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The QCD structure of the W boson is constructed and compared with
that of the photon. A new concept of the electron structure function is
also defined. The leading order splitting [unctions of electron into quarks
are extracted, showing an important contribution from ~-Z interference.
Leading logarithmic QCD evolution equations are constructed and solved
in the asymptotic region where log” hehaviour of the parton densities is ob-
served. Possible applications with clear manifestation of ‘resolved’ photon
and weak bosons are discussed.

PACS numbers: 14.70. Fm, 13.60. -

At energies much higher than their masses the W and Z bosons can
develop QCD structure very much like the “resolved” photon [1]. In this talk
we concentrate first on the quark and gluon content of the W boson. Then
we advocate for a new concept in lepton induced hadronic production -
the lepton structure function. This function summarizes contributions from
all clectroweak bosons in a systematic way. We demonstrate new effects
appearing in this stucture function and stress differences with the standard
approach when a convolution of equivalent bosons and boson structure func-
tions are used.

Let us start with the well known example of the photon. Its anomalous
structure has been studied for more than ten years [1]. It is known to domi-
nate at high P? (where °? is the large momentum scale in the process) over
the hadronic (Vector Meson) component and can be measured in lepton-
lepton or lepton-hadron scattering [2]. Conceptually this structure emerges
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as QUD collinear quark-gluon cascade initiated by a quark-antiquark pair
produced by photon. At high momentum transfers, such that P? > M3,
analogous cascade can develop from the W boson — this time initiated via
weak interactions.

There are several important differences as compared to the photon. First,
there are strong polarization asymmetries caused by different couplings to
left- and righthanded quarks. Second. the 1¥" boson is massive and as such
has an on-shell longitudinal component. The trace of it will be discussed
helow,

One has rather rarely access to the source of real weak intermediate
bosons. As in the case of photons, the QCD structure is expected to be seen
in the processes where nearly real bosons are emitted by ferniions. One may
then make use of the equivalent boson approximation known since long for
the photons [3] and calculated only recently for the W and Z [4]. “Nearly
real” means in this case that the boson momentum squared is negligible
as compared to the other scales present in a given process. Whereas this
approximation causes little doubts in the case of photons. it requires more
attention with the massive weak bosons.

In the following we will find the quark and gluon densities inside W
(and Z) bosons for asymptotically large P? [5]. We have to find the W
splitting functions into quarks, construct evolution equations [6] and finally
solve them in the asymptotic region. The first step of this procedure can be
performed by calculating any (sub)-process involving colinear quark emis-
sions from the W and extracting the splitting functions by means of the
standard factorization prescription [7]. We probe the W boson with an off-
shell glion (G™) of four momentum squared p? = — P2, We choose the gluon
as a probe. instead of the photon, to avoid its direct interaction with the I
boson. To lowest order in ¢ = gweak 1t couples directly to quarks as shown
by the diagrams in Fig. 1. To study this interaction in detail we calculate
the polarized G-V cross-section

G5+ Wy = qs +ax - (1)

Choosing a frame where GG and W collide along z-axis we have [ollowing
simple parametrization of their 4-momenta and polarization vectors:

(1# = (0030-,0« (]c) ' (2)
P = (p0.0,0,p:) . (3)
and
I 1 - . ;
g = 0,1,-4,0), (4)

=7
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Fig. 1. Lowest order d for G g
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The cross—section summed over the final quark polarizations reads:

g P‘?. 4
o(GIW,) = 27m's(_\',,_,,,—2~ Fyo | x,log —5- Z We {8)
P Mz,
W7 g=1
where e, and ay are electromagnetic and strong coupling constants, re-
spectively and F\, can be found in Table I. The coupling wq reads:

(9)

1
Wy = ——5—
E 2sin? 0y
where fy- is the Weinberg angle. Within leading-log approximation we will

parametrize o as
() 27
as(t) = —,
; bt

with t = 111(1-’2/;1%2(,[)) and b= 11/2 - ng/3 for ng favours.

(10)

TABLE 1
Coeflicients Iy, (2, L), of Eq.(8)

A= — A=+ A=
o= | (l=2)4L~-2)  +2L—2)  2e(l—x)
o=+ 3L~ 2) (I—2)2(L~-2) 2x(l—2)
o= || 20(1 — x) 2x(1 —x) 0
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Let us observe that the splitting functions of the longitudinally polarized
weak intermediate bosons (¢ = ||) vanish in the lowest ag order. That
means that for P2 — oc the longitudinal W# will contain negligible amounts
of quarks and gluons as compared to the transverse bosons. Keeping this
in mind we present the following results for transverse weak intermediate
bosons only. defined as W = (W, + W_)/2. This choice is also convenient
for the comparison with the photon. Extracting the coefficients at logs
in the Eq. (8) we obtain the spin-dependent splitting functions of weak
intermediate bosons. All non-zero splitting functions read

3
P () = 75—
ap Wy ( l) 2Sil’12 ()W’

Py_wo(2)= s(z), (11)
with s(2) = [? + (1 — 2)?]/2.

With these functxom at hand we are able to construct the evolution
equations for quarks of any flavour and gluons. Instead of writing them
down for each polarization separately we prefer to use the unpolarized (¢ =
¢y + ¢-) and polarized (Ag = ¢4 — ¢-) densities. In this notation the
evolution equations for the W[ = (WI + W[)/2 read:

dq(x.l)  aem Loas(i) N (xs(t)

0l = S50 PqWI(l) + —57_.'—qu Ly ([(f) + —ZT q(‘; G
difa.t) _ Qem N ag(l) . as(t)

dt — 2x T 9L (e) + _57.*—qu S+ = T Fag & Gl
AGEt) _ aall) s vl

p7E s > PaGq@[qt) +q(t)] + oy P G(t)  (12)

q

and

‘u(’(;;”) ”i"‘APCI“,_(;:) ""_S(")L.\.qu & Aql1) “'_;E:)AP(,G = AG() |
([A(]d(['r"[):(;"’7"_"3[’(.1”,1(3) ()—\qu AG(H)+ _;E:>Ach; @ AG(H)
pond ol IRV [Aq(f)+M(t)]+3;—ff—)APcG & AC() . (13)

where

(P )= /rl.'z'l daoy P(xy) flag) §(x — xya2). (14)
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Fig. 2. u-type and d-type quark distribution functions in v, W and Z;

and

Pdu':(-”) = —APdWI(:v) = %wqa(m),
P wo (2) = APM,I(J:) =0,

u 1



1498 W. SLOMINSKI, J. SZWED

¢ 2

Pu,‘,,:(.r) = AP, ‘,‘,.L_(:z:) = Lwqa(x) .

The above equations can be solved in the asymptotic region. In analogy
to the photon case. the solutions have the form

Qe
qlr.t) ~ —ﬁ(ja’(.z')t.

gla. 1) %f:l(jas(:l:) t.

Gla.t) ~ (fz—“;‘lC-:aS(.Y;)r (16)

1

where ¢* ¢ and G* fulfil following equations:

d™(x) = %u'qa(.r)+ %qu d® 4+ %F‘q(; o G
u™ () = %qu a4 ,‘—)Pq(; O €
(1})"‘(.1") = %])qq d* + %f)q(“; S Chal
at () = %U'qn(.r)-k %qu a4 %Pq(_; B €l
(,z’ai(.l‘) = :—) Z [')(;q ((1a~,~+"as+('[as+ ?}as) -}-71: Py o0 G

d-. u-type

(17)

We solve the above equations numerically. The resulting unpolarized
densities for u and d quarks and gluons are shown in Fig. 2-3 (together
withthe photon and Z° results. At the energies under consideration we take
into account six Havours. The ¢ and t quarks distributions follow that of the
u quark: the s and b ones — that of the d. Comparison with the hadronic
content ol the photon shows the W boson structure slightly richer than that
of the photon.

As already mentioned one has rarvely real weak bosons at one’s disposal.
lu physical processes. wher the structure of electroweak hosons may con-
tribute significantly. it is the lepton. initiating the process which is the source
of the intermediate bosons. The standard procedure applied in such cases
is to nse the equivalent photon approximation (extended also to the case of
weak bosons) and, as a next step. to convolute the obtained boson distri-
butions with parton densities inside the bosons. For example the parton &
density of the electron I} would read:

17[.‘(:.@2. Pg) = Z FE‘;(Q'Z) o [,f—?(]ﬂ) . (1)
B

where (G (z) = [dedyd(z—xy)F(y)G (). O? is the maximnm allowed

virtuality of the boson. PP? is the hard process scale and z —- the momentnm
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Fig. 3. Gluon distribution functions in 4. W and 7

fraction of the parton k with respect to the electron (detailed definitions
follow). In such an approximation several questions arise: how far off-shell
can the intermediate bosons be. how large are their interference effects, what
are the relations between the energyv scales governing the consecutive steps,
is the convolution Eq. (IR) correct in general? We think that it is more
precise to answer the direct question: what is the quark and gluon content
of the incoming lepton or. in other words, what is the lepton structure
function? The answer to the above ¢uestion [8] brings several corrections to
the standard procedure.

The construction of the electron structure function can be divided into
two steps. In the first we calculate the splitting of the electron into a ¢g
pair. in the second the quark-gluon cascade is resummed with the use of
the evolution equations. To obtain the electron splitting functions let us
consider inchisive scattering of a virtual gluon off an electron. In the lowest
order in the electromagnetic and strong coupling constants (a aud ay) the
electron couples to ¢¢ pair as shown in Fig. -.
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Fig. 4. Lowest order graphs contributing to the process: e + G~ —= ¢ + ¢ + 4.

The incoming electron e carries 4-momentum ! and the off-shell gluon
G~ of 4-momentum p with large P? = —p?, serves here as a probe of the
electron. In the final state we have a massless quark ¢ and antignark ¢ of
4-momenta k and &' and lepton ¢ (electron or neutrino) of 4-momenmm U
The exchanged hoson B = {y.Z, W} carries 4-momentum ¢ (Q? = —¢*).

The current matrix element squared for an unpolarized electron reads:

Te™ G = g, gy) =T, D)
1 r )
= F/ (ll’p(l[’k(_/f,‘.;(271-)464(},7 +h U —-p=1)

X<€_|'];1;(0)I['/I(/nil_—n)<€,q71[j—'nlJ1/(0)|C’-> : (19)
where
il dt 2 d(k ). (20)
dl, = —— ) T

For massless quarks we can decompose the current in the helicity basis:

TN p) = =, (0) To, (L p) (o) (P) - (21)

In a frame where ¢ is antiparallel to p contributions from different helic-
ities of exchanged bosons do not mix and the current reads:

LA 1192 [ L3, )

T

A,B.p
Qmax

QZ(IQz ' 2 e
T D Qr g e (@) (22)

;ﬂlll
where P§ (y) describes weak boson emission from the electron and
H,’;’”(m,Q ) - g pair production by virtual gluon and electroweak boson.
g;;“/ is the boson A to quark ¢, coupling in the units of proton charge ¢. The

sum runs over the electroweak hosons (A, B = v, W™, Z) and their polariza-
tions p = £1.0. Note that although the sum is diagonal in the polarization
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index p it is not in the boson type A. B. The off-diagonal termns in the sum
arise from the 4-Z interference. As demonstrated below their contribution
is substantial.

To answer our main problem of *an electron splitting into a quark’ we
take the limit Q2 & P? and keep the leading terms only. Within this
approximation the kinematic variables z. y. z read

2
_ry TP i
Coplt T T YT ol (23)

aquiring the parton model interpretation of the quark momentum fraction
(z) and of boson momentun fraction (y). both with respect to the parent
electron. The leading term of the hadronic part does not depend on the
quark helicity n:
) ) pz
Hiz(r, Q%) = 2%log (7 (24)

Hi.:t(l‘.Qz) = (1—.1) lOg

2

ot {25)

with other ('ompcnent\' ﬁnite for P?2/Q% — 0.
We also recognize 4 B, {y) as a generalization of the splitting functions
of an electron into bosons |)|

Pig, () = 5092 02 gy, + g 9B Tyy)) (26)
with

1 .
Yoly) = . (27)

Y
1-y)° .
o) = Lo (29

iy
i 2{1 -1 :

ol = 222 (29)

where ¢3¢ is the electron to boson A, coupling in the units of proton
charge ¢

From kinematics y € [z, 1~ Q(m?2/P?)] and the integration limits for Q*
read ‘
2 ) V- —pritdTi (30)

Cmin — M = — y . ma\

with i, being the electron mass. Although smaller than the already ne-
glected quark masses, it is the electron mass which must be kept finite in
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order to regularize collinear divergencies. The upper limit of integration
requires particular attention. In general it is a function of P?. however inte-
gration up to the maximum kinematically allowed value Q2 .« would violate
the condition Q?/P? « 1. For our approximation to work we integrate
over Q% up to C.:)ﬁmx = ¢P? where ¢ < 1 and generally depends on y and
= A similar condition is in fact used in phenomenological applications of
the equivalent photon approximation [9]. Note that the maximum virtuality
Qﬁmx can also be kept independent of P? when special kinematical cuts are
arranged in experiment. We concentrate here on the fully inclusive case with
the maxiniun virtuality being P?-dependent. Integrating Eq. (22) over Q?
within such limits and keeping only leading-logarithmic terms Jeads to

v Qg ¥ Ao Ba e
THp == 3 9'90 Fip,(P)
AB.p

AP byma + P Byo) log P (31)

qn

In the above equation P_,f”(;z:) and P[—/‘il(:v) are boson-quark (-antiquark)
splitting functions [1, 5]

PE (2) = PE (2) = 322, P (2) = PE (2) =3(L — 2)? (32)

q+ T+ q+ 9+

and FfIZB,,(!/- P?) is the density matrix of polarized bosons inside electron.
[ts transverse components read

a (L—y)?+1

S (y) = — log 1o , 33a)
v (Y) o 2y 0g Ho (33a)
5 5

e o o, pw(l—y)+] e

Pz, (W) = o tan? gy = > log pz (33h)
_ ) ) 2 1 —1 2

Fy 7 (y) = %ta‘llzenf' @—Jr_z(y——i)— log 17 . (33¢)

e o pw(l —y)* -1 e
Pz, (W) = By tan 6y 5 log jtz . (33d)
o v r—(1=y)? \
FS o, (y) = _—n—t,a,n A u log iz . (33e)

27 21y
o Q 1 (1—1y)? .
Fyow. (y) = — , log piw 331
e, () PR g L (330)
-~ a i 1
i ow (y) = ————— — loguw, 33g’
wow () = 5o G g 0B (33g)
where

1 ;

pw = s — 1 (34)

2 sin? Oy
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and . ‘ )
SPZ o Mé

. log g = log Ve (35)

log jig = log3

r

Al other density matrix elements (containing at least one longitudinal bo-
son) do not develop logarithmic behaviour.

At this point we are able to define the splitting fimnctions of an electron
into a quark at the momentum scale P* as

P;;{I)Z) — Z (]Oh]q” q Z F(le,(Pz) y P;,} (36)
AB Iz

The expicit expressions for quarks read

Poy (2. P) :—{f [@4(2) + P (=)]log o

—!—(‘3 tan? Oy [ )+ phd_ ()} fog itz

—26'5 tan? Oy [Py (2) + pwP_(2)]log iy} . (37a)
e ; 3a
Pi_ (= P%) = —{ef (@4 (2) + @ (2)]log o

L2 1 2 1
2, tan” fy [(I)- (z)+ p‘1.f<[)+(:)J log jt7
+2e,z2, tan? Ay [P (2) + prr Py (2)]log pz

+ (U4 pw) Py (2)8yalog pw } (37b)
where
. Il -z .
dy(z) = T(2+ Iz 4225+ 2(1+ 2) log =, (3R}
. _ 3
$_{z) = ég_“_), (39)
3z

and 1
17 ,
T, = e — €y, 40
' sin? Oy o (10)

with ¢, and T} being the quark charge and 3-rd weak isospin component,
respectively. The splitting [unctions for antiquark of opposite helicity can
he obtained from liq. (37) by interchanging @, with ¢_

The splitting functions introduced above show two new features. The
first one. already mentioned before, is the contribution from the interference
of electroweak bosons (v and Z only). The second is their P? dependence.
which arises from the upper integration it Q2.
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Having completed the first step of our procedure — the calculation of
the splitting functions, we can proceed to the resumation of the QCD cas-
cade using the evolution equations. We consider the evolution equations
in the first order in electroweak couplings and leading logarithmic in QCD.
Remenibering that there is no direct coupling of the electroweak sector to
gluons we can write:

AFF @) o -

4n — e ] ]\p ~ F / Ala

dt 271'?,/” ZT ; Pq" ) kp ( ) * ( 1)
’]F(i‘—(t) oy - .

T M Z/ Pe < Fi (1) (411)

We stress that the convolution of the equivalent boson distributions and
boson-quark splitting functions. Eq. (36). occurs at the level of splitting
functions. 1t is not equivalent to the usually performed convolution of the
distribution functions hecause of the P? dependence of the boson distribi-
tion functions Eq. (33). Only in the case when the upper limit of integration
Qﬁmx is kept fixed (P%*independent). e.g. by special experimental cuts, are
the convolutions equivalent at both levels.

The equations Eq. (41) can be solved in the asymptotic f region. The so-
lution to Eqs. (41) for the parton k of polarization p can be now parametrized
as

- 1/ a)\? .
T (z) ~ = P (2) 12 42
ke (20 =35 (21T> fi2(2) (42)
resulting in purely integral equations
an __ A)\ p/‘ .
fip - ’A' 2[) 2 I ! (43)

where P “(z) are equal to P[;(:) (Eqs.(37)) divided by /27 and with all
log j14 = .

Numerical solutions to the above equations with the method described
in Ref. [5] are presented in Fig. 5 for the unpolarized quark and gluon distri-
butions. One notices significant contribution from the W intermediate state
in the d-tvpe quark density. The most surprising however is the v-Z inter-
ference contribution which cannot be neglected, as it is comparable to the
Z term. It violates the standard probabilistic approach where only diagonal
terms are taken into account. This also stresses the necessity of introducing
the concept of electron structure function in which all contributions from
intermediate bosons are properly summed up. Due to the nature of weak
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Fig. 5. Unpolarized quark and gluon distributions z f2%(z) inside the electron -
solid line. The other lines show contributions from single electroweak bosons.
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down quarks

3t ~ESF 1
g
2t T
1k
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Fig. 6. Comparison of unpolarized d-quark distributions = f* (=} n the electron
calculated by ESF and FF methods. The upper two lines result from contributions

from all electroweak bosons while the lower two from 5+ only.

couplings thev tnrn ont to be nonzero. even in the case of glhon distribu-
tions. Again the -7 interference term is important and the 17 contribution
dominates in the asyvmptotic region.

One shonld keep in mind that at finite 7 the logarithims multiplying
the photon contribution differ from the remaining ones (Eq. (35)). Being
scaled by i, . they lead to the photon domination at presently available /2.
The importance ol the interference term remains constant relative to the /7
contribution. as they are both governed by the same logarithm. But even at
presently available momenta. where the “resolved’ photon dominates. one can
see how the correct treatment of the scales changes the evolution in the fully
inclusive case. In Fig. 6 we present. the asymptotic solutions of the evolution
equations following from our procedure (ESIF) compared to those following
from the application of the convelntion Eq. (18) (FF). The difference which
can be noticed vanishes only in case one puts an experimental cut on Q5 ...

To sunumarize we have presented a construction of weak bosons struc-
ture functions and compared them with that of the photon. Significant spin
and flavour dependence can be observed in the quark-gluon contentofl the
W oand 7 bosons. We argued that the concept of the electron structure
function is the correct approach to lepton indnced processes when the QCD
partons are collinear with the lepton. The calculation has been done in the
leading logarihtmic approximation to QC'D and leading order in electroweak
interactions. One can definitely improve this approximation. in particalar,
treating the electroweak sector more precisely. The +-7 interference. con-
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trary to naive expectations. turns out to be important. Direct, calculation of
the splitting functions of an electron into quarks allows for precise control
of the momentum scales entering the evolution. It also shows that the con-
volution of leptons, electroweak hosons and quarks should be made at the
level of splitting functions rather than distribution functions. Unless forced
otherwise by the experimental cuts. the electron splitting functions depend
on the external scale 2 and influence significantly the parton evolution.

Phenomenological applications of the above aunalysis requiire very high
momentim scales in order to see the weak boson and interference contribu-
tions. Possible processes where these effects could show up include heavy
flavour, large po jet and Higgs boson production in lepton induced processes.
At presently available wwomenta. where the photons dominate. the use of the
electron structure finction allows to treat correctly the parton evolution. [t
seems also more plansible to use one phenomenological function of the re-
solved” electron instead of parametrizing the equivalent bosons™ and off-shell.
resolved” hosons™ spectra separately.
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