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1. Introduction

In the usual procedure of canonical quantization, to transit from the clas-
sical to quantum theory, one has to consider the canonical coordinates ¢; and
pi (i =1~ 3) as Hilbert space operators satisfying the so called canonical
commutation relations

9 95] = [pis P} = 0 [gs,p] = 26s;. (1.1)

It turns out that Eqs (1.1) are sufficient but by no means necessary to
guarantee the Heisenberg equations of motion [1]

~it2 AP (u=0-3), (1.2)

* This work is supported by the Algerian Ministry of Education and Research under
contract D2501/01/17/93.
** Permanent address.

(2017)



2018 N. MEBARKI, M. HAOUCHINE, N. BELALOUI

where A is an arbitrary linear operator (here Py = F (energy) and ¢ =t
(time)). Note that Eqgs (1.2) are necessary to provide a unified description
of the so called wave-particle duality. Thus, one has to take them as the
most fundamental and therefore the canonical variables ¢; and p; satisfy
bilinear (like Eq. 1.1) or trilinear commutation relations, depending on the
generalization of the quantization which is characterized by a given param-
eter ) called the order of the quantization [2-9].This procedure is called
paraquantization.

One may wonder why there is such necessity for this generalized pro-
cedure of quantization and unnecessary mathematical complication . It is
clear with regards to the present day unsolved problems that beset quantum
field theories like the non-renormalizability of quantum gravity and the com-
pactification problems in the superstring theories, that one has to improve
or completely reformulate the foundations of the existing theories and must
know their structures in a more general context in order to have a better
understanding [6].

In fact, as it was shown in Refs [10-13], the paraquantization of bosonic
string and superstring leads to a relationship between the order of paraquan-
tization @ and the critical dimension D (D =2+ 24/Q and D =2+ 8/Q).
Moreover, for the closed parabosonic string, the spectrum was shown to con-
tain a massless spin two para-bosonic particle which may be identified as the
graviton.

The aim of this paper is to derive the paraquantum BRST transforma-
tions and the corresponding charge for an open bosonic string and show
that the nilpotency property applied to the Green components of the BRST
charge leads to D = 2 + 24/Q. In Section 2, we present the formalism and
in Section 3 we draw our conclusions.

2. Formalism

The classical Polyakov Lagrangian for an open bosonic string is given
by [10,11]:

1., .
Lo = -39 *0uc" By, + 0 (G+1) (2.1)
where
7% =v/=g¢*®, a,b=0,1,
and

G =detg®®.

Here Jp and 9; mean 8, and 9,, where 7 and o are the string world-sheet
coordinates. In what follows we take (7, o) =(¢% ¢').
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It is important to mention that the Lagrangian (2.1) is invariant under

the following infinitesimal world-sheet coordinates transformations [14, 15]:

dz# = —£%0 2",
5?]’(11) — acsagcb+ acsbgac _ ac (8c§ab) ,

8(9) = —€"0.(9) »
50 = —£%9,9. (2.2)

It can be easily shown that the invariance of the action
S = / d¢%Ly
under the transformations (2.2) implies that
el=0 for o=0,7.

Now, to get the dgrsT transformations related to the transformations
(2.2) one has to replace the infinitesimal parameter €* (¢) by Ax® (¢), where
A is an anticommuting parameter and x° (¢) the ghost coordinates. The
nilpotency property of the dgrst implies that

dBRSTK" = —)\Kbabh',a . (2.3)

The world-sheet symmetric tensor §*® has the following form

~ab _ | W1t w2 wo
o= re o] (2.4)
With the gauge condition
and
g=-1 (2.6)
one has
G =, (2.7)
Now, the gauge fixing term takes the form
Lar = Bowo + frwy (2.8)
such that

SBRSTR® = —1Af3%, (2.9)
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where K* and (3% are the antighosts and auxiliary coordinates respectively.
It is straightforward to show that

éprsTA* = 0. (2.10)

To get the total quantum Lagrangian, one has to construct the Fadeev—-
Popov term Lpp. Direct calculations lead to

Lrp = —i [Ro (—K%0awo + (K% + Bor?) w1 + (o' — 01k0) wa) +
K1 (—k%0qw1 + (016° + Do) wo + (01K° — Bok!) w2)] ,
(2.11)
where wy,wsy, w3, transform as:

dBRsTWo = A (—Haaawo + (31f€0 + (90161) wi + ((90%1 -0 KO) wz) )

dBRrsTWI = A (—Haaawl + (31"60 + 30'41) wp + (51'60 - 30fil> wz) )
and
5BRST(U2 = A (Blno - 8051) Wo— (K,anwg — Klalwg) — 311‘61(.‘)2 + 80/‘60(4)1] .

(2.12)
Thus, the total BRST invariant Lagrangian Lot is
Ltotr = Loy + Lrp + Lar
with the boundary conditions:
kl=0 , Ook' at o=0, = (2.13)

Notice that after simple redefinitions of the auxiliary fields coordinates
3% and @ the total Lagrangian takes the simple form

LroT = —-21? BOuzh Oy, — ikg D yk* + 8 (1 - w%) + Bowo + Brwr (2.14)
with

a 81 "'60
o B 2.

Now, it is easy to show that the application of the variational principle
to the action gives the following equations of motion:

(02 - 87) 2+ = 0,

D° b’;b — 0’
De bEb =0,
wo=w=wy;—1l=0=0=0=0, (2.15)
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with the boundary conditions

" =FKo=FK; =0 at oc=0, 7.

(2.16)

Straightforward calculation shows that the solutions of Eq. (2.15) with

the boundary conditions (2.13) and (2.16) are

o o 1/2 . .
.’L‘”(O’, T) — qu+ _,__p#.r _ (?> Z (a: einT —ay, e—znf)

n=1

Koo, 1) = —1-—(20 + L i (.Q,f e 42, e‘””) cos(no) ,

s (ot
ko, ) = ——i—ﬂ_ i (.Qn e T 0t e"”) sin(no),
n=1
Ko, 1) = —-2—” i (f)n e~ _ (Ot ei"T) sin(no),
. n=1 - i | ) |
&0, 1) = 7_—90 Z (.Q,f e’ 402, e"””) cos(no)

and the momentum conjugates takes the form:

1
Ha:,, = -—;&,xu s

II,, = —iKky, II;, = —ikg

and

HE:HZ;:H%:HM:HW2:Hﬁo=Hﬁ1:H9:O'

/n

cos(no)

bl

(2.17)

(2.18)

(2.19)

It is obvious from Eq. (2.19) that all the constraints are of the second
class. Therefore the variables wy, w;, wq, K4, B, can be eliminated.
Now, to construct the paraquantum Lagrangian of order ), one has to
use first the following Green decomposition of the coordinates z*, kg, K1, g

and p* [1-8]:
Q
¢ = Z ()
ZKQ 3 HO“ Zﬁ(a)a

Ko

Ii
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with ) = pHs, . (2.20)

Q
Il
-

(Similar decomposition can be written for the momentum conjugates of the

variables z*, ko, k1), where the Green components z#(%), K,(()a), E((]a), Kga),

E(la), ﬂl(a), w;F'), (@) gr(e) pu(e) satisfy anomalous bilinear commutation re-
lations [1-9] and have similar mode decompositions as in Eqgs (2.17). For
the canonical paraquantum non vanishing commutation relations, one has
to postulate the following [1-9]:

(1) (7,0), 2, 01)] = —idid(o - o).
(I (r,0),2"Or,0)} = 0 if a#8,
(I (r,0), ) (1,0} = —id, *6(0 - '),
(1) (r,0), " O(r,0)] = 0 if a#B. (2.21)
Notice that from Egs (2.17), (2.18) and (2.21) we obtain:
[P*,¢"] = g™,
[aﬁ(a)» a;u(a)] = -guuénm7
{ad@) @) =0 i a#8,
{30, 0f7} =1,
{70, 0P =0 it a#s,
{3 @} = {2, 24} = 8,
{@:(a),ggg)} = {fjgg),fz;(a)} =0 if a#B. (222

It is important to mention that one has to require that the space-time
properties should not be affected by the paraquantization. In particular,
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since ¢# and p* are observables (dynamical variables) characterizing the
string center of mass, they have to satisfy to ordinary commutation relations.
To respect this condition, one has to specify a direction in the Green para-
space. For example, one can choose the direction corresponding to a = 1
and require that the center of mass coordinates have one component (along
this direction).

Now it can be shown easily that the total paraquantum Lagrangian

LTOT of open string can be written as

Q
1 a a o Fla a o
Lydr = Tow & [77 20,24 9 (?) — ik () D ykb(e)
019 (1 - 2
+067w” + B, (2.23)

Thus, the paraquantum BRST transformations get the form:

Q
(SBRSTQP”(Q) = -A E n“(ﬁ)aax“(a)
ﬁ_

SprsTR*(®) = “”)‘Z” I Wt

Q
SprsTw) = Z [ £98) 9,08 + (81K°P) 4 Gort (D))
B=

+(50,€1(ﬁ) o ,{O(ﬁ))w(()a)} ,

5BRSTw£a) = A Z [—Ra(ﬂ)aawia) + (3150@) + (?oml('@))wc(,a)
B=1

+(8of€0(ﬁ) - alﬁl(ﬁ))wga)} ,

Q

SersTwy”) = A3 [(0:15°0) - ot D))
p=1

(KOO — 189 ()

0 D) + 0ol

Q
5BRST0(Q) = —Ad, Z(I{a(ﬁ)g(a)) . (2.24)
B8=1



2024 N. MEBARKI, M. HAOUCHINE, N. BELALOUI

Slmllarly, one can show that the Green component of the BRST charge
QBRST has the following expression :

Q
1 (B) p (@) 0‘) (@), & (o)
QB ag{ AP +RIA (S, e2)
where
(24 1 [e] o e (¢
A(l ) — :/___ {5 —p pu5a1+ Z (au )a+( )+a+l£( ) { ))
S (0FHO @) 4 ol G | 4 %0
Z (.Q Qn + Q’n ‘Qn )} + \/7_1' 50',1 )
A5 = TZ 2n 20|
Q
Aga) — Z [ VP 81 ( +(a)_(27(lﬁ) + Q;i—(ﬁ)agi))

1
i 5/ —“’*( FHD @) 90) 1 HAHE) o))
i / (n+m) ( +ﬂ(a)a(a)9(,@)+Q+(ﬁ)a+u(a) (@) “)

3

M IIMS

+(8) H(a) ofe) _ o+{a) o+{a) BB)
+\/b_/ Z: — (Q +m97§n)97(1 ) Qn( )Qm “ Qn+m)
+(n+ 2m) ( HO H@ Q)+ 2F 0P 5P . (2.26)

Now, a straightforward calculation and use of the Riemann zeta function
regularization gives:

a) 2 2 D 2Q - @ a
i = 2[(B- 2 2) £ ot
n=1

12 12
D 2Q ad
etk A Q@@ (227
The nilpotency property applied to Ql(aaP)LST gives
24
D=2+ —.
Q

Notice the @) dependence of the critical space-time dimension D.
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3. Conclusion

One concludes that the nilpotency property applied to the Green com-
ponent of the parastring BRST charge Q%BQI%ST leads to the relation

24
D=2+=
Q

between the critical dimension D and the order of paraquatization ) already
derived in [12]. This suggests that the nilpotency property of the Q}(BOQLST
plays the same role as the Virasoro constraints applied to physical states [12].
In fact, one can define a physical state |¥)phys as

Q
%) phys = Y 1))

such that
QiHsl®) @ =0.

(The index (&) means the a*PGreen component.)

Thus one can have a paraquantum consistent open string theory at
D = 26, 14, 10, and 4 (which is not the case of the ordinary quantum
open string). This is a very interesting result, in the sense that one can first
study the topological and geometrical properties of the resulting manifolds
with the extra new space-time dimensions as well as the compactification
procedure (one may have interesting phenomenological solutions) and, sec-
ond, one may solve the compactification problem by choosing a generalized
quantum theory of order @ = 12 (D = 4). (More details are under investi-
gations.)

We are very grateful to Drs M. Lagraa, M. Tahiri and A. Bouda for
fruitful discussions and one of us (N.M.) would like to thank Professors
C.S. Lam and C. Burgers from the Physics Department, Mc Gill University
for useful private communications.
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