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THE ISOMORPHISM HOPF *-ALGEBRAS BETWEEN
x-POINCARE ALGEBRA IN CASE ggp =0 AND
“NULL PLANE" QUANTUM POINCARE ALGEBRA
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The isomorphism Hopf *-algebras between s-Poincaré algebra in case
goo = 0 defined by P. Kosiniski and P. Maslanka in The s-Weyl Group
and [ts Algebra in “From Field Theory to Quantum Groups” volume on
60" anniversary of J. Lukierski, World Scientific, Singapore 1996 and
“null plane” quantum Poincaré algebra by A. Ballesteros, F.J. Herranz and
M.A . del Olmo "Null Plane” Quantum Poincaré Algebra, Phys. Lett. B351,
137 (1995) are defined.

PACS numbers: 11.30. Cp, 03.65. Fd

1. Introduction

Recently, considerable interest has been paid to the deformations of
group and algebras of space-time symmetries [12]. An interesting deforma-
tion of the Poincaré algebra [5, 2] as well as group [7] has been introduced
which depend on the dimensional deformation parameter x; the relevant
objects are called k—Poincaré algebra and x—Poincaré group, respectively.
Their structure was studied in some detail and many of their properties are
now well understood.

In the Section 2 I find k—Poincaré algebra in the new basis. In the
Section 3 1 describe the “null plane” quantum Poincaré algebra and define
isomorphism between these two algebras. At least in the Section 4 I define
isomorphism between k—Poincaré algebra defined below and the “null plane”
quantum Poincaré algebra.

Let us remind the definition of x—Poincaré algebra. The x—Poincaré
algebra P, [2] (in the Majid and Ruegg basis [3]) is a quantized universal
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enveloping algebra in the sense of Drinfeld [4] described by the following
relations:
The commutation rules:

[MY, P] = in(& 9™ - 8'19) (1 ~ exp (-f)) +i(69" = 8'%97) s,

M, Py] = ing® (1 — exp (—@)) + ig** Py,

[]Wzo, Pk] = -i%go"d’k (1 — exp (—-2—3—)) — i5'kgosps exp (-.K_O.>

. P, ;. .
+ig” Py (exp (—-—9> - 1) + 849" PP, — —g" P, Px,
K 2K K
[P,.P] =0,
[]\/[“U,A/I'\a] — i(g;wMuA . guaMu/\ + gu/\Alua . gp,\MVa). (11)
The coproducts, counit and antipode:
AR =19 FR+FRol.
P,
AP, = P. & exp (—-—9) + 1 P,
K
AMY = MY T+ 1@ MY,
A . _ P 1 .
AM® = T& M* + M* Qexp (——"9) - —MY 3P,
s(M*) = 0: ¢(P,)=0,
S(Po) = - R,
F
S(P;) = —exp (—&—O> P,
S(MJ)y = =M,
i0 o, Ly B
S(M™) = - (M +";A‘{JF)]' exp|— ), (1.2)
where 2, j, k = 1,2.3 and the metric tensor g,,, (uv = 0,1,...,3) is repre-
sented by an arbitrary nondegenerate symmetric 4 X 4 matrix (not necessary
diagonal).
2. The k—Poincaré algebra in the new basis
Note that in our paper we mark

3 3
A'B'=3% A"B*, A'Bi=)_ A"B,

n=1 n=l
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for any tensors A#, B” and £!% = —1.
We put:

M = %sijkﬁj(jk, (we have also M* = g% p*),
N = M.

We define the isomorphism on generators of k—Poincaré algebra [3]:

Py = —Fo,

Pi = —HQXP (&> )
2K

M = M,

' o P,
v = (- emn)on (2)
2K 2k
; Fo 1 ijk pq
= N'exp 7 + 5.8 MIPy

After some calculus we get the following relations x—Poincaré algebra in the
new basis:
The commutation rules:

(Pu,P) =0
{Mi,p()} - 07

M Py = ity (m@f sinh (%’) + gJSPs> ,
[—’Vi,po] = 2irng¥sinh (P > +ig* Py,
. . . ; P,

‘,\/1.7)’ — e 00 z. h __O _ i Os ] h(_)

[N, Py ikg 8} sin (H ) — i6.g°P; cos 2,
M, MI) = —ieiikghs pgs,

[ ;-.i,/\/ij} — j@i;-sgu‘}\j’s + ‘igio,’\/lj ('.OSh <E> _ iéijgkgv’wk(:()sh (&) ’

2K 2f€

A, N = ig°A cosh (%) — ig*® N cosh (:];0) g 25”39}”/\4 PPy

K
Lcjrs 10 r i (:’zg) _ L irs 70 r <0 _@)
Ty M" Py sinh P 5.9 M P sinh 5
P ik« ok
lE.L]l-JOO M Coqh( 0) . isz‘7kng80,Ps sinh <BQ> ) (21)
K K 2K
The coproducts, counit and antipode:

APy = Po@ I+ 1 ® Py,
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APi:P®exp<§>+exp( P)@’Pz,
AM' = M@l +16eM,
; ; Po 7’0 ;
AN' = N' @ exp T + exp QN
_ A i (exp <_77_) Mj®7)k Py M exp <&>>
2K 25 2K

5((¥) == 0, fOl‘ (Y:Ni7 MZ7 P}M
S(x) = -4, forX:Mi Py,

SN = —N’+3z<g sinh (P)+2i ’k’Pk>,
(or S(X) = —exp <§ZJ—O> X exp (—iE) for ¥ = M', N, P,).(2.2)
2K 2K

Note, if we take diagonal metric tensor g,, = Diag(l, —1,—1,-1), we
obtain k—Poincaré algebra considered in [3, 5, 6].

3. The “null plane” quantum Poincaré algebra and isomorphism

The “null plane” quantum Poincaré algebra is a Hopf *-algebra generated
by ten elements: Py, P_, P, P2, E1, E,, I, F3, J3, K3 and z-deformation
parameter with the following relations:

The commutation rules:

(Ko, Py = S
(K3, P_] = —P_ cosh(zPy),

[K3, F;] = FEicosh(zP4),

[K3, F1] = —F, cosh(zPy) + zE1 P_sinh(2Py) — 22 BWE,
(K3, [5] = —Fycosh(zPy) + zE2P_sinh (2P ) — zzPlWi,
[J3, ] = —¢ijs P,

[J3, Ei] = —€ijakj,

[J3, Fi] = —<ijaFy,

(5; By = 6, 2D

[F}, Pj] = 6;P- cosh(zP+),

[Ei, Fj] = 6;j K3+ €453 cosh(zPy),

[P+’Fi] = - B,

[Fy, Fp) = 2*P_W{ + 2P_Jssinh(zPy),
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[P_,E] = ~P,.
The coproducts, counit and antipode:

AX = IT®©X+XQI, for X =P, E;, Ja,
AY = e *Pray +Y @e? forY = P_, P,
AF, = e Pt gF + F, @ et 1270+ B @ P
—2P_ @ Ey et 4ze7 7+ J3 @ Py — 2Py @ Jg 7P+
AF, = e Pt @R+ B gt 4¢P+ B, @ P
—zP_ @ FyetPt —ze P+ . @ P, + 2P, @ J5 75+,
AKs = e P oK s+ Ky et 1272 B @ Py
—zPL @ E1e*tt 427 B, @ Py — 2P, @ Epe®TH,
e(X) =0, S(X)=—e%P+ Xe 3P+ for X = Py, P, F,, E;, Ja, K3,

it

where W = E1 Py — EoPy + J3 3P and 4 j = 1,2.
If we take metric tensor:

0 0 0 1

) 0 -1 0 0
gu =Gu = 0 0 -1 0 (31)

1 0 0 0

P, = P,
P_ = Ps,

P =P,
K3 = —iN3,
F; =N,
E, = iM?,
E, = —iM!,
J3 = —iM3,

1
zZ = é;,

from k—Poincaré algebra relations (2.1), (2.2), we get that “null plane” quan-
tum Poincaré algebra relations (3.1), (3.1) holds.
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4. Summary

We define isomorphism Hopf *-algebras from x—Poincaré algebra (1.1},
(1.2) for metric tensor (3.1) to the “null plane” quantum Poincaré algebra
by putting:

P+ - —VPO.

P
P = —Fexp <—9>
2K
P.
P = —Piexp (—“)
2K

1 oo
K3 = -1 (51130 + §—M3‘ Pk> e,
K

. 1 o P
o= (F"PO + oM PA;) exp <—O> ’
2K 2K

E, = %slﬂnwf‘g
Ey, = —;—:Sl‘ikﬂ/lﬁ“,
Jf; = ~é-331‘ 7\111\
!
T2k

fori=1,2: j,k=1,2,3.
We conclude that the “null plane” quantum Poincaré algebra is a case of
the k—Poincaré algebra in ggo = 0.

The numerous discussions with Professor J. Lukierski and dr P. Maslanka
are kindly acknowledged.
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