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Effective Hamiltonians for phonon and spin polarons are obtainedby ap-
plying a sequence of displacement and squeezing transformations to electron—
phonon, or electron—magnon, interacting Hamiltonians. The basic tech-
niques of calculation are shown in details, with explicit applications to the
case of two- and four-sites systems.

PACS numbers: 71.38.+i, 31.90.+s

1. Introduction

An interacting fermion—boson Hamiltonian is generally composed of pure-
ly fermionic and bosonic parts, plus a term expressing the interaction be-
tween the two types of particles. It is often convenient to try to transform the
interacting Hamiltonian into another one, from which the interaction term
has been eliminated or expressed in a physically more significant way. In
some cases, it is possible to obtain an equivalent Hailtonian from which one
type of particle is completely absent. These lecture notes will show how,
in the case of electrons interacting with phonons or with spin waves, one
can build effective Hamiltonians, where the Bose operators do not appear,
and the fermions interact through renormalized interactions, whose values
depend of the phononic properties of the system. Such fermions, dressed
by bosons, are called polarons. The general technique to eliminate bosonic
operators consists in applying to the interacting Hamiltonian a sequence of
unitary transformations determined by the fermion- boson interaction term,
usually called displacement transformations. They will be followed by the
evaluation of the displaced Hamiltonian over a so-called squeezed bosonic
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wavefunction, which is a generalization of the harmonic oscillator wavefunc-
tion. We shall consider two types of bosons: the phonons and the antiferro-
magnetic spin waves (or magnons). Their physical effects are quite different,
but the formalism is the same in both cases. Therefore we shall first treat in
some details the phonon polarons, to establish the procedure. When dealing
with the spin waves case, we shall take advantage of many results obtained
for the phonon case. As these notes are intended for didactical purposes, we
shall not deal with the phenomenology of polarons in real materials.

2. The electron—phonon Hamiltonian
Our starting point will be the so called Hubbard—Holstein Hamiltonian:
H= Hel + th + Helfph ’ (1)

where, in standard notation, the electronic term in the lattice site represen-
tation reads:

He = Z Eilio + Z tijChyCjo + Uznnnu + Z Vijning , (2)
i iG)o i i0)

€; is the atomic on-site energy; U is the Hubbard on-site repulsion energy
acting between two particles with opposite spins occupying the same lattice
site 4, while V;; is the inter-site charge interaction, and n; = ) n,. We
shall use, according to conveniency, both the sum over sites Zi< n meaning
summing over the z nearest neighbours (j) of each site ¢ (i = 1...N), and the
sum over (i, ) bonds ..

The free phonon term is a harmonic oscillator for the deformations w; of
the sites. In terms of the eigenmodes u, = 1/v/N > ujexp(igR;) and the
associated momenta P, of the vibrating mass M at frequency {2, it reads

PPy M
Hpy, = Zq: - T3 Zq: Qo ugu_gq. (3)

We shall quantize the deformations and momenta introducing Bose operators
by, b:rlaccording to the standard rules, yielding:

uq:,/m;%(biﬁbq), P =i %(biq—bq). (4)

Notice the characteristic length L, = \/h/2M (2,. The local phonon opera-
tors b;r-, b; are derived from by, b:; by Fourier transform:

b;r. = l/mZbE exp (—igR;) .
q
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The phonon Hamiltonian is then diagonalized as:
Hy =" 182, (Vibg +3) (5)
q

In the following we shall also consider the case of dispersionless phonons,
which model the optical phonons, implying 2, — {2, L, — L.

The interacting Hamiltonian will be assumed of the Holstein type [1],
i.e. a local interaction of strength G' betwen the site charge density n; and
its deformation w;:

Helph = qujnj = gz <b; + bj) nj = hQWZ <b; + bj) nj, (6)
J J J

where g = GL and vy = g/hf2. The mixed form, where only the Bose opera-
tors are Fourier transformed, will also be used, yielding:

Hapn = 127> (b1, +,) \/% S ngeltfs | =1y 3 (b, +by) ng.
q J q
(7)

Let us remark that n, introduced above equals /N times the true Fourier
tranform of n;. To have a physical understanding of the formalism, let us
consider simple cases: the dimer [2|, consisting of two ions at the sites R;
( = 1,2) spaced by a. Its Brillouin zone consists of two points: ¢ = 0, 7/a.
Then by = (b1 + b2) /v/2 and by, = (b1 — b2) /v/2 while the interaction term
becomes:

Hel_ph = % [(nl + n2) <bg + bo) + (n1 —n2) (bjr/a + bw/a>] . (8)

We see that the zone center mode (¢ = 0) couples to the total charge, while
the zone boundary one (¢ = 7/a) couples to the charge transfer between
the sites. The reader might work out the corresponding expressions for the
four-site closed chain.

Our goal is to tranform H into a physically equivalent effective Hamil-
tonian H* whose operatorial part is expected to have the same shape as Hg
but with renormalized interaction parameters, and possibly the addition of
fermionic interaction terms Hyey which were not present in Hg;:

H* = Hy (a;‘,tfj,U*,Vij) + Hyew + ¢ — number . 9)
The renormalized interactions will contain the effect of the coupling with
the phonons:

10
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Thus the final polaronic Hamiltonian will describe fermions “dressed” by
bosons, and therefore interacting between themselves with different strengths
than in the absence of bosons.

3. The displacement transformation

The first reasonable step in our program might seem to be the diag-
onalization of H, by eliminating He_pn. Actually, we shall see that this
procedure has serious physical drawbacks. However, let’s follow it for the
moment. The materials where polarons are supposed to exist, like high
temperature superconductors [4] (HT'S) or colossal magnetoresistance com-
pounds [5] (CMR) have strong electron—phonon interactions. Therefore
H¢_pn can not be dealt with perturbatively. One can instead try to get rid

of it by applying to H a unitary transformation e® such that ool = 1
(implying that the generator R is anti-Hermitian: R = —R). We hope
that a proper choice of R will produce a transformed H? = e®He % from
where H¢_p, has been removed. A comprehensive treatment of unitary
transformations can be found in Ref. [3].

To devise the form of R we learn from the perturbative limit. Suppose
we want to diagonalize the general Hamiltonian H = Hy+xH1 where z < 1.
We guess R = 2R and we develop e*™® in series of commutators:

HT =efHe ® = H + [#R, H] + % (2R, [zR, H]] + O (2°) . (11)

In the perturbative limit, we neglect O (ac3) and we eliminate the terms
in H” linear in x by imposing H; + [R,Ho] = 0. Then H? = Hy —
(2%/2) [R,[R, Ho)]. If {|p)} and {|n)} are complete sets of eigenstates
of Hy with eigenvalues F,, E,, then from:

> [p)(pl{H:1 + [R. Hol}n)(n| = 0 (12)
it follows
> o) [(plHiln) = (B = En) (pIR|n)] (n] = 0 (13)
yielding the Con(f,lition:
(iRln) = 2 (14)

which tells us that R has the same operatorial form as the perturbative
term Hy, only with different coefficients, because R has to obey the anti-
Hermiticity condition.
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In order to get rid of the Holstein term, then, let us apply to the Hamil-
tonian the unitary transformation generated by:

R:ZRq:725q<biq—bq)nq, (15)
q qo

where the wavevector-dependent parameters {J,} are, for the moment, un-
determined. We have therefore as many generators as there are sites in
the Bravais lattice, or as many points in the Brillouin zone. All generators
commute among themselves. In the case of the dimer we have:

_ 5 | — v f

Ry = (505 (’I’L1—|—TLQ) (bo—bo) , Rw/a = 5ﬂ/aﬁ (nl—nQ) <b7r/a_b7r/a) .

(16)
We shall try to perform the transformation rigorously, i.e. without any trun-
cation in the development of ef.

To transform each term of the Hamiltonian, we have to know how the
individual Bose and Fermi operators are transformed. Let us consider BI(;T) =
eRbI(,T)e_R, or

Bz(j) = {eXP[Z Y¢0q (bT—q - bq) ”q]}bg){eXP[Z Y¢0q <bq - bT—q) nq]} .

Jjqo Jjqo
(17)
By using the relation exp(X +Y) = exp(X) exp(Y) exp(—3[X, Y]), valid if
[X,Y] = c—number, we can reduce Eq. (17) for, say, B, to:

B, = [eXP(Vpépb;ranfp)]bp[eXP(_Vp‘Spr”fp)] . (18)

If we develop the exponentials in series, Eq. (18) becomes a series of commu-
tators By, = by + [r,by] + 5[, [, bp]] + [, [, [r, bp]]] + ... with 7 = 'yépb;r,n_p.
Now, [r, b,] = vpdpn_p i.e. a boson-independent term, so that all higher

order commutators vanish, and we obtain (with a similar procedure for B;E):
By, = by, — yp0pn_p, B;E = b;r, — YpOpnyp - (19)

The BI(,T) ’s are displaced Bose operators: they describe an oscillator whose
equilibrium position has been displaced under the action of an external force.
Here the force is due the coupling with the electronic charge. A textbook
example is a harmonically oscillating charge acted upon by the electric field,
while here the force is due to the coupling with the electronic charge. In the
case of the dimer with dispersionless phonons we would obtain:

(B07Bg) = (b(T)abO) - l(so(nl + n2)7

V2
2
(Bﬂ'/(l?Bjr/a) = (b;rr/aabﬂ/a) - %&r/a(nl - ’I’Lg) . (20)
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When transforming the Fermi operators it is more convenient to use the
real space representation for n, yielding

R=N"1/2 Z Yq0q (bT_q - bq) njoexp (iqR;) .
jqo
() R_(1)

. . _ _R . .
The displaced Fermi operators Cja = e''c; /e " are easily obtained by

noting that the n-th order commutator in the development of Cj, yields
[(—1)N_1/22q 0qVq <bT_q—bq>exp (iqR;)]"cjs i.e. the n-th power of a bosonic
operator [...]" times the same Fermi operator ¢;, to be transformed. The
case for the creation operator C]To is similar, but for lacking the factor (—1)

inside [...]" and having c;r» » in place of ¢j,. Therefore the series of commuta-

tors can be summed to an exponential of the bosonic operator, yielding

1 )
ol = exp[—= E 07, - eZqu]
Jjo jo q/q —q q
VN . ( )

1 .
Cjo = Cjo exp[—\/—N Z 9qq <bT,q — bq> ezqRﬂ] . (21)
q

We can now use the above results to transform the whole electron—phonon
Hamiltonian.

4. The “displaced” Hamiltonian

Equation (21) implies that the number operators nj, are unaffected by
the displacement transformation. The only term in Hg affected by the
transformation is therefore the hopping term, yielding:

Y e cioe =Y tiy(efel e ) (eFejpe )
K)o Ig)o

— 1 1 T iqR; _ LiqR;
= Z €1, Cjotl; exp [— Z dq7Vq <b_q — bq> (e — ¢ J] . (22)
1(j)o \/N q

A strong non-linear interaction with the phonons, which affects the hopping
of the electrons, has been introduced by the transformation.

To see how the terms containing phononic operators are transformed, let
us start from the free oscillator term:

1| 1
; he2, <bgbq + 5) o F = ; h$2 [(bg — Yg0qnq) (bg — Vg0gn—q) + 5]

1
= Z hf2, [bgbq + 3~ YqOqMq <bT_q + bq> + 7q25§nqnq} . (23)
q

eR
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The Holstein term yields:

Z h$2q7v4 (b]:q + bq) nq] et = Z h{2, ['yq <bT,q + bq> Ng — 27§5qnqn_q] .
q q

(24)
By reordering the terms in Egs. ( 3) and (24) we can write the total trans-
formed phononic Hamiltonian HL oh = =elt [Hph + Hel—ph) e 1 as:

HI = Z hi2, (bTb + > + Z h24vq (biq + bq) ng (1 —98,)

— Z hﬂq*yq — 0g) NgN—gq - (25)

We see that HpTh has a pure fermlomc term in addition to the free oscil-
lator and Holstein terms. The Holstein term might be cancelled if we chose
dq = 1 for any g. This was indeed the historic reason for which Lang and
Firsov, who first introduced [6] the displacement transformation, made that
choice for ¢, realising the complete displacement transformation (CDT).
We shall follow a different approach, by letting, for the moment, ¢, undeter-
mined. The most interesting term in th is the last one, which, going back
to the real space representation, reads:

1
Z th*y — 0g) NgN—gq = Z (nj + 2njin;)) [N Z hﬂq’ygéq (2—19yq)
J q
1 .
2D i |5 D haa04 (2= 8y) e’q@'—Rl)] . (26)
J £ q

We find phonon-induced contributions to the on- site atomic energy
(= nj), to the on-site Hubbard interaction (= nj;in; ), and to the inter-
site Coulomb interaction (= n;n;) . Collecting all contributions, we write

the displaced Hamiltonian HT = el (Het + Hpn + Hel—ph) e I as:

Ze N+ Y thelcio + U Z”JT”Jl + > Vignin,
1<j>o 1<j>

+> e, <bgbq + 5) + )y, (bT_q + bq) ng (1—4q) (27)
q q

where the phonon-renormalized interactions read:

i} 1
& =&~ > 0236, (2-6,) (28)
q
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. 1
Uj = Uj =2 <N> Z hgq%?‘sq (2-4q) , (29)

= Z hi2g7264 (2 — 8,) e (30)

As the physical values of J, are between 0 and 1, the additional terms
decrease the values of the bare interactions. The effect might be so large as
to change the sign of U and Vj; from positive to negative, with drastic ef-
fects on the physics. Moreover, while the bare Vj; vanishes if j and [ are not
first neighbours, in the additional contribution there is no constraint on j
and [ : the phonons produce an undamped long range oscillating interaction
between the charges on the various sites. Here one can appreciate the im-
portance of not adopting the Lang-Firsov choice 6, — 1 for any ¢. Indeed,
in that case one would have (recalling v, = g/hf2, and defining Aj; =0 if

j# 1)

i gy S vy = )

Namely, the long range interaction disappears in the CDT case. For hystor-
ical reasons, a number of characteristic quantities in the polaron literature
has been introduced just for CDT where:

2 2

6;:>sj—h(272:ej—g— Ul = U, J

n j i~ 25 (32)

The quantity g2/h{2 is called polaronic shift or polaron binding energy, being
the phonon-induced shift of the atomic energy, i.e. the additional attractive
energy which each site acquires due to the phonons. Given this interpretation
of g?/h{2 one can ask how many phonons dress a polaron. An intuitive
answer is provided by dividing the polaron binding energy by the energy hf?
of each phonon. The result (g/ hQ)2 is called the Huang—Rhys factor. Its
evaluation for arbitrary ¢, will be given later on (see Eq. (57)).

4.1. Applications to two- and four-site systems

Let us see now how this general formalism reads when applied to the
dimer case 2] with 2, — 2 (74 — 7). The transformed Bose operators are
now:

Or/aVr/a
B =) — % (n1 —n2) (33)

1)
BST) = b((]T) — —\0/750 (n1 4+ n2) ,
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so that the phonon-depending part of the transformed Hamiltonian, th, is:

th = e(RO+R7‘/‘l) (th‘i‘Helfph) e_(RO+R”/a) = hi? (BSBO‘FBl/an/a‘i‘l)

+% (1= 60) (BY+ Bo) (m1 +n3) + (1= 620)(B! |, = Brja )1 = )|

h{2~?

[50 (2 — 50) (711 + n2)2 + 5W/a (2 — 57T/a) (n1 — n2)2] . (34)

As [Hy, (ny + ng2)] = 0, then e Hye fo = H,, and we can choose dy = 1
which minimizes the ¢ = 0 contribution to th. This can not be done for
dr/a because the Fermi operators are transformed into

5 bt —b -4 -
CIO’ - c"l—o-e ﬂ/a')/( w/a Tr/a>/\/§7 Clo’ = C15€ Tr/a"{( m/a ﬂ/O‘)/\/ia
5 b —b 5 b —b
Cgo _ cgae ‘rr/a'Y( T/a Tr/a)/\/§7 CQO— = Ccope ‘rr/a'Y( */a Tr/a)/\/§ . (35)

After these transformations, the hopping term reads:

t Z <ClTUCg(, + C;LO,CM> = tcosh [\/ifyéw/a (bjr/a_bW/aﬂ Z (0100204—020010)
+ tsinh [\/iwéw/a <bjr/a - bﬂ/a)] Z <cJ{0020 - cgaclg) (36)

while the renormalized Coulomb interactions are:
; hy?
G o= 140, 2= ba)]

Us = U; — hi2y? [1 8,0 (2 5”/“)] ’

) hy?
Vi = Vi [1-0,,, 2= 0a)| - (37)

Notice that, consistently with Eq. (2) one has to write the total inter-
site Coulomb term for the dimer as ij Vimjng = Vigning + Varngng =
2V12n1n2.

To see in a concrete example the long range nature of V;7 let us consider
the four-site chain with {2, — 2. There are two orders of neighbours: for
nearest neighbours |R; — R;| = a and:

he2~?
Vier = Vit = — |00 (2= d0) =0, 2= dra)| - (38)

For second neighbours |R; — R;| = 2a and V;; has only the long range part,
reading:

he2~?

Viies = == |00 (2= 80) = 26, ,, (2= brpoa) +6,,, (2= 0rsa)| - (39)
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Due to the periodic boundary conditions imposed on the chain, the third
neighbours coincide with the first ones.

4.2. The phonon subsystem

Before continuing to study how the electrons are influenced by the pho-
nons, it is interesting to consider briefly the inverse problem, i.e. how the
phonons respond to the electrons |7]. Let us select from Eq. (27) the phonon-
depending terms:

= > hey (bgbq + %) Z hQyvg (1 —8,) (bi — bq> n, ek
q

]qo

+ Z tj; cosh [\/_ Z6q7q ( i > (eiqu — eiqu] (Cj»acla + c}gcjo)
(o

+ Z tj;sinh [\/_ Zéq’yq ( I b > (e ialty _ eiqu] (c}oclo — c;rgcjg).
(Jl)o
(40)
In the hopping term we have switched from site to bond sum. We shall
develop H., on in mean field approximation (MFA:AB~ A(B)+B(A) — (A)(B)),
under the assumption that there are no spontaneous currents ({c; ci» —

(c]
c;racj0> = 0) and that translational invariance holds (<c oClo) = <ClaCJU>)
Let us define

il ({o4}) = <cosh [% ; 0qVq <bT,q — bq> (eiqu — eiqu] > ’ (41)

where the expectation value is to be taken over an appropriate phonon state.
If we take the phonon vacuum, as shown in the equation (82) later on,

T = exp { 1Y V808 1 — cos (qa)]} independently of 7, 1. The MFA form

of the displaced hopping term ‘H}jl:)p

T
Hhop Z t]lT]l C Clg + Z t]lleC Clo

reads:

1 A A
+2 E t c »Clo) cosh | —= E ) ot b ) (1B — gl | (49
iyt [\/ﬁ . ala ( q q> ( (42)

The first line of Eq. (42) contributes to the effective electronic Hamilto-
nian, while the second one to its phononic counterpart. Indeed, the purely
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phononic MFA Hamiltonian now reads:

ph_Zm <bb + > > 12y (1= 8) (b1 — by ) (o)

jqo
+2 Z tii( c +Clo) cosh [\/_ Z6qu < —b > (el1fi — eiqu)] .(43)

We see that the phonon subsystem is apparently influenced by both
the density ((nq)) and the hopping (t;; (c}aclo>) of the electrons. To better
understand what happens, let us evaluate the phonon Green’s Function (GF)
((bq :b1)) which obeys the equation of motion (EOM):

o (00s0})) = o (b)) + (o R :85) ) (44)

where wy, is the renormalized frequency, in principle different from the bare
one §2,. Defining for short Tj,, = tjl(c;[acl(,> and Xy, = (1/\/ N) dq7Y
(€% — ¢4) we obtain the first order EOM in the form:

1
(s = R (yib]) = 5=+ D TioX -yt (45)

oo 3w (=) )~ (s -3 s (o) o))

Notice that no contribution to the EOM comes from the Holstein term
~ (ng). Its role is to put into contact the electron and phonon subsys-
tems, but only the hopping of the electrons influences quantitatively the
phonons. The new GF’s obey the second order EOM:

e {oxp [ £ 3 Xy (1o —bu) Jith))

= 5o {[emw [ 2% (o4 -00) ]
e Zqu] (b0g = b) | HE]:01)) (46)
To break the chain of BOM:s we shall assume that the GE's of phonons

of different modes ((by; b} »)) vanish (harmonic approximation), and develop
in MFA terms like bJr exp [i z Xqij (b —-b )] The expectation values
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will be taken over the undisplaced phonon states, so that <b;r;> = 0 and
<exp [i > g Xt <biq - bq)]> =75. The Eq. (46) then reduces to:

o+ Sl o [ (0 0) )

= qﬁ[% + B2 X1 (bp; b)) } exp [ ZquJ qu} : (47)

Finally, by evaluating Xy, for |R; — R;| = a, we obtain that the phonon
12 290000 o8 ) (/) S T

GF obeys:
<(bp;b;>>{hwp — 2|1 - hwp — (2/N) 3, 78240272 [1 — cos (qa)] }

:<;>{ [ E:ﬂmm 46242 [1 — cos (pa)] }.

(2/N) Zq h824637 [1 — cos (qa)]

(48)

The above results show that the electron hopping modifies both the

phonon frequency and the spectral weight. The renormalized frequency fol-

lows from the poles of the GF. By defining for short A, = 6272 [1 — cos (¢a)]
and T'= (1/N) 3y, TijoTij, we obtain:

1
fwp = =

2
2
S |15+ ZHQA + <h0p—N§thAq> —16h02,A,T

(49)
The correct choice of the sign follows from imposing lim7_.ow, = 2,. The
softening or hardening of the phonons then depends on the sign in front
of the square root, in turn determined by the ratio hf2, /(%) Zq h$2,4,.
Notice that, even if the bare phonons were dispersionless ({2, — (2), the
dressed phonons acquire dispersion, due to the itineracy of the electrons,
through the T- depending term under the square root. In the case of the
dimer, Az, = 27253 Ja and the renormalized frequency is:

2
2 T
wﬂ/a = 5 1 + 2’)’2(5i/a + <1 — 2’)/2(52/(1) — 32’)/2(53/ h—g . (50)

The phonon gets softened if 7263 Ja > 1/2, a condition easily met when

the displacement §_, is not negligible and the Huang-Rhys factor (g/ h02)?
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is appreciable. The possibility that the phonon gets hardened might be
an artifact of our approximations. A more rigorous treatment |[7| yields a
softening in all cases.

5. Displaced phonon states

To recall where we are before proceeding, let us write down the total
displaced Hamiltonian H7 in the general case of dispersive bare phonons:

HT = eR(He1+Hh+He1 —ph) € 25 ijo

+ Z t]l exXp \/— Z‘gq% < b > (eiqu - eiqu] C}o'clo’
ji<l>o

+U* ZnﬂnﬂJr Zvlnjnl—i-ZhQ <b by +1>

i<i>

+— Z 2y (1 = 4y) (bT—q - bQ) njge' . (51)
Jqo

Phonon operators are still present in H?. To obtain the purely electronic
effective Hamiltonian we shall evaluate the expectation value of H? over
some appropriate phonon wavefunction. This will substitute the terms
containing phonon operators with c—numbers, leaving the Fermi operators
unaffected. We shall proceed in two ways, one more traditional, one more
modern.

To start with the traditional treatment, let us consider two sites in our
lattice: on one, labeled [, there is no charge to interact with its deforma-

tion u;, described by local phonon operators b;r», bj. The other one, j, has a
local charge p; and a charge-induced deformation eRuje_R =U; = u; —Qj,
where @Q; = 2v0p;L. On site j the phonons are displaced and described
by B](T) = b§T) — @Q;/2L. Undisplaced n—phonon states on ! will be indi-
cated as |n;), while displaced ones on j by |n;). The vacuum wave function
0)) = (Mw/7h)"* exp [— (Mw/2h) u?] is the one for the harmonic oscilla-
tor. For the displaced vacuum |0;) we have instead:

1/4 1/4

0;) = (M_;L‘)> o (B _ <M_;;:)> o (B) (w;—Q;)?
T T

= ef(Mw)Qle( ;Lw)Qlu]‘Oj> (52)

To rewrite |0;) in terms of undisplaced phonon operators, we exploit the
definition of @); and the quantization of u;, yielding ( ) Q2 ('yép]) and
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(M) Qju; = <b;r + bj> v8pj. Then, by disentangling eX Y

0;) = o (90’ 9% (b}+bj>‘0j> = o™ 3(1905)° 100561 410038, |
Bt
— e*%(%ﬁj)Qe’Y‘SPijyoj% (53)

OH10;) = |

where we have used exp (y0p;b;)0;) = >, 0;) because only

the m = 0 term gives a non-vanishing contribution. In a similar way one
can build the other excited displaced states, yielding:

1

=g bl 0= 2 () ot (4 e

One has to be careful in interpreting the notational relation between
bare and displaced states: for instance, the displaced vacuum state |0;) is
far from being empty of phonons. Indeed, let us evaluate the number of
undisplaced phonons in |0;) :

(0;1b%b;10,)

ef('\f‘;pj )2

¥ pjb;r

= (Ojle”Blbse 7 J0y)

_ oyz 75,5,]1 <bTb)( )

_275/)] 0|bk(bbT—1)<) 05)

B o ) ) ]
k

k
By recalling that normalized phonon states ((k|k) = 1) obey (b;r) 0;) =
VE!|k;) and b;?|kj> = Vk!|0;) we can write

ey | o= (19p)* o (0p;)*"
(0j|b}bj|0j) = o (19p;) {ZT?UH—D—ZT?

= k=0

00 k
—(8p5)” { ’Y(Sp] +Z ’Y(Sp])Q o(1905)? }
k=

k=0

= ¢ (79p)) )? S (v 6'07)

k— 1)

(56)
i
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Now, by changing from k to p = k — 1 in the series, we have:

0 2p+2
—(vapy)? N (10p5)

(0;]b5b510;) = e~y #
p=0

— o (100)) [(75,0]»)%“‘5”” ] = (v9p;)* . (57)

(Oj\b;r.bj\Oj) is nothing else that the Huang—Rhys factor in the general case
of arbitrary ¢ value and electron density p;, which measures rigorously the
non-vanishing number of bare phonons in the state obtained by displacing
their vacuum.

We can go further, showing that, while (0,]b;]0;) = 0 (which is the
definition of the vacuum state |0;) of the bare phonons) on the contrary
(04]b410;) = vdp; , so that |0) is an eigenstate of the bare destruction opera-
tor b;. States satisfying b|0) # 0 are called coherent states in the literature.
By using Eq. (53),defining for short = ydp; with the site index understood,
we have:

(0[6]0) = == (0]ebe™® |0) . (58)

Developing the exponentials yields:
2 2Pz 0 ()9
(0[pj0) = e=**(0] 3 T (b) 10). (59)
pa DT

Using the properies of the normalized phonon states yields:

(11 (61)"10) = (01 /g 0" |g) = !, (60)

Then, after changing the sum index to n = ¢ — 1, Eq. (59) yields:

x2n+1

(0p]0) = =" 3 = (xex> =z, (61)

n!

Therefore in the displaced (or coherent) state even a single phonon operator
has a non-vanishing expectation value.

We saw that only the hopping term was modified in the displacement
transformation. Now we can evaluate its value over the displaced phonon
states. Let us suppose that initially we have one o—electron on site 57 and
none on site I: the electronic state can be described by [0;;1,5}. Corre-
spondingly, the phonon vacuum states will be |0;) and |0;). The hopping

term tjlc;racjg transfers the electron, causing the system to pass from an
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initial state |I) = [0;;1;5}/0;)|0;) to a final one |F) = |1;,;0;}|0;)[0;). We
want to evaluate the matrix element (F' ]tjlc;rocja |T), that is:

(Fltjiclycio 1) = {1105 0l 51¢],¢j0|00; 156 }(011(0510,)]0;) = tjl(01101><0j!0g(') s

62

The kinetic energy depends on the degree of overlap between the undis-

placed, and the displaced, phonon wavefunctions on each site. By using
Eq. (53) we evaluate the Franck-Condon integrals (0;|0;) as:

(07105) = (0yle= (920} = =307 (63)
It is easy to show that (0j]|n;) = |(vdp;)" /\/ﬁ] (04]05). Therefore

(Fltjich i) = t;e= (090" (64)

This result tells us that the phonons are expected to reduce strongly the
hopping amplitude due to the reduced overlap between |n) and |n) on each
site. We shall comment on the physical implications of this effect later on.

6. The squeezed state

The discussion given above follows a traditional line of argument. More
recently, a new approach has been applied [8], based on the concept of
Squeezing transformation and of Squeezed wavefunction. We shall devote
some space to describe squeezing in general, as applied to condensed matter:
the lectures by Prof. Bialinicky—Birula also deal with squeezing, but mainly
in electromagnetism. Further literature is listed under Ref. [9]. Squeezing
can also apply to fermions, but we shall limit ourselves to squeezing of
bosons.

Given Bose operators {b}:, bp} , one can define different squeezing trans-

formations according to conveniency. If the Hamiltonian couples different
modes (e.g. ¢ and —¢ in the Holstein case), then the squeezing operator is
generally written as:

¢S = exp [— > ay (ofpl, — bpbp)] C (et =1) . 6)

p

where a;, > 0 is a real number, to be determined according to conveniency.
When discussing the spin polarons we shall meet a situation where a different
sign for the exponent has to be adopted. Given the phonon vacuum |0) (such
that b,|0) = 0) we shall define the squeezed wavefunction [Pgq) as:

Tt
Wsg) = e [0) = o2 @ (HLatr0) 1oy (66)
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If only a single mode ¢ is of interest (e.g. in the dimer case, where only
q = 7/a influences the electron hopping) then S = —a, <b:§b,§ — bqbq). One
can use the squeezing also in the real space representation, where p will be a
site label. By definition, if o, — 0 the SQ states go over continuously to the
usual harmonic oscillator state, so that they can be considered as extensions
of the standard bosonic states.

Let us work out the squeezed form of b}:, b, defined as BI(,T) =e° bz(,ﬂe*s , by
)

using the equation of motion technique, i.e. by considering B,(,Jr a function

of oy, and trying to set up a differential equation for BI(,T) (ap). The first
derivative yields:

dsj _ oS
doy,

dB
T -5 _ P _ pt
[—(b},b_p — byb_p), bj,] e ¥ =B_,, do, = B',.  (67)

The two equations are coupled, so we go to the second derivatives, yielding
decoupled relations:
2t 2
d-By _ gt d°B,
da P’ da?

=5, (68)

)

whose solution, taking into account the initial conditions BI(,T) (ap=0) = bg
together with dB;,/dozp|0 =b_p and dB,/doy|o = bJLp, are:

B;E = b;r) cosh (o) + b_p, sinh (ap) B, = b]:p sinh (o) + by, cosh (ap() . |

69

In the case of a single mode, ¢ say, the result has 2¢, in place of a;,. The
deformation and momentum operators then transform as:

S, +by)e™ = e (b +b,) (b, —bye S = e (bl ~b,). (70)

To understand the reason why such states are called squeezed (SQ), let
us evaluate the Heisenberg uncertainty relation

(Usqlvupti—p|¥sqQ) (Ysqlv/ BpP-p|¥sq) > h/2
by using Eq. (70). By definition:

h
UpU—p = <2M(2p> (bT—p + bp)(b;r) +bp),

PP, — — <WTPM) !, — by) (b — b_y). (71)
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In the SQ state, by using Eq. (70):
(Wsl (b1, —by) (B —b)[Wsq) = e 27 (0](b, —b,) (b, —b_p)|0) = —e 2,
(WsQ| (b1, +by) (B +b-p)[Wsq) = 7 (0](bL, +b,) (b +b_,)[0) =e>*,  (72)
so that:

(WSQ\\/upu—pWSQ><EPSQ!\/PpP—pWS@=\/— (%) (e2r) (—e~20r) = g

(73)
The SQ states are minimal uncertainty states, just like the usual harmonic
oscillator states, as they verify the Heisenberg relation with the equality
sign. However, the indeterminacy on either the deformation, or the mo-
mentum, is reduced (squeezed) in amplitude, or correspondingly enhanced
(anti-squeezed), according to the sign in front of ay, in Eq. (65).
To better understand the physical meaning of the SQ states, let us con-
sider the inverse problem [7]: given a Hamiltonian for SQ states which has

a diagonal form i.e. Hsq = >_, {2, (B;Bp + 1/2), we want to determine

which is the non-diagonal phonon Hamiltonian H,q = e °H, SQeS which is
diagonalized by the squeezing transformation. By substituting Eq. (69) in

Hgg we easily find: .
Hy = Zq: h$2, sinh?(a) + Zq: h{2, cosh (2a,) [b};bq + 5]

+ 3 e, [&f%)} (bhely +bab-y) - (74)

The original Hamiltonian has a harmonic part, with an enhanced frequency
wq = {24 cosh (2a,) with respect to Hgg and also has an anharmonic term.
We can say that the squeezing is a way to treat the simplest (quadratic)
anharmonicity, which produces a softening of the phonon frequencies. We
shall deal with Eq. (74) again when discussing the spin polarons.

It is also interesting to study how the shape of the SQ wavefunction
differs from the unsqueezed one. Let us consider a single ¢ mode squeezing,
and write its generator as:

S = ag {bg - (bg)Q] = ay [1+(b2+bq)(b2—bq)}
(VB2 (- )

S = aq<1+2uqdiuq>. (75)
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This form of S allows to prove that the squeezing transformation acts on
functions of u, as a scaling transformation ¢.e. that:

- _d
e S F (ug) =e ™ (HZu“ d“fz)F (ug) = e M F (e 2y, . (76)

The proof is in the Appendix. The consequences of Eq. (76), e.g. in the
case F'(uq) is the Gaussian harmonic oscillator wavefunction, are that the
SQ function at uy = 0 is smaller (for oy > 0) by a factor e™* than the
unsqueezed function, but, for increasing |ugyl, it decreases much less quickly
than the latter.

Let us now continue our study of SQ operators by considering the boson
number operator:

(Wsqlbib,Tsq) = (0] <e5b;e—5) (€Sbpe™5) 0) = sinb® (o) . (77)

Any appreciable squeezing (o, # 0) creates an exponentially large number
of phonons.

The hopping term in the displaced Hamiltonian contains an exponential
function of Bose operators, whose squeezed form we shall now obtain. Con-

q

Ay = A%, are c-numbers. By using standard tricks [10] for exponential

operators, one has:

(WsolY [Wsq) = <0( exp [ef g A (v, —bg) ] (0>
- <0( exp [Zq: Age0% (biq - bq> ] (0> . (78)

By rearranging Zq Aje (bT -b ) qu < —Agb ) we can write:

(oesw [ e (4ph=00) o) =TT (0 Jsw o= (=) )

(79)
Let us consider each ¢ mode separately. Disentangling the exponential yields:

<O ‘exp [efaq <A2b}; — Aqbq)] ‘ 0> = <O ‘exp [efan:;b;] exp [—efanqbq]

X exp [—e_%‘q 1A, /2} ‘ O> . (80)

sider the general exponential operator ¥ = exp {Z Ay (b bq)] where

The only non-vanishing contributions from the series expansions of the expo-
nentials of b:;, bq acting on |0) comes from the zeroth-order term, and equals 1.
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Therefore, <O ‘exp {e*aq <A26:§—Aqbq)] ‘ 0> =exp [—6*20“1 \Aqlz /2] and:
Wsql 3 Ag (B — b0 ) 1Wsq) = [T exp [—e 14, /2]

q q
= exp [— Zef%‘q |A,l? /2

q

(81)

One important feature of this result is that the argument of the exponential
carries a minus sign, irrespective of the sign of A4,.

Now we can write down the expectation value of the displaced Hamilto-
nian, Eq. (51), taken over the SQ wavefunction. The Holstein term yields

a vanishing contribution (=~ <0 ‘bJr_q + bq‘ 0>), whatever the value of d,. The

free oscillator term is given by Eq. (77). The bosonic function in the hopping
term, by using Eq. (81), yields:

1 on
<EPSQ’ exp [ﬁ ; ’yq(sq (e iy _ ¢ qu) (bT—q - bq)
= exp [ 27252 lqu _ eiqu ‘2 e2aq]
= exp { 27252 [1 — cos (qa)] 6_20“1} , (82)

where we defined a = |R; — R;|. For a single-mode case, one would obtain
exp (—4a) in the exponent. In the limit of no squeezing (oy — 0), this
T ({04} {og}) coincides with the quantity 7 introduced in Eq. (41). One
sees that the effect of the squeezing is to introduce a factor e~2% into the
exponent. This reduces its absolute value, so that, for given coupling ~y, and
displacement d,, 7 ({oy}) is larger the stronger is the squeezing.

Now we can write down the effective Hamiltonian for phonon polarons

H*:
Ze Mjo + Z tjlc ¢ +U* Znﬂnﬂ + Z ‘/j’;njnl
J J(0

+ > hey [sinhQ (ap) + ﬂ : (83)

Wsq) =7 ({dg} {ag})

where we defined ¢}, = 7 ({ag}) ti; as the effective hopping, and now in the
V]* term the sum over the [ sites is not restricted to the nearest neighbours
of site j. While E , U*and V* are renormalized only by the displacement,
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in the case of ¢j; both displacement and squeezing have an effect , but in
opposite direction. Displacement, tending to reduce t7;, is counteracted by
squeezing. The two effects manifest themselves separately in other physical
observables. To have a clear example, let us consider in details the case of
the dimer, where the calculations can be made in explicit form.

7. Correlation functions in the dimer case

The dimer sites are labeled i, 7 = 1,2, and, for a non-degenerate orbital,
the filling is limited to N = 1,2 due to electron—hole symmetry.

The effective Hamiltonian, which contains only fermionic terms, is anal-
ogous to Eq. (2). It can be exactly diagonalized, yielding the eigenvalues
and eigenvectors listed in Table I.

TABLE I
Eigenvalues and eigenvectors of the Hamiltonian of Eq. (2) for N = 1,2. D is the
degeneracy of the state. The labels a, b indicate bonding and antibonding character.
For N = 2 we have defined Ey =2¢+U, Ey =2e+V,r = /(Ey — Ev)? + 16¢2,
tanf = —4t/(Ey — Ey + 7).

Filling and energy D §,5* Eigenvectors

N=1E =¢c—t 2 53 |16, 1) = J5lel; + cl,][0)
55 1160 = J5lely +chlo)

N=1EB=¢+t 2 53 l1a,1) = J5lel; — ck,]10)
%7_% |1a,l):\/i§[ch—c;i]|0)

N=2Ey=L(Ey+Ev—r) |1 0,0 3) = Jlsin (] cf; + b )

-cos ¢ (CLC; + Cgﬁ})“m
)

N=2FE; 11 =2+V 2 1L,1(=1) [+ =cl e )10

N=2E;g=2+V 1 1,0 14,0) = J5 |eby el — el el | 10)
N=2E;=2+U 1 0,0 5,0) = J5 |l el — b by | 10)
N=2Es=1(By+Ev+r) |1 0,0 6) = 5leosd (cf il + by o)

+sin 6 (CLCET + C;iCIT)HO)

The value ((X))xy of the correlation function (CF) related to a operator
X in one of the eigenstates |k) of the effective Hamiltonian has to be defined
as follows:

(X)) = (k|(sqle™Xe FTs)|k),  Wsq) = exp[—a(bTbl — bb)”m?}éi)
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where |0)pp is the phonon vacuum, and |¥sq) is the squeezed state, where
@ = Qur/q is the only non-vanishing a;. The notation ((X)) here indicates a
sequence of two transformations performed on X, and should not be confused
with the Green’s function notation. If X is a product of operators, then
one isolates each operator by inserting 1 = > |k)(k|. We need the matrix
elements of n;,,n;, nf and n% — n% over the electronic eigenstates, which are
listed below.
N =1 (quarter filled orbital).

The states are the bonding and antibonding combinations labelled
|1bo), |lao) in the Table. The spin- resolved matrix elements are:

(ko|nig|ko) = 1, (k,—o|nis|k,—0) =0, (k=1b,1a),
(lo|nie|20) = %, (lo|ngy|20) = —%, (85)
(ko|ni,|ko) = (kolnd,|ko) =5,  (k=1b1a),
(lolni,|20) = 5, (lon3,|20) = 3,

(ko|niynes|ko) = 0, (k =1b,1a), (lo|n1enoe|20) = 0. (86)

(ko|n;lko) = 1, (k,—c|nilk,—o) = %, (k=1,2;i=1,2),
(lojn1|20) = 3, (lo|na|20) = =3, (87)
(ko|nilko) = (ko|n3lko) =3, (k = 1b,1a),
(lo[nf|20) = 3, (lo[n3|20) = -3,
(ko|ninglko) = 0, (k =1b,1a), (lo|ning|20) =0, (88)
(ko|ninglko) = (kolninilke) =0, (konilko)=1 (k=1,2). (89)

N = 2 (half filled orbital).

For the spin-resolved n;, we have:

Blniold) = 5. Glols) =57, (Bmole) =0,
Blnelto) = 0, @ny,0) = S 31,40 = <S8 (00)
Blnaol3) = 5. (Blnaols) = =220 @lnaols) =0,
(3Inaol4,0) = 0, (3\n2T\4,0>—C0286, (3]n2l\4,0>——00280,(91)

(4,0nis4,0)=1, (4,—0|nis|4,—0)=0, (4,0[ns|5)=0 (4,0|n;|6)=0,
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1
(4,0n;s|4,0) = 3 (4,0n;s|4,+0) =0,
sin 6 sin @
<47O‘n1T‘6> = 9 <4,O‘TL1”6> = = 5
sin 0 sin 0
<47O‘n2T‘6> = - 9 <47O‘n2l’6> = 9 (93)
1 cos 6 cos 6
(Blniol5) = 5 (Blmals) = <50 (5hssl6) =~

For the total charges on the sites n; = n;; + n;| we have:

BIn1|3)y = 1, (3|n1]4) =0, (3|ny|5) =sinf, (3|n1|6) =0, (94)
BInaf3) = 1, (BInald) =0, (3nf5) = —sind, (3fnal6) = 0, (95)

<47U‘ni’470> =1, <4,0"7’L2’5> =0, <47 U’nl‘6> =0,
(5|ni5) = 1, (5|n1|6) =cosf, (5|n2|6) =—cosh.  (97)

To evaluate the matrix elements of n? we use the decomposition of the
identity, i.e. <z|n?|z> = (i| >_j njlk)(k|n;|i), yielding:

(3[niI3) = 1 +sin®6, (3[nil4,0,0) =0, (3nf[5) = 2sin6, (3|n|6) =0,
(98)

(3[n3]3) = 1+sin®6, (3n3l4,0,0) =0, (3[n3]5) = —2sind, (3|n3(6) =0,
(99)

(4,0[nf4,0) = 1, (4,0nf[5) =0, (4,0[n7[6) =0
(4,0[n74,0) = 1, (4,0[n7]5) =0, (4,0[n}|6) =0, (100)
(5|n?[5) = 2, (5|n?|6) = 2cosf, (5|n3|6) = —2cosd. (101)

The correlation functions are the quantities accessible to experimental
measurement. We shall show that some of them depend only on the dis-
placement, and other ones only on the squeezing.

7.1. Correlation between site deformations

The correlation between the site deformations is a quantity depending
only on the displacement parametrs. Its evaluation will show that the com-
plete Lang—Firsov transformation (6 = 1) leads to wrong results. To study
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that problem in our general case of incomplete (0 # 1) transformation, we
shall evaluate

{(uz(t)ur (0)))y = (k| (sqle™ et/ uge= 1/ gy = IH ) g ) )

(102)
It is convenient to write:
((ua(t)us klz (Tsqlud |Tsq) p) (p|(Tsqul [Tsq)e! Fr—Frl/h|k) |
(103)

where {|p)} is the set of eigenstates of H*. By expressing u,ug in terms of
bhsbo and bl b g as:

ur =50 +bo+bl +brn)  us=5(bj+bo—bl, —br) (104)

transforming wu; 2 by exp (RO + R, /a) and applying the squeezing we find:

(WqlelRo+R/a)y e~ (Ro+Re/a)|@g0) = —Lag [n1 + na + 8y a(n1 —n2)]
(Wsqlelfotima) yye=(FotResa) g o) = —Lg [n1 +na — by /a(n1 — 1))
(105)

whence it follows (u1) = (ug) for any |k) as (k|n; —no|k) =0. For N =1 in
the ground state |1bo) we have:

((uz(t)u1(0))) 160y = L*75 [1 - 52/a (th} (106)

while for N = 2 and in the different eigenstates which can be the ground
state, we get:

(fua(®ur (0))g) = AL (1= 62, sin? g~ Fer=E3i/) |

{(ua(t)u1(0))) 14y = 4L*5
((ua(t)ur(0)))5) = 4L~G
6ﬂ/asm296 UES, = Bor)t/h _ 52/acos fe™ (EgafEéT)t/h] . (107)

Notice that forcing 0./, = 1 does not describe correctly the correlated dy-
namics of the site deformations. In particular, at t = 0, both for N =1 and
N = 2, the correlation functions, when Jd-depending, either vanish, or are
minimal, if 0/, = 1.

To make more explicit the role of d,/, in coherently propagating the
deformation between the sites, one can look at the equal-time quantity
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((u2(0)u1(0))) k) — ((u2(0))){{u1(0)))r) which vanishes in the state [4), while

in the other ones reads:

((ua(0)u1 (0)))j1py — ((u2(0))) ((ur (0))) sy = —L*1567
>>‘3> = —4L2’yg(52 sin20

w/a

M5y = —4L*7§62 (108)

w/a "

7.2. Electron—phonon correlation functions

Those functions were introduced in Ref. [11] for the case of one electron
in the lattice. Besides having an intuitive meaning, these CF’s enter the
evaluation of the optical conductivity due to charges on the ¢ sites 0., ~
> I, Y(bgbq)», where Y(b:;bq) is a function of the phonon g-mode
occupation numbers, whose explicit form can be found in Ref. [12]. For the
dimer, the only wavector yielding a non-vanishing contribution is ¢ = 7/a

so that the above expression reduces to o, ~ <(n1(b]£bl - b;bz».
In our case the inter-site electron—phonon correlation function is defined
as (i,j =1,2):
FPy = (kl(@sqle™niblb e wso) k)
= (k(@sql(e®nie™") (e bjbe™™)Wsq)li) (109)

We need the phonon operators for each site, which are obtained by inverting
the definitions of bf, b,. Then

blbr = $Bibo + 0L baja + (Bbrsa + L b0)]
biby = $[bibo + b1 brja — (bibrsa + L b0)] (110)

Applying the displacement transformation yields:

e/l e rle = BT beja = 8eja0(BL ), + brja) (1 — 1)
+07 575 (1 — na)?, (111)
eROb(T)boe_R0 = bgbo—'yo(bg)—i—bo)(nl +n9)+7e(n1 + no)?,  (112)
efo bge_ROeRbﬂ/ae_R = bgbw/a — Y0bra(n1 +n2) — 5,T/a70b$(n1 —ng)
+0r/a70 (N1 — n2)? (113)
efto b;rr/ae*ROeRboe*]L2 = bjr/abo - VObjr/a(”l +n2) — 0 /aY0bo (N1 — N2)

+57r/a73(n1 - n2)2 . (114)
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When evaluated in the squeezed state, the above results reduce to:

<LDSQ|eRW/abjT/ab7r/ae_RW/a|LDSQ> = Sh%(2a) + 67%/a73(n1 — ny)?

@SQ|GR%T50€7RO|WSQ> = 15(n1 + ny)®
W/abTboe 7r/ae_RO|Sp~§v'Q> = 25%/@73(”% - ’I’L%) : (115)

(Wsqle™el=/e(b] b

T/a

The local deformations in the squeezed state therefore result in:

Sh?(2a) 2

Wsalb{bulse) = D L 215 )10 )2 2ima(1-62,,)]
Sh(2 2

Wsalbipalsq) = 2 L 0 0215231467 +2mma(1-62,,)]

(116)
We can now evaluate the correlation function in each eigenstate |7).
N=1

As the state |lao) is always higher in energy than |1bo), we shall consider
only the latter.

o Sh2(2a)
F1§|1b0> = T(lba\nl\lb@
2
y
—|—Z0 (1—57r/a) (1bo| %:1 Z:nﬂm' (iT|n?|1bo)
H(1 4 0r)*(Lbo| DY mlir)(it|n3|1b0)
i=bl,la T
+2(1 - 82, (1o > ndlir) zrynz\lba>], (117)
i=1b,la T
e _ Sh2(204) ’Yg 2
F1§|1bo) = 4 +Z(1_57r/a) . (118)
N =2
In the state |3) we have:
o Sh?(2a 72
Fy = 2 i) + - 5,028 3 mliind
(L 02313 maliNiln313) +21-02,) (3] D ndli ilna[3)] (119)
i=3,5 i=3,5

Ounly the states |3) and |5) appear in the decomposition of the identity
because |4,0), |4,0) and |6) have vanishing matrix elements with |3). By
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using the matrix elements as evaluated above we obtain:

Fl§\3> = T() + T {(1 — 57T/a)2(1 + 3sin?6)
+(1+ 6ra)*(1 = sin”0) + 2(1 — 62, )(1 — sin” 9)} ,
o Sh? (2 '
Figjsy = 7; ) + 92 [1 = 0rja(2 = 0z /a) sin® 6] . (120)
One can verify that F2f|3> = Ff§|3> so that one can drop the site indexes.

By analogous calculations one finds for the degenerate |4) eigenstates:

Fep _ Fep Sh2(204) 2

1214,0) — Ti21a0) = 4 + (121)

while for the state |5) one has to evaluate:
Sh2(2a)
Ff§|5> = T<5\n1\5>
2

+ (=026 Y mliildls)

i=3,5,6

(14 60)* (5] D mali)(iln3]5)
i=3,5,6

+2(1 - 82,,)(5] 3 ndlidilnal5)] (122)
1=3,5,6

yielding
Fep Sh2(2a)

2 2
12|5) = 4 +7 (1 - 57r/a) . (123)

Notice that, in evaluating F12|5) one must include in the decomposition of
the identity also the states |6), because |5), differently from |3), is connected
to |6) by n;,n?.

The on-site electron-phonon CF Fleﬁ &
same way, with the site-independent results:
N=1

y = (n1b1b1> is evaluated in the

e Sh2(206) 72 2
Fi oy = —— + ZO(1 + 62 /0) (124)
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N=2
iy = % + 9% [1 4 0n/a(2 + 0r/q) sin® 0] (125)
Fleﬁ4,a> = Flef\4,0> = w + 'Yg ) (126)
sy = % +75(1+67,) . (127)

From the results above, the optical conductivity is linear in 4, /, and inde-
pendent from squeezing.

7.8. The Debye—Waller factor

Let us now consider an important quantity depending only on the squeez-
ing. Following Ref. [13] we define the Debye Waller factor FPW as FPW =

((u2)) — {{u;))?. It is actually a site-independent quantity, as we shall show.

We shall define for short the characteristic length L = \/71/2% so that:
wi = (L)2) [bg +bo+ (~D)HE 4 bw/a)] . (i=1,2). (128)
Then one finds:
() = =70L (14 0/a) (32 m10) + (1 = bra)(D_ iz

(u2) = =90L] (1= 8r/a)(D o) + (14 8rja) D mag)| . (120)

The expression of ((u?)) can be worked out by noting that
(Tsq b [¥sq) = (Isqlbb|¥sq) = Sh(4a)/2
yielding, for ¢ = 1, 2:
<W5Q|u?|lng> = LQ[Sh(Zloz) + Sh2(2a) + 1]/2

L1242 [< S (n1y + n20)>2 02, (> - n20)>2] (130)

so that:

2 A2 _L_2 201
(D) iy = (wayy = 5 [€7*Sh(20) + 1]

+(=1)'L? [U?! D (n1 = n2g)[k) (k] Y (1o + nza)\k>] , (131
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where |k) is an eigenstate of H*. As (k| ) (n15—n2s)|k) vanishes identically,
we finally obtain the site-independent result:

DVV_L_2 4ox
FPW = (1 4. (132)

7.4. Average vibrational energy

The average vibrational energy (Ey,) is related to the Debye—Waller fac-
tor, and, following [13] can be defined as:

(Eq) = %<< (‘“‘Z—t(“>>> (133)

where u;(t) = eHt/hye="Ht/h is the Heisenberg representation of the lo-
cal deformation. Its equation of motion is actually governed by only the

phononic part th + Hej_ph of the total bare Hamiltonian of Eq. (1)

h
R

= [ui(t), H] = [ui(t), Hph + Hel—pn] - (134)

By writing u; as in Eq. (128) one finds:

du(t) 2_ LO\? —iHt/hpt + o iHt/h
[ dt } N <7> [e (bo—bo+b7r/a—b7r/a) e ] . (135)

The transformation exp(Ro+ R/,) changes H into H T with displaced Bose
operators, so that the Eq. (135) reads:

2 2
( 2 > e(R0+R7r/a) |:duz—(t):| e_(R0+R7r/a)

LR dt
= e M plbl + bobo — 2b{bo — 1+ b1 BT+ b abrsa
—iHT
—2b0 ) brja — 14 2(bh = bo) (bL , — brya) e M (136)

Finally, when evaluated over the combined squeezed- phonon and electronic
state defined by HT|Wsq)|k) = Ej|¥sq)|k) the Eq. (136) yields, after ex-
plicitating L:

he2

(Bo) = 75 [1+ el (137)

which is proportional to the Debye—Waller factor.
Let us now consider quantities depending on both the displacement and
the squeezing.
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7.5. The longitudinal and transverse magnetic correlation functions

The longitudinal magnetic CF ((S7S3)) vanishes for N = 1, while for
N =2 by writing S? = (n;; — n;|) /2 we get, for the state |3)

cos?
((S5.55))ja) = 1031 (may — ma) 14,0){4,0] (my — ) j3) = —=2 (139)
while
1 cos? 6
(ST ey = 7o (USTS2 Doy = ——;—-  ((5753))5) = 0. (139)

The transverse magnetic CF ((S] Sy ))for N = 1 vanishes. For N = 2 it
also vanishes in the states |4,0) and |5) while

cos? 6

(351 55 13) = ——5—

_ 1
(4,017 S5 14,0) = 5.

Those functions depend on the combined effect of displacement and squeez-
ing, which is contained in the parameter 6, defined as in Table I.

7.6. The charge transfer correlation function

Following Ref. [8] the charge transfer CF is conveniently defined as:

et _ (i[(Tsqle™(n1 —na)(u; — uy)e” | Wsq)li)

= , , (140)
T VilWsqleRu, — wy)?e TTsQ))
or, expressing u; — uo throughthe b;rr Ja br/a Operators :
(il{@sqleft=rs (n1 = na) (], +b_ Je™ /e |Wsq)li)
iy = (141)

Vil Zsqlefera(B] 4 byjo) e e Wsq)li)

Substituting eftr/e (bjr/a + bﬂ/a)e_R”/a = bjr/a +br/q — 207 /a7y (N1 — n2)in the

numerator of F'°* we have:
(W5l (n1—na)[e/= (b +brja)e™ Fo/e|Wsq) = =267 /a70(n1—n2)* . (142)
In the denominator we develop (bf 4 b)2 = (b7)2 4 (b)? + 2b'b 4 1, so that:

eR"/a (bjr/a + bn/a)Qe_Rﬂ/a = (bT /a + b7r/a)2 - 457r/aG(b;rr/a + b7r/a) + 452 G2 .

™ w/a

(143)



Effective Hamiltonians for Phonon and Spin Polarons 3621

In the squeezed state Eq. (143) yields
(Wsqlel/ (bl + brja)?e™ /e [Wsq) = 25h*(20) +1 4402 ,G7 . (144)
Now we can re- write the CF of Eq. (141) as

—V20, /470 (il (1 — n2)?i)
\/Sh2 (20) +1/2 + 262, 73 (i(n1 — n2)?|i)

Fy (145)

The evaluation of F'* requires therefore the knowledge of the matrix ele-
ments of (n; —nz)?. By the usual decomposition of the identity one obtains:

for N=1

(io|(ng —no)?lic) =1  (i=1,2) (146)
so that
—V24 —24
F] = \/_ w/a”Y 7/a”Y . (147)
\/ShQ (20) +1/2+ 252, \/Ch (4a) +452
for N =2
(3|(n1—m2)?|3) = 4sin®0,  (4|(n1—n2)?}4) =0,  (5|(n1—n2)*5) = 4.
(148)
Finally we obtain the explicit form of the charge transfer CF:
f 2
F|(::%t> = _4\/§6ﬂ/a70 sin”
\/Sh2(2a) +1/2 + 882,78 sin 6
168, /470 sin? 0
. /a0 (149)
\/Ch (4a) + (497470 sin 9)
F|%t> = —4\/§5ﬂ/a’yo !
\/Sh2(20) +1/2 + 852 73
160, /4
- /270 (150)

\/Ch (4ar) + (40, /070)?

while F| b =

squeezing through 9.
The quantitative behaviour of the CF’s evaluated above is discussed in

Ref. [2].

= 0. Once more, this quantity depends on both displacement and
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8. Summary of phonon polaron discussion
and introduction to the spin polarons

Let us summarize the main points of this first part of the Lectures. We
have introduced a sequence of displacement and squeezing transformations
(in this order) as a general non-perturbative way to transform an interacting
boson-fermion Hamiltonian into an effective one with only fermionic opera-
tors. The effect of the bosons results in a renormalization of the electronic
interactions, and possibly in the presence of electronic terms which where
absent in the electron—only part of the original Hamiltonian. From the for-
mal point of view we have stressed two points: first, the dependance of
the parameters characterizing the transformations on the wavevectors of the
bosonic modes is a basic feature of the physics of the problem, and its ne-
glect is likely to lead to questionable results. Second, whenever feasible, the
parameters values have to be determined variationally, instead of being set
by some diagonalization requirement. By way of application we have consid-
ered the case where the bosons are phonons. We have produced an effective
polaronic Hamiltonian, containing a long range Coulomb interaction term
which was absent from electronic part of the original Hamiltonian. Finally,
we have taken the dimer and the four-site chain as simple concrete systems
where to apply the general formalism, showing how one gets quantities which
can be experimentally tested.

Besides the phonons, electrons in solids can couple to other bosonic exci-
tations: we shall now consider the case of coupling to magnetic fluctuations,
which, in the spin wave formalism, can be described as a special kind of
boson. If the magnetic properties can be described by a Heisenberg term

T3y Si- S = Ju i [SfS]Z» +3 <SZ-+S; + S;S;rﬂ one calls lon-
gitudinal the fluctuations related to S7.S7 and transverse those related to
SZT" Sj_. Spin polarons due to longitudinal fluctuations have been considered
in the Spin Bag model [14] in connection with the high T, superconductors,
but we shall not discuss them. Our interest will be centred on the spin po-

larons due to transverse fluctuations. There are two main families of models,
i.e. double band and single band ones, and we shall deal with them in turn.
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9. Two-band (Kondo—Heisenberg) model for spin polarons

This model is based on the electronic structure of the High-T, Supercon-
ductors (HTS) but it applies also to other systems, e.g. the Heavy Fermion
(HF ) and the Colossal Magnetoresistance (CMR) Systems. In all those ma-
terials, there are moment-bearing ions (respectively, Cu?*, rare earth ions,
and Mn3T) and itinerant electrons hopping in hybridized bands. The dy-
namics of the electrons is conditioned by the magnetic excitations, which,
if the local moments have long range order, are spin waves. In the case of
CMR there are also very important phononic interactions, which by them-
selves may create phononic polarons, but we shall consider here only the
magnetic polarons for sake of simplicity.

Two are the basic ingredients for the Heisenberg—-Kondo Hamiltonian:
first, a set of magnetic ions whose local moments, of length S, interact-
ing between themselves through a Heisenberg term and, second, itinerant
fermions (represented by c;ro,
nit — n;|)/2] interacts with a local moment through a Kondo-type term
Ji > ; 8i-Si. The Heisenberg term is due to superexchange involving bridg-
ing Oxygen anions in HTS and CMR, , and due to the indirect RKKY in-
teraction in HF. The fermion band arises through hybridization of cation 3d
with anion 2p orbitals (in the case of HTS and CMR) or of 3d and 4f or 5f
orbitals (for HF). The total Kondo-Heisenberg (or two-band) Hamiltonian

1S:
H = Zeinio + Z tijc;'rgcjo + UZ”ZT”Z],
io i,(J)o i
+> Vignini+Jx Y si-Si+Jg Y SiS;, (151)
0 ; 50

where . ., means summing over the z sites labelled by j which are nearest
neighboufs of 4, and then summing over all i’s. The spin polaron physics
comes from the Kondo term. The type of coupling can be either antiferro-
magnetic (AF), as in HTSC and HF, or ferromagnetic, as in CMR. In both
cases, this term forces the electron spin s; to have a well defined direction
with respect to the local moment S;. Consider now the case where the lo-
cal moments have a long range antiferromagnetic (AF) order of the Ne’el
type, i.e. such that up and down moments occupy two interpenetrating sub-
lattices, each up moment on sublattice A having as nearest neighbours only
down moments on sublattice B. Here "long range” includes also the situation
of finite size, long lived AF fluctuation where the order extends over many
lattice spacings, and the lifetime of such an “AF droplet” is long compared
with the bare electron hopping time = t;jl. If the moments are frozen, an
electron on site ¢, where local moments are up, can hop to site j, where they

¢ie operators) whose spin s; = [c;.rTci l,c;rlc”,(
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are down, only if allowed by the Kondo term on j EJK = Jksj - S;, which
implies reversing S; at the cost of the Heisenberg energy JyS;-S;. If the
magnetic energy cost exceeds the energy gain on delocalization, the electron
is trapped at site i. Conversely, if the amplitude of the local moment on j
is reduced, at least partially, by effect of a spin wave, the magnetic energy
cost decreases and the hopping may become allowed. The reciprocal picture,
emphasizing the itineracy of the fermions, is that the electron, on moving,
forces the local moments to assume, with respect to its spin s;, the direction
imposed by the Kondo term, thereby frustrating the AF arrangement at the
price of the Heisenberg energy. In both cases, the fermion motion, if any,
happens by creating a stream of spin waves, in close analogy to the phonon
case, where the fermion creates a stream of phonons when hopping around
in a deformable lattice.

The case of the Kondo-Heisenberg Hamiltonian in the absence of long
range magnetic order is very interesting, giving rise to much of the HF and
CMR physics but we shall not discuss it.

As a first step to formalize the spin polarons in the case of AF order of
the local moments, let us diagonalize the Heisenberg term, by representing
the local moments operators in the Holstein—Primakoff approximation. We
have to distinguish between up (i-sites) and down (j-sites) sublattice, so

that the operators bi,(j)b;r (j) are then defined through:

+ T A +_ WO i
S = V28\/1—blbib; ~ V2Sb;,  SF=V2Sbl\/1—blb; ~ V2SO,
S; = V2Sb[\/1—blb; ~V2Sbl,  S7 =V28,/1—blbb; ~ V2Sb;
57 = 5 —blb;, S7=—(S —blb). (152)

We then write SfS]Zf + % <S;FS; + S;S]‘.L) in terms of bi’(j)b;(j), yielding:

SivSj = =82+ 8 (blbi + bl ) + 5 (biby + 0fbl) — blbidp;. (153)

The last term represents interactions of moment deviations on different sites,
and will be neglected. Passing to the spin wave operators in the reciprocal
space through b; = N_l/QZq beet and b;[ = N~1/2 Zq bl;e_iqu yields:

3 8.8, = _st%rg > (g bl bg ) 45237 (Bl + beb—y ) cos (49).
i) 7 ]

(154)
where z is the number of nearest neighbours, and d = |R; —R;| is the lat-
tice parameter. The last term in Eq. (154) is an old friend, i.e. the type of
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non-linear boson interaction which is diagonalized by a squeezing transfor-
mation (see Eq. (75)). Let us then follow the squeezing formalism, which
is of course equivalent to the textbook Bogolyubov transformation. The
appropriate squeezing operator is exp (1)) = exp {Z .Y <b$biq — bqb_q)}
assuming v, > 0. Notice the positive sign in the exponent, opposite to the
one in the phonon case. The reason is that the spin wave operators are not
true boson operators: the number of bosons which can “condense” is limited
by the length of the local moment, because the maximum number of spin
deviations on a site is such to reverse the local magnetic moment. Therefore
the squeezing can not expand the indeterminacy on the moment amplitude
indefinitely (as, at least in principle, can be done for deformations). The
present choice of sign for T' enhances the indeterminacy on the conjugated
momentum bg — b_g4, which has no intrinsic limitations. The squeezed spin
((JT) _ eTb((JT)efT

wave operators a can be evaluated by the equation of motion

technique, yielding:.
al = bl cosh (9,) — b_gsinh (J,) ,  aq = by cosh (V) — bT,q sinh (¥,) ,
bl = a} cosh (¥y) + a_gsinh (9,) , by = agcosh (V) + aT,q sinh (¢y) .
(155)

Imposing the vanishing of all the anharmonic terms in the squeezed Hamilto-
nian, one arrives at the diagonalization condition tanh(29,) = —2z cos (¢9).
The AF Heisenberg Hamiltonian diagonalized by squeezing reads:

Ju Y e'8pS;e T = —JuSN (3 + Sz)
i(3)
+JyS Z V1 — 422 cos2 (¢d) <a:5aq + %) . (156)
q

Eq. (156) identifies the AF spin wave frequency i), = JyS+/1—422 cos?(¢9).
The diagonalization of the Heisenberg term in the reciprocal space sug-
gests to Fourier transform also the bosonic contributions in the Kondo term.
We first distinguish the parts referring to the up (A) and down (B) sublat-
tices: Ji Y, SmSm = Jk Y ijcaSi-Si+ Ik ZjeB s;-S; and then use the
Holstein—Primakoff representation for the local moments, yielding:

S; - SZ = % <S — bjbz> (n“ - nil) + % (bic;rlcm + b;-rchCil) s
Sj . Sj = —% (S — b;rb]> (an — ’I’le) + % <b;{c;{leT + bjc;Tle) . (157)

We have now to go to the reduced Brillouin zone (RBZ) in reciprocal space,
because each sublattice has only N/2 sites. If not explicitly stated otherwise,
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from now on the spin wave wavevectors will be restricted to the RBZ. Let us
consider first the longitudinal terms on A, yielding (with n;; —n;| = 2s7):

3y (5 - bjbi) si=85> s (%) 3 bibeia PR (158)
€A

€A p,qERBZ

Now, it is reasonable to assume that the itinerant particles do not create a
magnetic sublattice with a periodicity different from the one imposed by the
AF order of the local moments, so that one can approximate on the up (A)
sublattice s7 = (s) independently of R;. Then:

3 (5 - bjbi) s = gs (s) = (s) > blby . (159)

% q

The evaluation of 3, (S - b;r»bj> s> yields the same result because on the

down (B) sublattice s7 = —(s). We get an additional contribution to the
local moment AF Hamiltonian, which modifies the diagonalization condition
and the effective frequency into:
2Jp Sz cos (¢d)
tanh (2¢,) = ——————F——
anh (20q) = =77 e s

2
"y = (TS = Ji () \/1 - [fgi—m}

One might also treat the term bgbqsf of Eq. (158) in mean field approxima-
tion, i.e. introducing a reciprocal influence of the local moment deviation

and s7 . We are not interested here in developing this aspect of the problem.

Introducing the spin flip operators for the itinerant particles s{ = c;racl-,o

(0 = = when used as in s7) we write the transverse part of the Kondo term
on the two sublattices as:

1 1 /2 . .
3 E 5787 = 5”N g [b; g sfe il 4 p_ E s;e i (161)
q i i

1€A, o=+

(160)

1 oQ—0 _ 1 2 t - —iqR; +,—iqR;
DS TEEENED 31 1) DTS LTS SR
jEB, o=+ q J J
(162)
Introducing the AF spin wave operators and rearranging yields:

% Z 578,77 = %\/%Zajl Z [cosh (V) S;L + sinh (¢) 5;] o ia R
q )

1€EA,oc==
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L /2 . + .
VW Z a_gq Z [sinh (9,) s7” + cosh (9,) s7 | e ) (163)
q 1
1 o a—o 1 2 t . + —| ,—iqR;
3 Z s75; =3 NZan |:Slnh(79q)8j —i—cosh(vﬂq)sj]e 4
q J

jEB,o=%

1 /2 . —| .—iqR,;
-{-51 / N Z a—q Z |:COSh (Yq) S;F + sinh (¢,) s; } e~ HR; (164)
q J

Physically, these are the terms which we expect to control the dynamics
of the carriers. In analogy to what we did for the phonon case, we shall
try to get rid of this fermion- boson coupling terms by mean of a “displace-
ment” transformation, in principle different on each sublattice, but formally
identical. Let us introduce two generators D*(L = A, B and | € L):

-2 S () (oh e S+ o

The displacement parameters {J,} should not to be confused with the lattice
parameter § = |R R;|. The displaced Bose operators on each sublattice

.ASL) = eP* a((;r) (l = A, B) are obtained from the commutators

[DL,aq] = < )\/72 (s +s7) e’fir,
(DX )] = —4, (h—é> \/; ;(S;r—i—sl)e_iqp”l (166)

L, S J_K A /3 E + =) etaRt
AqL = Gy 5‘1 (th> N = (sl S ) e )
A_qp = a_g—9 Jr \/—2 g (s +5;) elaft (167)
! TR ) VN &

We can now obtain the displaced free oscillator term:
1
Z ns, <a}3aq + 5)
q
o) I 2 + - t igRy —igRy
_Zq:h 7% h—Qq NZI:(SI +sl)[aqe +age ]
T\ (2 (Ri—Ryn)
2 + =\ (ot -\ Aig(Ri—Rum
+Zq:hQQ5q (h—Qq> <N> Z(sl +s7) (s +s;,) eh9U .

Im

in the form:

ZFLQ (AA+> ZhQ <aaq )

(168)
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Notice that R;, R, both belong to the same sublattice so that, if R; # R,
they are next nearest, or more distant, neighbours. In the last line of
Eq. (168) the terms with [ # m yield contributions like sli st which

m
we shall neglect, and terms s;"s,, +h.c. = (c;rTc:rm)(cmTcll) + h.c., which cor-
respond to inter-site, intra-sublattice singlets, possibly of interest for high
temperature superconductors. After those simplifications we can write:

1 1
Z nQ, <af1aq + 5) oD Z Ry, <aj1aq + 5)
q q

I\ (1
+ Z th6g (h—Qq> <N> Z c;rchnlcmTcll cos [q (R; — Ry)] -(169)
q

L,m

L
eD

Notice that once more we find a long range interaction produced by the
displacement transformation connected to a local interaction, just as it hap-
pened for the long range intersite charge interaction in the case of electrons
and phonons coupled by the Holstein term.

The terms with [ = m yield:

JK 2 2 —\2
q l
2
=> 5 Ji) (2 > = 2ngpmyy gy ] (170)
. T\, ) \N l

We recognize contributions to the Hubbard and the atomic terms, in close
analogy to the phonon case. Summarizing our findings, by transforming the
free oscillator term we obtain not only a renormalization of the Hubbard
and atomic energy terms, but also a long range interaction between sites of
the same magnetic sublattice, which was absent in the starting electronic
Hamiltonian.

To transform the Fermi operators, we note that, for m = 4, j, the relevant
commutators are:

[Z Sl+, C;rnJ] = c;rnfoéol , [Z 5, c;gw] = CLFU(SUT ,
l l
[Z S[+7 CWLU] = _Cmfa(so"[ 9 [Z Sl_’ Cmo’] — —Cmfo—(so—l . (171)

l l
Defining for short:

A= \/%Z g <7;]—f2> e lalt (ag - a,q) (172)
q
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1

lo

L
D e D" the even-order

it follows that in the series development of flL =P
(2n) nested commutators of D* and c}a yield C;OA%", while those of odd order
(2n+1) yield ch_O,AlQ"Jrl. For the destruction operator f;, = D" clae_DL one
has the even-order nested commutators yielding clUAlQ" and the odd-order

ones —cl,oAlz"H. Summing the series then yields:

L =cl cosh (A) + ¢ sinh (A) ,  fir = cig cosh (A)) — g sinh (A) .

(173)

Now we can transform the whole Kondo—Heisenberg Hamiltonian. The num-
ber operator transforms into:

Jr _ —
fltyflo = ny, cosh? (A}) —ny—y sinh? (A;) — a(sl275l) sinh (24;) (174)

so that the total charge on each site f;; fio 1s unaffected .
The Hubbard term, dropping terms odd in sinh (24;) (which will not
survive the average over the squeezed state to be introduced later on) is not

modified: flTTflelTlfll =npny.
The hopping term has to be split into

Z tflTAoijU + Z tf;-Bo'fiAO'
ia{ip)o is(ia)e
yielding:
T T . Y g N o .
Z 25!}"2‘}‘0]‘“]3(7 = Z t¢i ,oCipo [cosh (A;) cosh (Aj) — sinh (A;) sinh (A;)]
ial{jB)o ia{jB)o
+ Z tc;-rAchB_U [sinh (A;) cosh (A;) — cosh (A;) sinh (Aj)]
ia{ip)o
= Z tchchBU cosh (A;) cosh (A;) , (175)
ia({iB)o
o T . . . N o N g )
Z tfipofiaoe = Z £, 5Ciao [cosh (A;) cosh (A;) — sinh (A;) sinh (A;)]
iB(ia)e iB(ia)e
— Z tc}BociA70 [sinh (A;) cosh (A;) — cosh (A;) sinh (A;)]
is(ia)o
= Z tC}Bo'CiAU cosh (A;) cosh (Aj) (176)
JB(ia)o
where the double arrow indicates the terms which will survive the squeezed
average.
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Let us now consider the itinerant electron moment. By using the number
operators its z- component transforms as:

1 1 1
eDleze_DL = 53? cosh (24;) — 3 (s — s ) sinh (24)) = §le cosh (24) .

(177)
The other components, the spin flip operators, are (I =i € A or j € B):

flTTfll =s; cosh? (A;) — 5, sinh? (A;) — %l sinh (24;) ,

Il fir = sy cosh® (A) — s sinh? (A)) + %l sinh (24;) . (178)

Introducing the displaced spin-wave operators and Eq. (178), we have for
the A sublattice:

a | Ji _ Y
eP TZsfSi”eD

i€A,0
—JTK\/%Z [ajg <TK> \/71;4 s;+s;, Zqu]C
\/72 [a .- (%) \/71;4 s +s;) R Dy (179)

where:

Cy = Z etk {Si cosh (¥q) + s; sinh (Jg) + (s;7 — s7) cosh? (A;) e Y
€A

—% sinh (24;) eV } , (180)

D, = Z etk {Si sinh (Jq) + s;" cosh (¥q) — (s;7 — 57) cosh? (A;) e Y
€A

z
+% sinh (24;) eﬂq} . (181)
When developing the products in Eq. (179) the terms linear in ag, aq can be

dropped, as they yield vanishing expectation values in the squeezed state.
The terms containing only the spin flip operators sum up to:

J J N —iqR; _
]\I; dq <h—£q> Z (S;L + 5, )eqR’ Ze qr (s;r +s; )eﬁq. (182)

leA icA
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The calculation for the B sublattice is analogous, but for interchanging spin
raising and lowering operators, which leaves the above result unaffected.
Therefore, on both sublattices, the terms surviving the squeezing yield:

eP” [JTK Z (S;LSf + h.c.) e~ D"
leL
- _JWK 20 (%) Y (s ) (s + sy )T (183)
q Il,meL

Proceeding as we did in the transformation of the free oscillator term, if
I # m we have:

D (s sy) (s + i) ) = 37 (s + 57 i) o)

I,m

i,m
= Z c;rchnlcmTcll {2cos[q(R; — Rp)]} (184)
Im

while if { = m then ), (ler + sf)Q = > (=2nyny +npp +nyy) and we
obtain a renormalization of the Hubbard and of the atomic terms. Therefore:

D" [‘%( Z (leFSl_ + h.c.)
!

K ’19(1
J— § i + S § -9
- N 5q < Q >e l ( n”nll—i—n”—i—nll)

_pL
eD

2 J}
N Z dq (ﬁ) eVa Z clTTCInlcmTCll {2cos[q(R; — Ry)]} (185)
q q Im

which is the same type of contributions produced by transforming the free
oscillator term. On the B sublattice the contributions turn out to be the
same as on A.

Written out in all its glory, the displaced Hamiltonian, dropping the
terms linear either in a;a,q or in sinh (n4\;), which would not survive the

squeezed average to be performed next, reads:

JK JK 9
el + W : (h—Qq> 5q <25q — € q>]

+ Z tc;racj(7 cosh (A;) cosh (A;) +V Z nin;
i(j)o i(j)

i NI _ DI _nt
eDeDHeDeD:>Enl
l
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2Jk JK 9
+Zl:an’l’Lll U - N g (th>6q (25q—e q)]

2 Ji » i
TN Zq: (h—Qq> O (25q —e q) > el empay cos g (R — Riy)

l,meA
2 Ji
+N Z <hTK> dq (25q - eﬁq) Z c}LTcLLlcmTcll cos [q (R — Rn)]
q 7 1,meB
t 1
—i—Zth aga—q + 3 — JySN 3 +Sz + NS (s) Jk . (186)
q

Of the electronic terms, only the hopping term contains non-linear func-
tions of spin wave operators.

We shall now proceed to evaluating the average of Eq. (186) over a
squeezed magnon wavefunction. By defining a squeezing operator:

—exp[ an< afal, — q>] (187)

we obtain

1 J 2
S S 2nq 52 K
<0|e cosh (A;) e |0> = exp [——2 E e 77q<5 < Q ) ]

(0le” sinh (A7) e=]0) = 0 (188)

which justifies the simplifications introduced in transforming the Hubbard
term. In the hopping terms we have to squeeze products like cosh (A;) cosh (A;),
which imply products of the form e*®iet25. Due to [A;, A ;] = 0 one has:

<\DSQ’eiA +A; ’\DSQ> _ <O‘GS +A; iAJefS‘O>

= <0] exp [e (FA; £ 4)) 75} ’0>

<oyexp [Ze nag, ( >(a —a_q) (eiqRureiqRJ)] yo>(189)

which is a standard form we have already evaluated in the phonon case. By
setting as usual |[R; — R;| = ¢ the final result can be written as:

(01 cosh (A;) cosh (A7) e|0) —eXP[ 22 e, (f;]g> cos” (q;)]

(190)
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Notice that the above quantity, which we shall indicate by 7, is indepen-
dent of both site indexes. Squeezing sinh (A;)sinh (A;) yields zero. After
squeezing, the terms of the displaced Hamiltonian linear in the Bose oper-
ators disappear, and we finally obtain the effective Kondo—Heisenberg spin
polaron Hamiltonian:

<O|eSeDAeDBHe_DBe_DAe_S|0>

= Z e*n; + Z t*c;racjo + Z Urnpng +V an‘nj
! i(j)o ! i(j)
2

A B
- <N> >4 D Timghichyemar + Y Timgclich emia

q I,meA I,meB

1 1
+Zth [Simh2 (ng) + 5} — JuSN <§ + Sz) + NS (s)Jx, (191)
q

where the renormalized interactions are:

e = g+ JWK > <;—KZ> Sy <25q — eﬁq> , (192)
q

o= texp[ NZ 2’7q52< >2c082 <%>] , (193)
U = —%Z( > ( ’ eﬂq) , (194)
k., = Ji <7%]Qq> 5 <25q - eﬁq> cos [q (R, — Ry)] - (195)

Besides the reduction of the hopping amplitude, the new physics evidenced
by the displacement transformation depends crucially on the sign of 26, —¢Ya
If positive, then the “spin polaron shift” is positive and the Hubbard repul-
sion is reduced, while the sign of the intra-sublattice, long range singlet-
producing term depends on the product (25q - eﬁq) cos [q (R; — Ry,)]. From
the diagonalization condition Th(29,) = —22 cos (¢d) the value of eV can
be easily worked out as:

4z cos (q9)
Jj:;) + 2z cos (¢9)

el = 41— (196)
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We have succeeded in reducing the problem of the itinerant charges in-
teracting with local magnetic moments in AF order, to a model of fermions
dressed by spin waves in strict analogy to what we did for the electron-
phonon problem. The way the spin waves renormalize the electronic in-
teractions is different from the phonon case, as one can see by noting the
opposite effects on the local energy &; and on the Hubbard interaction U, and
the insensitivity of the inter-site interaction V', but the conceptual picture
is the same.

10. Single-band (t—J) model for spin polarons

As Zhang and Rice [15] have shown, in the case of the HTS the low-
energy properties can still be well described if one reduces the many-band
model to a single-band one, where the latttice sites are substituted by the
CuOy4 plaquettes, and the charge carriers are of two types. One, to be
associated to a plaquette (called the Zhang-Rice singlet) is composed by
the spin 1/2 hole on the central Cu?" ion, and the doped hole residing
essentially on the four surrounding Oxygen ions. The carrier on the doped
plaquette has zero total spin (because the Kondo interaction of the two-
band model is AF in this case). To the undoped plaquettes we associate
the local Cu?* hole, carrying a moment. Then we have spin zero entities
surrounded by local moments, which we assume to retain the AF Neel order,
even in the presence of the doping, at least over distances long with respect
to the lattice spacing, and times long with respect to the hole hopping time.
Experimental data show that this assumption is valid for doping smaller than
10%. As in the Kondo—Heisenberg picture, the motion of the singlet requires
frustrating the AF pattern. Now a single hop of the singlet is represented
as an exchange of site between the singlet and a neighbouring Cu?t hole,
carrying its moment. This can be explained more clearly in terms of the
two-band language. Indeed, to hop from site i (spin up) to j (spin down),
the doped hole must either reverse the moment on j, or its own spin while
still on 4. It is this second way which underlies the present picture: before
hopping, the doped hole reverses both its spin and the local moment on 3.
Then it moves to j, where the singlet is rebuilt, leaving behind the reversed
Cu?* moment on i.

Whatever the picture, after the singlet has moved, the situation is as
if it were the Cu?*on site j which has moved to site 4, bodily carrying its
spin, which now points in the wrong direction. One can say that the Kondo—
Heisenberg model associates the frustration of the AF order to the site where
the hole goes (j), while the ¢—J model with the site from where it starts (7).
The overall physics is clearly the same, namely the itineracy of the fermion
is conditioned by the spin waves of the local moments lattice. To discuss
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in formal terms this model, Zhang and Rice have proved [15] that one can
describe the dynamics of the system composed of singlets and Cu?* holes
by an effective Hamiltonian for Cu?* holes only, where the singlets do not
appear explicitly. The motion of the Cu?* holes is described by the t—J
model, i.e. the single-band Hubbard Hamiltonian in the U/t — oo limit. In
its simplest version it reads:

=Y tel, (1= nie) cjo (1= njq) + Z % <Sz“Sj - Vifj) - (197)

i(j)o

The operators c;ra, cio describe the Cu?* holes, J = 4t2 /U is the effective
AF exchange, and v; = ) _njs (1 — ni—s) is non-vanishing only if the site 4
is singly occupied. As before, the label i corresponds to sites with up local
moment S; = (chcl-l,chn,l/Q(n” — nu)) in the ground state, and the
label j to its down moment counterpart.

First of all we shall show that spin polarons are, in a sense, intrinsic to

the t—J model. If, from [C}U,Cla] =1, we derive 1 — n;_, = cl_ac;r_a and
+

define the spin deviation operators Sy = c}LU ¢l—o (with 0 = &+ when in S7)

then
Z c;-ra (1 —ni—¢) cjo (1 —nj_g) Z S;7 cwc](,
i(j)o

viv; =Y 87877578 (198)

We can then conclude that the projected operators pl(T) = clo (1—n1—y)
characterizing the t—J model are the product of a Fermi operator times a
spin deviation, namely:

ph=Sra,  pli=Sren,  pn=caS;, pu=carSH. (199)
We can go further, if we decouple Eq. (198) in mean field approximation:

S cwchS" <SZ-_°'S;»’> czocj(,+<czocjg> S;USJQ—<S;US;><C;[UCJ‘U> , (200)

> 87877878 T =4 [Z (S;7789) sgsjo—z<siffsg><555j”>] (201)

Substituting into Eq. (197) and reordering yields:

Hey =ty (S7°87)cl,cio+ ) SiS;

i(j)o i(7)
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+% Z [ <CZJCJU> - <Si"S§’>] S; 757

i(7)

—%Z 5;057) (5757 - tz<cwcja> ~757) .(202)

(7)o

.
q

<.

It is evident that the hopping is renormalized by the spin deviations and, at
the same time, the transverse exchange is renormalized by the hopping.

To make things more quantitative, let us introduce the spin deviation
operators for the local moments on the two magnetic sublattices as we did
for the Kondo-Heisenberg case, by Eq. (152). Following Ref. [16], let us
define spin independent Cu?t hole operators h; on the two sublattices as
follows:

Ml=er,  hi=dp, W=, hy=c (203)

Actually, the hole operators have a hidden spin label, which depends
on the sublattice (up or down) to whose sites (i or j) they refer. One can
also think of them as describing not the Cu?* holes , but the doped ones
composing the spinless Zhang—Rice singlet. Indeed, creating (destroying) a
hole on either sublattice eliminates (restores) the local moment, reproducing
the effect of the doped holes.

To express the projected operators in terms of hole operators we shall
now introduce two approximations. The first one is that the projected op-

erators for the majority- spin particles on each sublattice will be identified

with the non- projected ones: p(T) = C(T) and p(? ﬁ) This amounts

to neglecting the itineracy-limiting effect that minority-spin particles, sup-
posedly very scarce because the AF order with almost saturated moments
is assumed, have on the majority- spin ones. The second approximation is
that, in the projected operators for the minority-spin particles, the spin de-
viation operators are represented in the Holstein—Primakoff approximation,
namely:

pl =87 cli==blhi, py=cySF=birl, pl.=blh;, pj==hlb;.
(204)
Before substituting the projected operators through the relations just
obtained, we have to make sure that we are not violating the no-double-
occupancy constraint inherent to the t—J model. To that aim, we write
(nipny)) = 0 by using the identity ny = ny — 257 =n;p — 1+ 2b;rbl from
which it follows:

npny = n?T_an‘i‘zanb;rbl = inTb;rbl =2 (1 - h;rhl> b;rbl = thh;rb;rbl = 0.
(205)
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Therefore we shall discard all terms containing the product hlhjb;rbl. The
physical meaning is that there can be either a hole or a spin deviation on
a site, not both. Now we can rewrite the t—J Hamiltonian in the new
representation. The hopping term yields:

S tel, (1= nisg) ejo (1= nj0) = St (it +hnl) (] + ;) (206)
i(j)o i(j)

expressing the possibilty of hopping conditioned to the presence of a spin
deviation on either i or j sites. The longitudinal part of the Heisenberg
term , by expressing v;; = n;p (1 —n;)) = nip (1 —257) ete. so that v; =
257 <1 - Qh;[hl-> and v; = =257 <1 - 2h}hj> and taking into account the
condition of Eq. (205), becomes

ser_Vivi _ 1 o pth ot nth.
Si8;— =L = =3 1= bl = By + 2hl il |

+b1bi (1= By ) + 0oy (1= hihe) — 26T6;01b; . (207)

The last term is the interaction of spin deviations, and will be discarded.
Let us consider the purely fermionic part of the expression above, where we
treat the four-operator term in mean field, obtaining, with the definition of

the hole concentration A = <h;rhl> forl =i or j:

AT hth = by + 20t ekt
2 7 7% 7 3%
i)

Nz
= -5 [1- 2A%] +2(1—-24)Y hihy. (208)

!
The last term is analogous to the “polaron shift” we met when dealing with
phonon polarons. The terms b}bj (1 — hjhl-) create a spin deviation on j

provided no hole resides on j. Each site j over which the moment has been
reversed is a bridge to its z — 1 neighbours, distinct from ¢, but belonging to
the same sublattice as ¢. On the whole such terms create a “ferromagnetic
drop” of z + 1 sites, freely accessible to the doped hole residing on 1.

The tranverse part is simple:

Ly srso-iy (bibs + o))
i)t 20
— 550 (1 hing) (biby + 000]) (1 nlny) (209)

i(7)
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In the last expression the factors <1 — h;.r(j)hl-(j)> ~ 1 — A enforce the condi-
tion that both ¢ and j have to be free of holes to allow for a spin deviation
on both sites. The resulting approximated Hamiltonian in the real space

reads (I =1 or j):
f £ (pf JNz 21, 7 f
H =37 (bl + hhl ) (] + ;) - T [1-24%] 425 (1-22) > " hfhy
i{)) [

J J
+5 (A=) 3 b+ T (1A (bibj + b}b}) . (210)
l i)

Let us Fourier transform to the reciprocal space, taking care that, due to
the assumed AF ordering, we have to limit the wavevectors summations to

the reduced Brillouin zone, i.e. b;r = (2/N)'/? Z; bge*iqu. The final result,
by defining 0 = |R; — R;| is the Spin Polaron Hamiltonian H SP

HSP = — (NZJ> [1-24% + % (1—24)> " hlh
k

2
—1/ N (2zt) Z cos [(k — q)d] [b;thhk + hlhk,qbq]
kq

J
42 (1-2)Y bflqurZZ (1-2)% 3" cos(qd) (bgbiq + bqb_q> (211)
q q

The last line of HSF is the by now familiar Hamiltonian for spin waves in

)

an antiferromagnet, which can be diagonalized by transforming from b((;r

to Bgr)as in Eq. (155), only now with the doping-dependent diagonalization
condition tanh (29,) = — (1 — A) cos(¢d)/2 yielding

3 zJ(l—A)\/l— [(1—A)&£‘15)r <B;ﬁq+%> CONZT(1—A)

q
(212)
The renormalized frequency

cos(q5)]2 (213)

th:zJ(l—A)\/l—[(l—A) 5
is the product of the bare frequency zJ (1 — A) and the softening factor

\/ 1—[(1—A)cos(qd)/2]* in close analogy with the discussion following
Eq. (75) for the squeezed phonon case.
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Finally we can rewrite H5F in terms of the diagonalized AF spin wave
operators ﬂ;, By as follows:

HY = —2J(1-24)> hihy — \/% (22t) Z [hl_qhk <@Bk,q + ﬁ*qc’“vqﬂ
k

1 N NzJ
+> " he, (ﬁ;ﬂq + 5) —5al (1= 4) - ( [1-24%], (214)
q

where we define:
Big = cos|[(k — q)d] cosh (¥4) + cos(kd) sinh (9,) ,
Cr,g = cos|[(k — q)d]sinh (¥4) + cos(kd) cosh (V) . (215)

The effective Hamiltonian we have obtained is roughly similar to the
one for interacting electrons and phonons, leading to the phonon polarons.
Indeed, HSP features a sort of “Holstein term” coupling linearly spin waves
and hole density, in addition to the “polaronic shift” already mentioned.
However, there is one important difference, that is the absence of a hole
hopping term. The coefficient of the first term in Eq. (214), which should
do the job, has no dispersion, so that it does not describe the hopping of
the holes. To see that the holes dressed by spin waves can nevertheless hop
around as coherent quasi-particles, one has , for instance, to evaluate the
Green’s function. This has been done by several people, and we refer the
reader to the bibliography [17] for details. Let us, however, mention that a
general result [18] is that the the spin polaron exists over a wide range of
parameters as a coherent itinerant particle, whose bandwidth Wgp goes as

Wsp =~ (t/J)exp [— (ﬁt/J)z] where & is a known constant. The bandwidth

vanishes both for ¢t/J — 0 and for t/J — oo. The first case has an obvious
meaning. In the opposite limit, realised by a “soft” magnetic structure, the
polaron uses all its energy to excite spin waves, and gets trapped in a kind
of “magnetic quicksand”.

We leave as an exercise for the patient reader to verify if it is possible to
transform Eq. (214) into an effective fermion-only Hamiltonian, as we did
for the phonon polaron problem.
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(ILN.F.M.) is gratefully acknowledged. Part of this work was done while the
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Appendix A

To prove Eq. (76) we follow [20]. Let us rewrite it, by dropping the state
label ¢, as:

exp |:—204ui:| F(u) = F(e ). (A1)
du
By expanding both, the exponential
d (=2a)™ [ d\™

—_— _— = — A.2
exp [ 2ozudu} ; — (udu> , (A.2)

and F (u) =), %F(") (0) with F(™) (0) = [d"F (u)/du™|o, yields:
exp [—20411%} F(u) = ; i <E> (u%> [u F (0)] . (A33)

Now, for any m one has (ud%)m [u" ™ (0)] = n™u"F™ (0) so that:

d =2a)™
exp [—2au@} F(u) = Z %nmu F™ (0)

)

a"FO (0) = 37 2 e u F (0)

n m n

1 —2an)™
-y [Z(T)

= Z 7@6”!&)” F®) (0)=F (ue_m) . (A.4)

n

which proves Eq. (A.1).

Note added in proofs. After the conclusion of the School, a very inter-
esting paper [19] has been published, in which an analytical solution of the
problem of the spin polaron in the ¢ — J model, obtained through displace-
ment transformations, is proposed.
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