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Recent results for higher-order corrections to the relation between the
vector-boson masses tn the Standard Model and Supersymmetry are sum-
marized. In the Standard Model, the Higgs-mass dependence of the two-
loop contributions to Ar is studied. Exact results are given for the Higgs-
dependent contributions associated with the top quark, u.e. no expansion
in the masses has been made. Good agreement is found with the results
of the expansion up to next-to-leading order in the top-quark mass. In Su-
persvmmetry, the two-loop QCD corrections to the stop- and sbottom-loop
contributions to the p parameter are presented. The two-loop corrections
modify the one-loop contribution by up to 30%:; the gluino decouples for
large masses. Coontrary to the SM case where the QCD corrections are neg-
ative and screen the one-loop value, the corresponding corrections in the
supersynunetric case are in general positive, increasing the sensitivity in
the search for scalar quarks through their virtual effects in high-precision
electroweak observables.

PACS numbers: 12.15. Ji. 12.15. Lk, 12.60. Jv, 13.35. Bv

1. Introduction

With the prospect of the improving accuracy of the measurement of
the W-boson mass at LEP2 and the Tevatron. the importance of the basic
relation between the masses My, My of the vector bosons, the Fermi con-
stant (7, and the fine structure constant o for testing the Standard Model
(SM) and extensions of it. most prominently the Minimal Supersymmetric
Standard Model (MSSM), becomes even more pronounced. This relation
is commonly expressed in terms of the quantity Ar [1] derived from muon
decay. After the discovery of the top quark [2], whose mass had already
successfully been predicted by confronting the electroweak theory with the
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precision data, an important goal for the future is to further constrain the
mass of the Higgs boson, My, for which at the moment only rather mild
bounds exist (see e.g. Ref. [3]). In order to improve on this situation, and
also to achieve a higher sensitivity to effects of physics beyond the SM, a
further reduction of the experimental and theoretical errors is necessary.

Concerning the reduction of the theoretical error due to missing higher-
order corrections, in particular a precise prediction for Ar is of interest.
At the one-loop level the largest contributions to Ar in the SM are the
QED induced shift in the fine structure constant, A, and the contribu-
tion of the top/bottom weak isospin doublet, which gives rise to a term
that grows as m?. This contribution enters Ar via the p parameter [4],
which measures the relative strength of the neutral to charged current pro-
cesses at zero momentum-transfer. The SM one-loop result for Ar [1] has
been supplemented by resummations of certain one-loop contributions [5,6].
While QCD corrections at O(aas) [7,8] and O(aa?) [9] are available, the
electroweak results at the two-loop level have so far been restricted to expan-
sions in m; and My. The leading top-quark and Higgs-boson contributions
have been evaluated in Refs [10.11]. The full Higgs-boson dependence of the
leading GZm{ contribution was calculated in Ref. [12], and recently also the
next-to-leading top-quark contributions of O(GZm?M?2) were derived [13].

In the global SM fits to all available data (see e.g. Ref. [3]), where the
O(G2mEMZ) correction obtained in Ref. [13] are not yet included. the error
due to missing higher-order corrections has a strong effect on the resulting
value of My, shifting the upper bound for My at 95% C.L. by ~ +100 GeV.
In Refs. [14] it is argued that inclusion of the O(GmeM’%) will lead to a
significant reduction of this error.

Since both the Higgs-mass dependence of the leading m{ contribution
and the inclusion of the next-to-leading term in the m; expansion turned
out to yield important corrections, in order to further settle the issue of the-
oretical uncertainty due to missing higher-order corrections a more complete
calculation would be desirable, where no expansion in m; or My is made.

[n the MSSM, the one-loop result for Ar is known [15]. The most impor-
tant supersymmetric (SUSY) contribution is that of the stop and sbottom
loops to the p parameter. If there is a large splitting between the masses of
these particles. in analogy to the SM case the contribution will grow with
the squared mass of the heaviest scalar quark and can be sizable. In order
to treat the SUSY loop contributions to the electroweak observables at the
same level of accuracy as the standard contribution, higher-order corrections
should be incorporated. In particular the QCD corrections, which because
of the large value of the strong coupling constant can be rather important,
are of interest.
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In this article recent results obtained in the SM and the MSSM at the
two-loop level are summarized. In the SM, the Mpy-dependence of the two-
loop contributions to Ar is studied and the corrections associated with the
top-quark are evaluated exactly [16,17], i.e. without an expansion in the
masses. In the MSSM, results for the two-loop QCD corrections to the
p parameter are presented [18].

2. Higgs-mass dependence of two-loop corrections to Ar

The correlation between the vector-boson masses in terms of the Fermi
constant reads [1]

M2, TQ
M (1- “’) = (1+ Ar), (1)
W ( ‘M% \/iGu

where the radiative corrections are contained in the quantity Ar. The the-
oretical predictions for Ar are obtained by calculating radiative corrections
to muon decay.

From a technical point of view the calculation of top-quark and Higgs-
boson contributions to Ar and other processes with light external fermions
at low energies requires in particular the evaluation of two-loop self-energies
on-shell, i.e. at non-zero external momentum, while vertex and box contribu-
tions can mostly be reduced to vacuum integrals. The problems encountered
in such a calculation are due to the large number of contributing Feynman
diagrams, their complicated tensor structure, the fact that scalar two-loop
integrals are in general not expressible in terms of polylogarithmic func-
tions [19], and due to the need for a two-loop renormalization, which has
not yet been worked out in full detail.

The methods that we use for carrying out such a calculation have been
outlined in Ref. [16]. The generation of the diagrams and counterterm con-
tributions is done with the help of the computer-algebra program FeynArts
[20]. Making use of two-loop tensor-integral decompositions, the generated
amplitudes are reduced to a minimal set of standard scalar integrals with the
program TwoCalc [21]. The renormalization is performed within the com-
plete on-shell scheme (see ¢.g. Ref. [22]), i.e. physical parameters are used
throughout. The two-loop scalar integrals are evaluated exactly by applying
numerical methods. For this purpose one-dimensional integral representa-
tions are used [23], which allow for a very fast calculation of the integrals
with high precision.

As an application, we study here the Higgs-mass dependence of differ-
ent two-loop contributions to Ar. To this end we consider the subtracted
quantity

Ar() subtel Mit) = Ara)(Mig) — Ar(y)(My = 60 GeV), (2)
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where Ar(y)(My) denotes the two-loop contribution to Ar.

2.1. Higgs-mass dependence of two-loop top-quark contributions

Potentially large My-dependent contributions are those associated with
the top quark. since the Yukawa coupling of the Higgs to the top quark
is proportional to m,. We therefore consider first the Higgs-mass depen-
dence of the two-loop top-quark contributions and calculate the quantity

Ar(t‘;')’.s“b('r(ﬂl}{) which denotes the contribution of the top/bottom doublet

to AL‘(Z),subtr(:\/[H)'

From the one-particle irreducible diagrams obviously those graphs con-
tribute to A/mps“b“(MH) that contain both the top quark and the Higgs
boson. It is easy to see that only two-point functions enter in this case, since
all graphs where the Higgs boson couples to the muon or the electron may
safelv be neglected.

Expressed in terms of the one-loop and two-loop contributions to the
transverse part of the W-boson self-energy YW (p?) and the counterterm
87" to the W~ ¢v, vertex the quantity A/(“;’ b (Mp) reads

S (0) = Re S (M)

Ar top ( "IH) = { -+ Z(SZ(‘ze)”

(2).,subtr .‘[‘21
ul o | W -
+2 (L(””"(O) — Re S(j) (M )) (S(v;v),H(O) — Re S(l),H(/\/Ify))
M3,
L (E(‘}'r)yt(()) Re S(‘g) ( "’lizv)) Sz,
| M.
Sw’ (0) B R.Q S”’ (‘\]'27) ()/W rt
+2( (H (1).H A ) “(1).t + 2822, ] . (3)
31121, "

where it is understood that the two-loop contributions to the self-ener-
gies contain the subloop renormalization. The two-loop terms denote those
graphs that contain both the top quark and the Higgs boson, while for the
one-loop terms the top-quark and the Higgs-boson contributions are indi-
cated by a subscript. The two-loop vertex counterterm is expressible in terms
of the charge counterterm 67, and the mixing-angle counterterm dsw /S,

A&y,
—5Z Wt w,(l)'H’ (4)

Sy Sy Sw S

SLE = 52y — ) B D

and analogously for the one-loop vertex counterterm. For the considered
contributions the charge counterterm is related to the photon vacuum po-
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larization according to [24]
0Z. 3y = —38Z 442y = F05}(0). (5)

and similarly to the one-loop case the mixing angle counterterm ds (2)/sw
is expressible in terms of the on-shell two-loop W-boson and Z-boson self-en-
ergies and additional one-loop contributions. In (4) and (5) the field renor-
malization constants of the I boson have been omitted. In our calculation
of Ar:;’)’_wb”(;\r’[“) we explicitly kept these field renormalization constants
and checked that they actually cancel in the final result.

0 T l T
00002 \Sie 4
-0.0004 | o e -

@ -0.0006 | N i

my = 175 GeV —

-0.0008 | m, = 125GeV --- -
my = 150 GeV ----
-0.001 + my = 200 GeV - Tt 4
my = 225 GeV —-—-
-0.0012 | 1 i i i i i i |

0 100 200 300 400 500 600 700 800 900 1000 2%
Fig. 1. Two-loop top-quark contribution to Ar subtracted at My = 60 GeV.

The result for A"(tfz)l))sulm(‘”“) is shown in Fig. 1 for various values of m..

The Higgs-boson mass is varied in the interval 60 GeV < My < 1TeV. The

change in Al'z;’?wb“,(ﬂh{) over this interval is abont 0.001, which corresponds

to a shift in My of about 20 MeV. It is interesting to note that the absolute
value of the correction is maximal just in the region of m, = 175 GeV. re.
for the physical value of the top-quark mass. For my ~ 175 GeV the cor-

rection Al-;;")’.wml_(ﬁ[;{) amouints to about 10% of the one-loop contribution,

Argpysubuel Mu). which is defined in analogy to (2).
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2.2. Higgs-mass dependence of contributions proportional to Aa

A further My-dependent two-loop correction that can be sizable is the
contribution of the terms proportional to Aa. It reads

W oW 1 ]
Lu(0) —ReZp) n(Miy) _ 203;«;.(1),}1

AIVV Sw subtr
= 280 Ar(y) sube(Mu). (6)

A,(Z)Sllbtr(h[}{) = 2A«

and can easily be obtained by a proper resummation of one-loop terms [6] In

Fig. 2 Ar(q) subtr as well as the combined contributions Ar (1) s,J,bn«%Ar ) subtr

and Argubir = A7y subte + AP Opmbn + Ay S cubtr are shown for m, =
175.6 GeV.
0.014 1 i 1 1 I i i I !
0.012
13 s
0.008 |-
Ar
0.006 I Ar(l) subtr
0.004 ¢ Ar(l):SUbtf + AT(Z) subtr ~ ]
. . Ar(l)ﬁ“btr + A"’I(Z) subtr T Ar(2),subtr o
0.002 —
0 1 1 1 H 1 1 i {

0 100 200 300 400 500 600 700 800 900 1000

Fig. 2. One-loop and two-loop contributions to Ar subtracted at My = 60 GeV.

It can be seen that the higher-order contributions _lru) cuber(Mu) and

Ar —\“\ub”( My) are of about the same size and to a large extent cancel each
othel If the one-loop result had only been supplemented by the contribu-
tion (6). which is accessible by resummation of one-loop quantities. whereas
the My-dependence of the irreducible two-loop diagrams had been neglected,
the result for the Higgs-mass dependence would have been misleading. In
total. the inclusion of the higher-order contributions discussed here leads to
a slight increase in the sensitivity to the Higgs-boson mass compared to the
pure one-loop result.

Regarding the remaining Higgs-mass dependence of Ar at the two-loop
level, the light-fermion contributions which are not included in Ao add only
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a small correction [17]. What remains are purely bosonic corrections, which
can be expected to yield a contribution to Ar(g) suber(Mnu) of about the same

size as (Ar}’l‘))s(]\lH))2

, where Ar'(f’f)s denotes the bosonic contribution to
subtr

2
Ar at the one-loop level. The contribution of (Ar:’l"f(]MH)) amounts
subtr

to only about 10% of Ar?;;),subtr( Mp) corresponding to a shift of about 2 MeV

in the W-boson mass.

2.3. Comparison with expansion in my

We finally compare the results for Argye.(My) given above with those
obtained via an expansion in m up to next-to-leading order, t.e. (’)(Gime%)
[13,14]. From this expansion the results for My as a function of My read
(without QCD corrections; m¢ = 175.6) [25]

My/Gev | 65 | 100 | 300 | 600 | 1000
My / GeV | 80.4819 | 80.4584 | 80.3837 | 80.3294 | 80.2001

Extracting from (7) the corresponding values of Ar, which are denoted
as Are*Pand and choosing My = 65 GeV as subtraction point, one obtains

My/GeV | ArSPar (VgD Argupe(Mu) | AMw / MeV
100 0.0015 0.0015 0.6
300 0.0063 0.0062 2.5 (8)
600 0.0098 0.0096 3.7
1000 0.0123 0.0120 4.2

where in the last column the approximate shift in M is given that cor-
responds to the difference between the exact result Arguper = Ar(1)subtr +

A”I-(z)l)),subtr“*' Aréj‘;subtr cdiscussed in the last section and the result of the ex-

pansion, Ar®*Pand_ The results are seen to agree very well. Considering the
envisaged experimental error of My from the measurements at LEP2 and
the Tevatron of ~ 20 MeV, regarding the Higgs-mass dependence of Ar the
theoretical uncertainties due to unknown higher-order corrections therefore
appear to be well under control now.
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3. QCD corrections to the p parameter in the MSSM

The leading contributions to the p parameter can be written in terms of
the transverse parts of the W- and Z-boson self-energies at zero momentum-
transfer,

SZZ(O) SU"W’(O)
M2 MR,
In the SM. the contribution of a fermion isodoublet (u,d) to Ap reads at

one-loop order

Ap = (9)

NG, 2 ’
272'2}:0 (m m,d> . {10)

with the color factor N. and the function Fgy given by

A \\I_

log — . (11)
r-y Ty

The function Fy vanishes if the u- and d-type quarks are degenerate in mass:

Fg(mj, T ) = 0: in the limit of large quark mass splitting it is proportional

to the hed\) quark mass squared: F0(777.q,0) = mg. Therefore, in the SM

the only relevant contribution is due to the top/bottom weak isodoublet.

Because m; > my,, one obtains ApgM = 3G, mE/(8v27?%). The two-loop

QCD corrections in the SM read [7]:

} o 2a. { 2 .
ApiM = —ApSM. .—% (1 + F—) : (12)

Fo(v,y)=a+y—

In SUSY theories. the scalar partners of each SM quark will induce ad-
ditional contributions. The current eigenstates. ¢, and ¢r, mix to give
the mass eigenstates. The mixing angle is proportional to the quark mass
and therefore is important only in the case of the third generation scalar
quarks [2()'] In 1)altlculm due to the large value of my, the mixing angle o;
between f1, and ty can be very large and lead to a scalar top quark t nm(h
lighter than the top quark and all the scalar partners of the light quarks [26].
The mixing in the bottom-quark sector can be sizable only in a small area
of the SUSY parameter space.

Similarly to the SM case, the contribution of a scalar quark doublet
(1, ) vanishes if all masses are degenerate. This means that in most SUSY
scenarios, where the scalar partners of the light quarks are almost mass
degenerate, only the third generation will contribute. Neglecting the mixing
in the b sector. Ap is given at one-loop order by the simple expression {15

ev 3G L
ApsURY = _Rf;2 {— sin? ; cos® 6; Iy ('m.fl.mfz)
+ cos? §- i Fo (m x ) + sin’ 9 Fo (m n‘zéa)} . {13)
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[n a large area of the parameter space, the stop mixing angle is either very

. - . . A
small 8, ~ 0 or maximal. 8, ~ —7x/4. The contribution Apgt®Y is shown
in Fig. 3 as a function of the common scalar mass m; = my my,

(see e.g. Ref. [27]) for these two scenarios. The contribution can be at the
level of a few per mille and therefore within the range of the experimental
observability. Relaxing the assumption of a common scalar quark mass, the
corrections can become even larger [15].

no Mixing

----- mMax. mixing

Lo lags

20 |- TT==TE

[O -

100 150 200 250 300 350 400 450 500

Fig. 3. One-loop contribution of the (7, h) doublet to Ap as a function of the
common mass g, for §; = 0 and 0; ~ —7/4 (with tan 4 = 1.6 and mrg = 0 and
200 GeV, respectively, where mypg is the off-diagonal term in the 1 mass matrix).

At OQ(aay), the two-loop Fevnman diagrams contributing to the p pa-
rameter in the MSSM (see Fig. 1) consist of two sets which. at vanishing ex-
ternal momentum and after the inclusion of the connterterms, are separately
ultraviolet finite and gauge-invariant. The first one has diagrams involving
only gluon exchange, Fig. 4(a): in this case the calculation is similar to the
SM, although technically more complicated due to the larger number of di-
agrams and the presence of ¢ mixing. The diagrams involving the quartic
scalar-quark interaction in Fig. 4(a) either contribute only to the longitudi-
nal component of the self-energies or can be absorbed into the squark mass
and mixing-angle renormalization. The renormalization of the mixing-angle
is performed in such a way that all transitions from §; <> ¢; which do not de-
pend on the loop-mowmenta in the two-loop diagrams are canceled: therefore
the contribution of the pure scalar quark diagrams in Fig. 1(a) is completely
canceled by the renormalization. The second set of graphs consists of dia-
grams involving scalar quarks, gluinos as well as quarks, Fig. 4(b): in this
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case the calculation becomes much more complicated due to the even larger
number of diagrams and to the presence of up to 5 particles with different

masses in the loops.

a) 3 4 q
f’: - e “ e oY
\ A Y v o/ Y v m@ Y
9 g, q;

q e
' T&%

Fig. 4. Typical Feynman diagrams for the contribution of scalar quarks and gluinos
to the W/Z-boson self-energies at the two-loop level.

In order to discuss our results, let us first concentrate on the contribution
of the gluonic corrections, Fig. 4(a), and the corresponding counterterms. At
the two-loop level, the results for the electroweak gauge-boson self-energies
at zero momentum-transfer have very simple analytical expressions. In the
case of an isodoublet (#, d) where general mixing is allowed. the structure is
similar to the one-loop case:

7147 G :\[2 g S N2 .
Sy = 2 W s alat)” Fy(mi . m? ).
4\/’27!‘3 i";’z ( J) ( Ui d))

77 G, Mza N ‘
w2Zy - GuMzas § dy2 2 2 ,
Y42(0) = WG g (; (afal)” Fy (mqi,mq]), (14)
g=1,
iy=1,2

where the factors ¢! are given in terms of the squark mixing angle 8; as

a] = cosf; and a} = sin ;. The two-loop function F(x,y) is given in terms

of dilogarithms hy

Fiv.y) = v 4y - 2—~ 10g£[2+g10g£]
r-—y Ty (
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(v +y)a? LY _ i ]
+ *m).—leo ; 2(.1 y)LIQ (1 y) . (1_.))

This function is svmmetric in the interchange of 2 and y. As in the case of
the one-loop function Fy, it vanishes for degenerate masses, Fi(z,2) = 0,
while in the case of large mass splitting it increases with the heavy scalar
quark mass squared: Fy(z,0) = 2(1+ 72/3).

From the previous expressions, the contribution of the (Z, b) doublet to
the p parameter, including the two-loop gluon exchange and pure scalar
quark diagrams, are obtained straightforwardly. In the case where the b
ml\mg is neglected. the SUSY two-loop contribution is given by an expres-
sion similar to (13):

Gy
4\/—7r3
+ cos? 6: Fy (m%l ) + sin? 6; I ( R 1%)]. (16)

quL“ = [ sin? 6 cos® 4; Ly (m2 2)

t

The two-loop gluonic SUSY contribution to Ap is shown in Fig. 5 as a
function of the common scalar mass my for the two scenarios discussed
previously: #; = 0 and 6; ~ —7 /4. As can be seen, the two-loop contribution
is of the order of 10 to 15% of the one-loop result. Contrary to the SM
case (and to many QCD corrections to electroweak processes in the SM, see
Ref. [28] for a review) where the two-loop correction screens the one-loop
contribution, quUE’Y has the same sign as AngSY. For instance, in the
case of degenerate stops with masses m; > my, the result is the same as
the QCD correction to the (t,d) contribution in the SM, but with opposite
sign. The gluonic correction to the contribution of scalar quarks to the p
parameter will therefore enhance the sensitivity in the search of the virtual
effects of scalar quarks in high-precision electroweak measurements.

The analytical expressions of the contribution of the two-loop diagrams
with gluino exchange, Fig. 4(b), to the electroweak gauge-boson self-energies
are very complicated even at zero momentum-transfer. Besides the fact that
the squark mixing leads to a large number of contributing diagrams, this is
mainly due to the presence of up to five particles with different masses in
the loops. The lengthy expressions will be given elsewhere [29]. It turned
out that in general the gluino exchange diagrams give smaller contributions
compared to gluon exchange. Only for gluino and squark masses close to
the experimental lower bounds they compete with the gluon exchange con-
tributions. In this case, the gluon and gluino contributions add up to ~ 30%
of the one-loop value for maximal mixing (see Fig. 6). For larger values of
mg, the contribution decreases rapidly since the gluinos decouple for high
masses. For vanishing gluino mass, in the limit of exact SUSY, the gluino
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Fig. 5. Gluon exchange contribution to the p parameter at two-loop as a function
of my for the scenarios of Fig. 3.
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Fig. 6. Contribution of the gluino exchange diagrams to Ap$YSY for two values of
mg in the scenarios of Fig. 3.

exchange contribution reads —ApgM - %“7, while as mentioned above in the

SUSY limit the glion exchange contribution of the scalar quarks cancels the
one of the quarks.
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4. Conclusions

In this article higher-order contributions to the relation between the
vector-boson masses in the SM and the MSSM have been discussed. In the
SM. the Higgs-mass dependence of the two-loop contribution to Ar has been
analvzed. Exact results have been given for the Ajj-dependent corrections
associated with the top-quark. r.¢. no expansion in m., My and the gauge-
hoson masses has been made. The size of this correction was found to be
about 10% of the one-loop result and ronghly the same as of the higher-order
contributions proportional to Aa, which enter with opposite sign. The total
result has been compared to an expansion in mg up to O(Gﬁmf/&/@), and
good agreement has been found. In total. the theoretical uncertainty in
the Higgs-mass dependence of Ar due to unknown higher-order corrections
seems 10 be well nunder control.

In the MSSM. the two-loop O(a,) corrections to the squark-loop con-
tributions to the weak gauge-hoson self-energies at zero momentum-transfer
have been calcilated and the QCD correction to the p parameter has been
derived. The gluonic corrections are of O(10%): they are positive and in-
crease the sensitivity in the search for scalar quarks through their virtual
effects in high-precision electroweak observables. The gluino contributions
are in general smaller except for relatively light gluinos and scalar quarks:
the contribution vanishes for large gluino masses.

The author thanks M. Jezabek and the other organizers of the Epiphany
Conference for the invitation, the perfect organization and their kind hospi-
tality during the Conference. I am grateful to my collaborators S. Bauberger.
A. Djouadi. P. Gambino. S. Heinemever, W. Hollik and C. Jinger. with
whom the results presented here have been worked out.
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