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1. Introduction

The generalization of the ordinary canonical commutation relations be-
tween dynamical variables to trilinear relations [1-9] leads to a generalized
quantum theory called “paraquantum theory” (PQM), characterized by an
order parameter (. In this new theory, the Heisenberg equations which guar-
antee the wave-particle duality are unchanged. Moreover, it turns out that
a larger Hilbert space for the paraquantum observables is needed. In fact,
it is convenient to put the Hilbert space in a correspondence with a larger
one in which the operators satisfy bilinear and not trilinear relations [1-9].
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For Fock-type irreducible representation, this is done by means of the
Green decomposition [1], [10-12]:

1 (1.1)

(¢ = 1,D; D is the space-time dimension), where @ is the order of the
paraquantization, « is the Green index and aﬁ:(a) and b’,:(a) are the annihila-
tion bosonic and fermionic operators Green components satisfying bilinear
but anomalous commutation relations [1], [10-12]:

[0, ) = bugm, [, 57 = g,

- 1.2
{aﬁ(a), a?-l/(ﬁ)] n =90 s {bz(a)7 b;lbu(ﬂ)]‘{» =0 3 ( )
such that
@0y=0, 0y=0
(10) is the vacuum state).

The purpose of this paper is to show that one can have a consistent para-
bosonic and super-parabosonic strings for the critical space-time dimensions
D. =2+ (24/Q) and 2+ (8/Q) respectively.

In Section 2, we describe the formalism and in Section 3, we derive
the parabosonic string and parasuperstring critical dimensions. Finally, in
Section 4, we draw our conclusions.

2. Formalism

The classical actions I, and I of free relativistic bosonic string and
superstring propagating in a flat space-time, are given by [13-14]:

1 i qo.i
I = ~w/da dr 9,2 8%, (2.1a)

and

1 1 ; A
L =- S0,0t 0%+ i Ty 0|, (2.1b
2 27m,/dadr [28x 9% +21y77 o°w (2.1b)

where 7 and o are dimensionless world-sheet parameters, &’ the string ten-
sion and Jg = d; and 9, = &,.
Here, ¥ is a Majorana—Weyl spinor with:

LS Ty
WZ[WZ},JI:W'Y. (2.2)
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The general solutions of the equations of motion in the light-cone gauge
are [13-14]:
. . ) T 4
f= ¢ 4 2d P i 1 exp(—i , 2.3
T ¢ +2a'p't+1 Z - exp(—inT) cos(no) (2.3a)

n=—oo
n#O

r
. 400
+ _Qz_ Z % [a; exp(—2in(r — o)) + &il exp(—2in(T + 0))] ,(2.3b)

+o0
gl = ZIP; exp[—in(r — o],

—O0C

+00
P? = Z @2 exp[—in(T + o], (2.3c)
—00
where ¢ and p* are the string center of mass coordinates and momenta
respectively.
It is to be noted that the solutions (2.3a), (2.3b), (2.3c) are for the open
and closed bosonic strings and open type I superstring respectively.
After quantization, the Mass operators are given by:

a) Open bosonic string:

1 =
o M? = 1o ralal (2.4a)

b) Closed bosonic string:
1 I

odM? = o, [: ot ol 43 &, :] (2.4b)
n=—o
c¢) Open superstring;:
1 I o 12
o' M? = = tatal +Z Z nW,y Yn: (2.4c)
n=—co —0
n#0
where
ob = 2a'p', &, =V2ana,
- 2a'nal", & = V2a'nat
i = V2d'nd,, v_, =V, (2.4d)
and
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It is to be noted that, in this case, the string and superstring dynamical
variables ¢',p',¢7,p*,al, af' @, @, ¥t and ¥, verify the following non

n?ni n

vanishing canonical commutatlon relatlons
[¢,p] =187, lg7p"]_=-1,
(@, @] = bijbm, (@] =6ijbum,  (2.59)
ab
{wga Wsz]+ = (7+h70) 6n+m,0 )
where
V= %(7o+70~1) (2.5b)
and the helicity projection operator i has as expression
h=3% (1 + 70“) , (2.5¢)
where
YD 0y D

Now, for the paraquantization, the commutation relations (2.5a) become:

o'\ p] =i, ™, p] =

:a%a),a;j(“)]_ = §i8,m , [ () ~+J(a)] = §i§6mm »
'ai(a),a;rlj(ﬁ)] =0, [~z(a) ~+J(ﬁ] =0, a#48,

L +

2@, ] = (v*h90) " Bupmo, (B2, 80)_ =0, o B, (2:6)

where we have used the Green ansatz [1], [10-12]:

Q Q Q Q
¢ =>¢?®, p=3p® a=3dP, =3 a?,
B=1 p=1 /=1

B=1
Q Q Q Q
g = Z q—(ﬁ) , pt= Z pt® G = agﬁ) . ar= Z 5;(@ ,
— = 8=1 B=1
Q
we =Y vl (2.7)

B=1

and the fact that the observables like ¢', p’, ¢, pT which describe the center
of mass coordinates and momentum of the string should not be affected by
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the paraquantization. In fact, this is achieved by choosing a specific direction
in the Green para-space, let us say [15-18]:

q—(ﬁ) p+(ﬁ)

¢'®) = ¢isg, =q dp1, =pt0p, PP =pids.

3. The mass shell condition

For the open parabosonic string, the mass operator can be easily con-
structed. In fact, using the commutation relations (2.6) one can show that:

+oo . )
ooy : o @aild) = g (3.1)

@t e
and consequently
o M? = 1 zQ: ‘*ff s o (2 gile) (3.2)
= 1o 2 2 tal, o .
n#0

Regarding the normal ordering ambiguity, one can simplify equation (3.2)
by means of the Riemann zeta function regularization and get:

Q 4oo
2___Q(D_2 }:E: 1(0’)za

Now, let us consider vectorial states of the form ¢;a7 , |0) (; is a polar-
ization vector). To preserve the covariance after the paraquantization, these
states should define an irreducible representation of their little group which
is the vectorial representation of the SO(D — 2) group. This implies that
these states have a zero mass i.e.:

M%7 |0)=0. (3.4)

Using the Green components decomposition as well as the commutation
relations (2.6) and equation (3.4) we obtain:

Q(D-2)
el 10) + 5 2015] i 0 =o0, (3.5)

where the paraquantum Fock space is defined so that

a0y =0, n>1,
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and consequently
24
D=2+ — 3.6)
0 (

Regarding the closed parabosonic string, one can show easily that the mass
operator M? is given by:

D 2 1 o 1 ~{a)~{x
o M? = Q(12 ) @z—; ; [ (@) gi(e0) (a) ()] (3.7)
nF#0

- - Q Gy .
o' M? = Q(D-2 + 1 Z [: a'(a)a;(“) I 5/_(3)51;(") :] . (3.8)

Now, let us take symmetric tensorial states |¢, 7) of the form £;; (aj_ o+
ool 1) 10) . In order that these states have a zero mass, one has to have

M?i,j)=0. (3.9)

After straightforward manipulations (as in the previous case) equation
(3.9) becomes

-Q(D-2) _1._40/] li,j) =0 (3.10)

12 2a/

and again one gets the result (3.6). Notice that the spectrum of the closed
parabosonic string contains a massless spin two particle (the symmetric ten-
sor state |7, j)) which can be interpreted as the graviton.

Regarding the type I open para-super-string and using the paraquantum
Fierz like rearrangement formula one has

G mu® = _FD gl for £ 8. (3.11)
One can show that

Z Z 1(ﬁ) 1(ﬁ) C - Z Z n: 7(‘ﬁ); (3.12)

@ Bt QT

and

Q oo
T 3 el Z Z B -gl8) .= o

a#Bn=—co a#B n=—co
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and because of the algebra of (W(‘f)(ﬁ ), the spectrum in the massless ground
state has to contain a vector state |7) = p'|0) and the spinor partner |a)
given by

Q
ja)y =Y 1)), (3.13)
B=1

where .
] a .
)7 = 2 () i)

which are annihilated by (a;)(ﬁ) and (¥¢)® (n > 1).

If |7) represents the (D — 2) physical transverse polarizations of the mass-
less vector field, the spinor partner |a), which is represented by equation
(3.13), has to have 29(P~2)/2 components (degrees of freedom). Therefore,
the conditions

M2y = 0,
M?|a) = 0. (3.14)

as well as the definition of the unique paraquantum Fock space vacuum

a0y = o0,
g0y =0, n>1, (3.15)
lead to N
D-2) 1 _ Al <=
Q( 5 )—ZTT (707 vthy )] Zn|z):0. (3.16)
n=1

After direct simplifications and using the fact that

[7+’ 7~]+ =2
and ,
N =1, Tryty=yP+l =9, Tr1=290-2/2 (3.17)
we obtain
Q (D - 2) = 120(P-2)/2 (3.18)
Equation (3.18) has a solution if and only if
8
D=2+~. (3.19)

Q
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4, Conclusion

Throughout this work, we have derived a new critical space-time dimen-
sion for bosonic string as well as superstring in a general framework of the
quantization procedure.

Thus one can have a paraquantum consistent bosonic strings and super-
strings at D = 26, 14,10,4 and D =, 10, 6,4, 2 respectively (which is not the
case in ordinary strings). This means that one may have D = 4 for the
bosonic strings and superstrings which corresponds to @ = 12 and 4 respec-
tively without having recourse to the compactification procedure. Moreover,
with these new critical space-time dimensions, one may have interesting phe-
nomenological implications (more details are under investigations) [19].

We are very grateful to Profs C. Burgess and C.S. Lam from the Physics
Department of Mc Gill University for fruitful discussions and one of us
(N.M.) would like to thank Prof. V. Klebanov from Princeton University
for useful private communications.
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