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We show that for the critical dimension D, = 2 + %—?4- of an open para-
bosonic string, the Fock space is free of negative norms (ghosts).
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1. Introduction

One of the main goals of quantum mechanics (QM) is to provide a con-
sistent and unified description of the so-called wave particle duality which
is direct consequence of the Heisenberg equations of motion. Now, to tran-
sit from classical to quantum theory, dynamical canonical variables have
to verify the ordinary commutation relations which are consistent with the
Heisenberg equations.

It turns out that these canonical commutation relations are necessary
but not sufficient to guarantee the Heisenberg equations [1, 8]. The gener-
alization of these commutation relations leads to a general quantum theory
called “paraquantum theory” (PQM) characterized by an order parameter.
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The latter differs from the ordinary QM in the fact that the dynamical
variables satisfy not bilinear but trilinear relations [1, 8].

Although it is, in principle, possible to study various features of the
paraquantum observables within the Hilbert space, it is often convenient to
put this space into a correspondence with a larger Hilbert space in which
the operators satisfy bilinear relations [1, 9-12]. Traditionally, for Fock-type
irreducible representation of paraquantum theories with a unique vacuum
state, this is done by means of the Green decomposition {1, 9-12]

Q
af = Z aﬁ(a), u=1,D, (1.1)
a=1

where D is the space-time dimension, () the order of paraquantization, «

the Green index and a‘,:(a) are the annihilation operators Green components
satisfying bilinear but anomalous commutation relations

[GZ(Q),Q;}-V(Q)]:F = g™,
[az(a),a;“(ﬁ)]i =0, o #pj (1.2)

(upper sign for parabosons and lower sign for parafermions).

The purpose of this paper is to show that the paraquantum Fock space
of an open parabosonic string does not contain negative norm states for the
space-time critical dimension D = 2 + 2Q—4 [13, 16]. In Section 2, we describe
the formalism and in Section 3, we prove a no-ghost theorem and finally in
Section 4 we draw our conclusions.

2. Formalism

The Nambu-Goto classical action of an open parabosonic string is given
by [18]

1 . .2 5
S=- /drda[m-—w”—x x’Z} 2.1
— (& ~2) , (2.1
where 7,0 are dimensionless world-sheet parameters. Here o' is the string
scale and &"(resp. z’?) means %‘— (resp. %”—T'i). The general solution of

equation of motion (in the orthonormal gauge) subject to the edge conditions
g Fo=0,m; 7)=0 (2.2)

is
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+00
1
z* = ¢* +2a'p* +iV2d Y —= [ak exp(—inT) — af* exp(inT)] cos no,
n=1 \/ﬁ
(2.3)

where ¢* and p* are the string center of mass coordinates and the momentum
respectively.

After quantization the physical states |¥) are subject to the Virasoro

.. phys
conditions
L, |W}phys =0, n>1, (2.4)
and
where the Virasoro generators L,, are given by
1
Ln = 5&7 ‘ . aﬁ_mamu oy (26)

where

uo_ ’
ay = 20'p",

©wo_ [ 74
a’, = V2da'na ",

ob = V2a'nat,

and the dynamical variables ¢, p*, a¥, a* verify the non vanishing canoni-
cal commutation relations

l¢",p"] = 1g",
[aﬁva#] = Onmg"” . (2.7)

Now, the transition from the ordinary canonical commutation relations
to paraquantum ones can be easily done by the use of the Green decompo-
sition [1, 9-12]

+o0 +0oo +00 +oo
¢ = Z ¢ = Z p 0 alt = Z anu(ﬁ) , a = Z an+u(ﬂ)_
B=1 B=1 B=1

B=1
(2.8)
It is to be noted that the string space-time properties should not be
affected by the parquantization. In particular, and since ¢* and p* are
observables characterizing the center of mass coordinates of the string; they
have to satisfy ordinary commutation relations [13-16]. To respect this
condition, one has to specify a direction in the Green para-space so that

) = g#85,, p"P) = prég,. (2.9)
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Thus , the corresponding paraquantum commutation relations of (2.7) are

[¢#,p"] = ig"",
as®), a+v<a>]+ —0  a#p,
[a“(a +"(°’)] = g"bmn . (2.10)

3. No-ghost theorem

Let us make a preliminary investigation of the conditions which ensure
that there are no negative-norm physical states for an open parabosonic
string. To delineate the regions of the parameter a(0) and the space-time
dimension D in which there are no negative-norm states in the physical Fock
space, it is very useful to look for physical states of zero norm. If one varies
a(0) and D to cross from a region where the physical Fock space is positive
semi-definite to the one which has negative-norm states, extra-physical states
of zero norm are always present at the boundaries between the two regions.
It is turn out, for some reasons which we will discuss, that these extra-states
of zero norm are related to important physical principles and that the most
interesting case is the critical space-time dimension D = 2 + %4.

The discussion will be presented for an open parabosonic string, but the
closed parabosonic string case is almost identical, with a doubling of the «
oscillators and the Virasoro conditions.

An arbitrary state |¥) is called a physical state if it satisfies the
constraints

phys

Lp|&)phys = 0 for n>0,
[LO - a(O)”W)phys = Oa (31&)
where Ly and L,, have the following Green decomposition [14, 16]

Q
LO — Z L(()a),
a=1

Q
L, =3 L, (3.1b)
with
0 _ 1. ) (a
L = %;2;1: anmals) o,
« 1 2 0 (.
1= 5 o),
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(a(0) is a e-number coming from the normal ordering “ : :”). It is to be not-
ed that the paraquantum Fock space is defined that [13-16]

ag(a) |0) = 0,
P£10) = p*[0) , (3.1¢)
and
(0[0) =1.
A state |S) which obeys
(L, — a(0)]|S)=0 (3.2)

is called spurious state if it is orthogonal to all physical states, i.e.
(S|¥)phys =0, (3.3)

and it can always be written in the form
|S> - Z L—n |¢n> 3 (34)
n>0

where |®,) is a state which obeys
[Lo — a(0) + n] |®,) =0. (3.5)

Actually, the infinite series in equation (3.4) can be truncated, since the
L, 'sfor n > 3 can be represented as iterated commutatorsof L_; and L_o,
e.g. L_g < [L_y,L_3] . So we can simply write a spurious state as

ISy = L_1|®1) + L_2 |®2) , (3.6)

where |®;) and |$2) obey (3.5). Notice that states of the form (3.6) are
orthogonal to physical states |¥)phys.

Now, if a state | X > is both spurious and physical, then it has zero
norm. Thus these states are orthogonal to all physical states, including
themselves (and are sometimes said to be “null” physical states). We can
construct states of this type by considering spurious states of the form

1X) = (L_2 + QLE,) 19) , (3.7)
where {2 is a c-number and |@) an arbitrary state satisfying

Ln|®) =0 for m>0, (3.8a)
and
[Lo — a(0) +1]|©) = 0. (3.8b)
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Now, for |X) to have zero norm it must be physical and, in particular, it
should be annihilated by L,, for m > 0. Since it is trivially annihilated by
L,, with m > 3,we need only to impose the conditions
L|©) =0, (3.9)
Ly |®) = 0. (3.10)

After straightforward calculations and making use of the modified Vira-
soro algebra [14]

D
(L L] = (0 = M) L + 2 (0= 0%onsmo (B11)

together with equation (3.8), the conditions (3.9), (3.10) lead to

(42 - 160(0)) (—a(0) +2)

Q(2a(0) + 9 (3-122)
Now, as it will be clear in the next part,
0<a0)<1. (3.12b)
Thus, one gets the following double inequality
26 84
2<D<—. 3.13)
Q- ~Q (

Notice that the critical dimension D, = 2 4 222—4 [13, 15-16] verifies the
inequalities (3.13). To be more explicit and as an alternative way to show
that for critical dimension D, = 2 + 2Q—4 the paraquantum Fock space is free

of ghosts, let us consider the first three excited states of parabosonic string
[13, 15-16]

1
10) , |&) = e,a?(0) , |A,0) = % [uad* + buafaf*]l0),  (3.14)

with the Green decomposition

+ 2 +u{a)

o ule

Ay 2 = a2
a=1

(3.15)

and the normalization:

0|0y =1, |0) is the vacuum state.
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Now, applying the mass operator M?2

1
M? = — Lo - a(0)] (3.16)
the vacuum state |0)-one gets
M?|0) = —%a(O) |0 . (3.17)

Since in the ordinary case (Q=1) this equation characterizes a tachyonic
state, we should have «(0) > 0. For the physical vectorial states |¢) and
with the help of the Green components commutation relations (2.10) and
equation (3.1c) we obtain

(ele) = e Q. (3.18)

Now the Virasoro condition
L,le)=0 for n>1 (3.19)
is trivially verified for all values n > 1. However, for n = 1 one has to have
e PP =0. (3.20)

Moreover, the mass operator M? applied to the physical state [¢) implies
that

1
2
-P' == 1 - a(0)] (3.21)
with ) ,
P*=_pPY 4 P, i=1,D—-1,
a0) < 1. (3.22)

In the rest frame one can write

pr = ({% [1- a(O)]}% 0,0, ) : (3.23)

Combining equations (3.20) and (3.23) one gets €® = 0 . Therefore, the
norm (3.18) becomes

(ele) ="Q. (3.24)

This shows clearly that (g|e) > 0, for each space-time dimension D.
Now, regarding the states |\, ) and with the use of the commutation
relations (2.10) one gets

/\2

A 0(7,0)=Q [7 + 0(uy)o(ﬂ")J , (3.25)
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and )
M?|\,0) = ~P*|\,6) = = [2 - a(0)] 7,6, (3.26)
where 6,,,) means the symmetric part of 9;“/- For the Virasoro constraint
L,|A,8)=0, n=0. (3.27)

One can show that it is trivial except for n = 1 or 2. Straightforward
calculations (for n = 1 and n = 2) lead to

V2 (X" + Va8, P*) XQ: a0y =0, (3.28)
a=1
and )
-7 [VAIALP* + Q81| 10) = 0. (3.29)
As a result one has to have
XY+ Va6, P* =0, (3.30)
and
VA AP + Q™ = 0. (3.31)

In the rest frame where P* is given by equations (3.23); equations (3.30)
and (3.31) become

Xo + VA f(g) P’ = 0, (3.32)
Xi + V4G P° =0, (3.33)
and
D-1
Viaoleg { 2 — a(O)]} Q0(00 + Q Z 0(”) =0. (334)

From equations (3.24), (3.32), (3.33) and (3.34) we deduce that

(
(A, 81,60 = Q {[([ 2((3 0 20(“)

D-1 -
+(2(2 - a(0) - 2) Y 6fo;) + Z 0y + Z 8 u)]

=1
c#J

(3.35)

where in the last term we have i # j.
Now, in order that the norm (3.35) is positive definite independently of
the parameters 6, one should have
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(a)
22-a(0)-2)>0 ie a(0)<1;

(b)

Q1 -2(2 - (0 ( p )2 D-1 )
1) + 0 i Q Z 0 Vo i) * 3.36
[4(2 - a(0)) + Q)2 2 O g;() G- (3.36)

Now, using the fact that 22 —z+1 > 0 for all z (here in our case z =

-1
- Bi)), we obtain
=1

Q1 -2(2- o(0)] D-1
42~ a(0) + QP ( 20(")) Z i) 2 0.

=1

Using (3.12b) direct simplifications lead to

8 + Q)
QZ

Notice that the critical dimension D, verifies this inequality.

D<1+4 (3.37)

4. Conclusions

We conclude that the open parabosonic string critical dimension D, =
2-{-% guaranties that all the paraquantum states subject to the paraquantum
Virasoro conditions (3.10) are physical and consequently, the theory is free
from negative norm states (ghosts).

We are very grateful to the theoretical group of Es-senia University for
their critical discussions. One of us (N.M.) would like to thank Prof. V.
Klebanov from Princeton University for useful private communications.

REFERENCES
[1] N. Mebarki, N.Belaloui, M.H. Traikia, Tr. J. of Physics 19, 1101 (1995).
2] Y. Ohnuki, S. Kamefuchi, J. Math. Phys. 21, 601 (1980).
[3] Y. Ohnuki, T. Kashiwa, Prog. Theor. Phys. (Kyoto) 60, 548 (1978).
{4] Y. Ohnuki, S. Kamefuchi, Phys. Rev. 170, 1279 (1968).



2006 N. MEBARKI, M. HAOUCHINE, N. BELALOUI

[5] M. Omote,Y. Ohnuki, S. Kamefuchi, Prog. Theor. Phys. (Kyoto) 56, 1984
(1976).

[6] K.V. Kademova, M.M. Karaev, Nucl. Phys. B26, 326. (1971); Phys. Lett.
B34, 147 (1971).

[7] E.P. Wigner, Phys. Rev. 77, 711 (1950).

[8] O. Klein, J. Phys. Radium 9, 1 (1938).

[9] N. Mebarki, N. Belaloui, M.H. Traikia, Acta. Phys. Pol. B23, 1203 (1992).

[10] M.S. Green, Phys. Rev. 90, 270 (1953).

[11] N. Mebarki, N. Belaloui, M.H. Traikia, in Topics in theoretical physics, Second

Autumn School on Theoretical Physics, November 9-21 (1991), Constantine
University, Algeria.

[12] K. Druhl, R. Haag, J.E. Roberts, Commun. Math. Phys. 18, 204 (1970).
[13] N. Mebarki, M. Haouchine, N. Belaloui, Acta Phys. Pol. this issue.

[14] N. Mebarki, M. Haouchine, N. Belaloui, in Modified Virasoro and super-
Virasoro algebra, Constantine University preprint 12,1996. (accepted for pub-
lication in Czech. J. Phys.

[15] N. Mebarki, M. Haouchine, N. Belaloui, Acta Phys. Pol. this issue.

[16] M. Haouchine, Master thesis (1995), Constantine University (unpublished).
[17] J. Scherk, Rev. Mod. Phys. 47, 123 1975.

[18] N. Mebarki, N. Belaloui (in preparation).



