P [1], pr, : My = P & My, given by
pLzt)=A, Q2" +a' R 1. (5)

The calculus defined by (4) is covariant under the action of P, which
reads
L) = At @
pulr)=1@T. (6)

3. Derivatives, infinitesimal actions and invariant operators

The product of generators z* will be called normally ordered if all z°
factors stand leftmost. This definition can be used to ascribe a unique
element : f(z) : of M, to any polynomial function of four variables f.
Formally, it can be extended to any analytic function f.

Let us now one define the (left) partial derivatives: for any f € M, we
write

df =0, fr* +0fr. (M)
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It is a matter of some boring calculations (using the commutation rules
(3a)) to find the following formula

d: f:=: (f;sin( )+ %e'%lA)f 04 e'%lgl{. 7t
+ (f-(l — cos (i—0)> - %el%A) T (8)
or
Oy : f:=: (Ksin (6—0) + %eigﬂQA)f ,
Bi:f:::ei%laj: :,
5281: 60 1 if’_o
8:f:::(~4—(1-cos(?))—§e NA)f:. 9)

Let us now define the infinitesimal action of P, on M. Let X Ee any
element of the Hopf algebra dual to P4 — the x-Poincaré algebra Py (cf.
[3] for the proof of duality). The corresponding infinitesimal action

X: M, — M,
is defined as follows: for any f € M,
Xf=(Xaid)op,(f). (10)
Using the standard duality rules [3], we conclude that
Pyz® =162,
13,, c2%f = 15ﬂx°‘+25"‘ B (11)
etc. One can show that, in general,

= .Of
P,: fi=11—:. 12
Also, using the fact that py, is a left action of P, on M, together with

the duality P, — ’}SK, we conclude that

~ of
F(Py): f=F(iz2)f: . (13)

Formulae (11)—-(13) have the following interpretation. In [5] the fifteen-
dimensional bicovariant calculus on P, has been constructed using the meth-
ods developed by Woronowicz [4]. The resulting generalized Lie algebra
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is also fifteen-dimensional, the additional generators being the generalized
mass square operator and the components of generalized Pauli-Lubanski
fourvector. All generators of this Lie algebra can be expresses in terms of
the generators P,, M,z of P [5]. In particular, the translation generators
X, as well as the mass squared operator x are expressible in terms of P,
only. The relevant expressions are given by formulae (20) of [5]. Comparing
them with (9), (13) above, we conclude that

/X\“an_,
X=49. (14)

These relations, obtained here by explicit computations, follow also from
(7) if one takes into account that M is a quantum subgroup of Pj.

It is also not difficult to obtain the action of Lorentz generators. Com-
bining (1) and (3a) with the duality P, — P, described in detail in [5], we
conclude first that the action of M; and N; coincides with the proposal of
Majid and Ruegg [6]; the actual computation is then easy and gives

M;: f(a*) :=: —ie e 5’(;(;,“)
N; : fla*) = (zzo—g—z—l+li(g(l-—e\c (— 288‘3)) ;K )
1 4 ,
~a awkazi)f(ﬁu)“ (15)

Let us now pass to the notion of invariant operator; C is an invariant
operator on M if

pLoC = (idaC)o py, . (16)
We shall show that if C is a central element of 75N, then
Cf=(C®id)op(f) (17)

is an invariant operator. To prove this let us take any Y € 13,;, then
YC=CY (18)
or, in other words, for any a € Py,
Y (a(1))C(a(q)) = Cla1))Y (a(2)) (19)
where Aa = a(;) ® a(y). Let us fix a and write (19) as

Y(a1)Clagy))) = Y(ai)Clagyy)) - (20)
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As (20) holds for any Y € P,. we conclude that for any a € Py

Claezy)agy = Clagy))agy) - (21)
Now let

pL(z) = a1y @ (1),
L(z1)) = a(l)(z)@/l‘(z)’

Aa(y :“(1)@)“(1) (22)
The identity
(i[d®pp) opL = (A@id) o py, (23)
implies
2
a(1) ® G(1)(2) ® Z(2) —a&;@afl;@w(ly (24)

Applying to both sides id @C ® id and C ® id ®id, we get

' ey (2)
Claqy2y))an) @ 2@ =Cla m)“(l) ©Zay,

Clayaqyz) @2 = Cla))ed) ®2q) - (25)

It follows from (21) applied to a(;) that the right-hand sides of (25) are
equal. So,

Claqy(z))an) ® 22) = Cla))a)2) © Z(2) (26)
i.e.

(id ®C) 0 pp,(z) = pp, 0 C(z) . (27)

Using the above result we can easily construct the deformed Kiein—
—Gordon equation. Namely, we take as a central element the counterpart
of mass squared Casimir operator \ [5]. Due to (14) the generalized Klein-

—Gordon equation reads
2

(0+ %) s =0; (28)

the coefficient %— is dictated by the correspondence with standard Klein-
—Gordon equation in the limit K — oc. Let us note that (28) can be written,
due to (9), in the form

[ag—af+m?(1+;%)]f=o; (29)

here dy, 0; are the operators given by (9). It seems therefore that the Wo-
ronowicz operators x,, are better candidates for translation generators than
P,’s. Note that the operators x, already appeared in [7, 8].
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