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Universal scaling with temperature of the resistivity and optical con-
ductivity in the normal state follows from the time-reversal symmetry as-
sumed for the Green function with branch cuts combined with charge-spin
separation. The density of states reproduces the extended van Hove sin-
gularity in a planar system. The single-particle tunneling conductivity in
the superconducting state is nonzero at zero bias voltage, reproducing the
pseudogap character of the density of states in the superconducting phase
even for the s-wave symmetry of the order parameter. The form of the
Ginzburg–Landau functional is also provided.

PACS numbers: 74.72.–h, 71.10.Pm

1. Introduction

Landau–Fermi liquid theory was the most important concept in the
physics of interacting fermions in the last forty years [1]. This theory
was applied to many systems of strongly interacting fermionic particles,
among them to metals, liquid 3He, or even to neutron stars and quark-gluon
plasma [2].
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Nowadays, there is an agreement among physicists that high-temperature
copper-oxide superconductors do not belong to the class of systems whose
a low-energy excitation spectrum is described by the standard Fermi-liquid
theory [3]. In the discussion of electronic properties of high temperature
superconductors the Marginal-Fermi-Liquid (MFL) [4] and the tomographic
Anderson–Luttinger-Liquid (ALL) [5] states are invoked as alternative quan-
tum phases describing their normal state. In these pictures a different form of
the single-particle Green function is assumed at the start. The phenomeno-
logical MFL approach being very close to experiment provides an appealing
picture. The basic question is whether the same type of phenomenology is
possible within ALL picture, which is derived from a single basic assump-
tion concerning the nature of this quantum liquid. In this contribution we
provide such a single principle, on the basis of which we derive the explicit
form of the single-particle Green function and subsequently, carry out the
calculations of basic normal and superconducting properties for a planar sys-
tem. Namely, we combine the electron-hole symmetry with the charge-spin
separation. These two features have been discussed separately by Ander-
son and coworkers [5–7]. Here we decompose the properties coming from an
anomalous exponent in the Green function from those due to the charge-spin
separation; the emerging picture allows for a direct analysis of experiment.

2. The model and the selected physical properties

of high-Tc systems

By Anderson–Luttinger quantum liquid we understand the system, sin-
gle particle Green function of which has the branch cuts and, additionally,
there is a charge-spin separation in the excitation spectrum. These two
characteristics are combined together through the following choice of the
retarded Green function

GR(k, ω) =
g(β, γ)eiφ

ω1−β−γ
c (ω − εc

k
+ i0+)β(ω − εs

k
+ i0+)γ

, (1)

where the dispersion relations εc
k

= εc
k
− µ and εs

k
= εs

k
− µ, represent

the energies of charge and spin density excitations, respectively. In part
of the calculations we assume that their form is: εc,s

k
= vc,s

F |k − kF| ≡
vc,s
F k ≡ (1 ± δ)vFk, where δ is called the charge-spin separation, and vF is

the bare Fermi velocity. The function g(β, γ) is a normalization factor to
be determined later. φ is an arbitrary phase factor. The cut-off ωc limits
the form (1) validity to the low-energy regime. Note also that the choice (1)
comprises Fermi-liquid regime for β = γ = 1/2, and δ = 0.

We determine the imaginary part of GR(k, ω), which has a physical
meaning of the spectral density function A(k, ω), by decomposing GR(k, ω)
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into four parts: The first with ω > εc
k

and εs
k
, the second with ω < εc

k
and

ω > εs
k
, etc. In effect, we have

G(k, ω) =
N

|ω − εc
k
|β|ω − εs

k
|γ

(

θ(ω− |1εc
k)θ(ω−εs

k)+θ(εc
k−ω)θ(ω − εs

k)eiπβ

+θ(ω − εc
k)θ(εs

k − ω)eiπγ + θ(εc
k − ω)θ(εs

k − ω)eiπ(β+γ)
)

≡ ReG + iIm G , (2)

where N ≡ g/ω1−β−γ
c , and θ(x) is the step function. At this point we make

a fundamental assumption, namely, the spectral density function A(k, ω) ≡
−(1/π)Im GR(k, ω), is assumed symmetric with respect to the time rever-
sal [8]; in the energy-momentum representation it takes the form of electron–
hole symmetry, i.e. A(k, ω) = A(−k,−ω). This restriction leads to the rela-
tions: sin φ = sin(φ−π(β +γ)), and sin(φ−πγ) = sin(φ−πβ), or explicitly
to: πγ = πβ+2πk, with k = 0,±1,±2, etc. Since the complex quantities are
defined on the first Riemann sheet, we put k = 0, and thus β = γ. Defining
γ = β ≡ 1/2 − α, we obtain the explicit form of GR:

GR(k, ω) =
g(α)e−iπα

ω2α
c (ω − εc

k
+ i0+)

1

2
−α(ω − εs

k
+ i0+)

1

2
−α

. (3)

The Green function has anomalous scaling properties accounted for by two
parameters: The exponent α, and by the charge-spin-separation δ > 0.
For α = 0 and δ 6= 0 we obtain the liquid with the Fermi-liquid scal-
ing G(Λk, Λω) = Λ−1G(k, ω), which was obtained before [9] within the
bosonization scheme in d dimensions by taking into account a singular for-
ward scattering amplitude. In what follows α and vc,s

F = (1 ± δ)vF are
regarded as parameters to be determined from the comparison with experi-
ment. The form (3) is symmetric with respect to interchange of the charge
and the spin components (vc

F ↔ vs
F), as we expect that the charge-excitation

spectrum is transformed into the spin counterpart upon the sign reversal of
the singular part of the interaction (i.e. the change of δ sign) [9].

The spectral density is of the following explicit form

A(k, ω) =
g(α)

πωc

{

sin(πα) (θ(ω − εc
k
)θ(ω − εs

k
) + θ(εc

k
− ω)θ(εs

k
− ω))

|ω − εc
k
|
1

2
−α|ω − εs

k
|
1

2
−α

+
(θ(ω − εc

k
)θ(εs

k
− ω) + θ(εc

k
− ω)θ(ω − εs

k
))

|ω − εc
k
|
1

2
−α|ω − εs

k
|
1

2
−α

}

. (4)

It has the scaling property A(Λk, Λω) = Λ−(1−2α)A(k, ω) and differs slightly
from that in [10], as our form is explicitly symmetric with respect to charge
and spin excitations.
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2.1. Electrical resistivity

With the help of Green function (3) we can obtain the fundamental scal-
ing of the resistivity in the whole temperature range. Explicitly, the static
conductivity can be obtained from the Kubo formalism; the corresponding
formula without vertex corrections [7] can be written as

σ = σ0

ωc/2
∫

−ωc/2

dω (−
∂f

∂ω
)

ωc/2
∫

−ωc/2

dω′ [A(ω′, ω)]2 , (5)

where σ0 is of the order of e2/h, A(ω′, ω) ≡ A(k = ω′/vF, ω), f(ω) =
[exp (βω) + 1]−1, and β = (kBT )−1 is the inverse temperature. By changing
the variables ω → βω, ω′ → βω′, we obtain the scaling σ ∼ T−1+4α for
ωcβ → ∞. Hence, the resistivity ρ(T ) scales as T 1−4α. This means that
at the optimal doping the exponent α should be small. In the terms of
our microscopic approach [9] it means that the divergence of the forward
scattering amplitude is sufficient to explain the situation with α = 0. In
other words, the dependence ρ ∼ T can be explained solely on the basis
of charge-spin separation. One should note that for α = 0 the distribution
function has a step at kF, as in the Fermi-liquid phase and is called [11] the
case with the Fermi-liquid scaling. Also, in (5) we have a one-dimensional
integration over ω′, a specific feature of the tomographic nature of ALL, and
of the fact that εk ∼ k.

One can also define the frequency dependent conductivity as

σ(ω) ∼

ωcβ/2
∫

−ωcβ/2

dε (
f(ε) − f(ε + ω)

ω
)

ωcβ/2
∫

−ωcβ/2

dω′ A(ω′, ω + ε)A(ω′, ω) , (6)

and the transport relaxation time

τtr(ω) =

ωcβ/2
∫

−ωcβ/2

dω′ [A(ω′, ω)]2 ∼ ω−1+4α . (7)

To illustrate the derived temperature dependences of transport proper-
ties we have shown in Fig. 1 the frequency dependent conductivity σ(ω).
This quantity has a hump at intermediate frequencies for α ≥ 0.1 that may
be identified with the so-called mid-infrared band [12]. Also, the system
approaches a nonmetallic behavior for T → 0 when α > 1/4. The numeri-
cal results have been performed for a constant ( equal to 1/ωc) form of the
density of states. The choice of the density of states should not be crucial,
since the transport characteristics involve integrations over ω.
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Fig. 1. Frequency dependent conductivity in units of 2e2/h, for various values of α

and δ = 0.1.

2.2. Density of states

An important characteristic is the density of states, which in two dimen-
sions is calculated by an integration over the Brillouin zone, i.e.

ρ(ω) ≡
2

(2π)2

∫

d2k A(k, ω) . (8)

This integral has been performed taking a realistic dispersion relation: εc,s
k

=
(1 ± δ)(−0.5(cos kx + cos ky) + t1 cos kx cos ky), i.e. including the second-
neighbor hopping t1. In Fig. 2 we have displayed the results for t1 = 0.2,
and different values of δ (all energies are in units of ωc). They reproduce the
form determined experimentally [13] with the extended van Hove singularity.
These calculations did not require a complicated form of the dispersion rela-
tion usually taken to reproduce this feature, but ascribe it to the many-body
nature of excitations [14].

On the basis of the form of A(k, ω) and ρ(T, ω) one can specify the
fundamental regimes:

(i) α → 1/2, where the spectrum becomes totally incoherent, i.e. the

localization threshold is reached;

(ii) 1/2 > α > 1/4, where ρ(T → 0) → ∞, i.e. the underdoped regime;

(iii) 0 ≤ α < 1/4, where the system is metallic.
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Fig. 2. Density of states in the normal state.

ρ(T ) ∼ T for α = 0 and δ 6= 0. This ALL state terminates at a quantum

critical point α = δ = 0, where the system transforms to a Landau Fermi
liquid (LFL), since in that limit the Green function (1) has only single poles.
Note that in the α → 0 limit spectral density (4) does not reduce adiabati-
cally to that for LFL. This is also the reason why the conductivities (5) and
(6) do not reduce respectively to the Baber and the Drude forms in that
limit. Briefly, LFL constitutes a separate universality class, as it has dif-
ferent scaling properties and the exponents near the (critical) point T = 0.
This is the most important qualitative feature of this work.

2.3. Gap equation and spectral density in SC phase

In order to describe the superconducing (SC) phase we make the assump-
tion that the normal and the anomalous Green functions satisfy the BCS-like
Dyson equation [5], i.e. can be combined into the resultant quantity GR of
the form

GR(k, ω)−1 =

(

GR(k, ω)−1 ∆k

∆∗
k

(GR(k, ω)−1)†

)

, (9)

where ∆k is a superconducting order parameter. This function GR has
single poles at the excitation energies

ω = ±Ek ≡ ±

√

√

√

√

(εc
k
)2 + (εs

k
)2

2
+

√

(

(εc
k
)2 − (εs

k
)2

2

)2

+ |∆̃k|4, (10)
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where the effective gap is

|∆̃k| = |∆k|

(

|∆k|

ωc

)
2α

1−2α
. (11)

For α = δ = 0 this equation reduces to the BCS result. For an arbitrary
α one can calculate the spectral function A(k, ω) and other characteristics.
The calculation of A(k, ω) must be performed separately for α 6= 0 and
α = 0. For α = 0 it takes the form

A(k, ω) =







































F (k, ω)

(
√

1 +
εc

k

Ek

√

(1 +
εs

k

Ek
δ (ω − Ek)

+

√

1 −
εc

k

Ek

√

1 −
εs

k

Ek
δ (ω + Ek)

)

, for |ω| > |εc
k
|,

1
π

Dc

+Ds

+Dc

−
Dc

+Ds

−
Ds

+

(Dc

−
Dc

+
Ds

−
Ds

+)
2
+∆4

k

, for |εs
k
| < |ω| < |εc

k
|,

0, for |ω| < |εs
k
| ,

(12)

where Dc,s
± ≡ |ω ± εc,s(k)|1/2, and F (k, ω) ≡ 1

2

∆2

k

(εc

k
)2−(εs

k
)2

. In this limit,

the shape of the spectral density function is composed of two Dirac-delta
peaks at ∼ ±∆, which correspond to the excitations across the gap, and
of two wider bumps coming from the charge-spin separated parts of the
total spectrum. The line is practically symmetric. For the case α 6= 0 the
spectral function has two sharp peaks and two small bumps in between.
Then, the discrete pole structure due to the k-independent ∆ is smeared
out, particularly when ωcδ ≥ ∆.

In Fig. 3 we display the spectral intensity S(k, ω) describing the ARPES
spectra [11] defined as

S(k, ω) ∼

∫

dω′A(k, ω′)f(ω′)R(ω′ − ω), (13)

where R(ω − ω′) is the instrumental function, taken in a Gaussian form,
with the dispersion σ̃ = 1meV. The peaked structure appearing for ∆ 6= 0
is due to the pole at |ω| = Ek. The function is asymmetric (exhibits a long
tail) at the large |ω|, observed in the experiment [13,14]. This feature is not
pronounced for α → 0 and poses a problem when one wants to reconcile
observed asymmetry in the ARPES spectra with the linear resistivity in the
whole temperature range. However, the scaling laws were derived assuming
the linear dispersion relation, whereas ρ(ω) is derived taking a realistic εk;
this may be partly the source of differences. Also, the peak in S(k, ω) is
not enhanced when the system transforms to SC phase. This discrepancy



3878 K. Byczuk, J. Spałek, W. Wójcik

with experiment may disappear if the Cooper-pair tunneling between the
CuO2 planes in SC phase is included, since then the system is effectively
three-dimensional and the quasiparticles are well defined.

Fig. 3. Spectral intensity as a function of energy (for ωc = 1eV) for bare energy

εk − µ = 0 in both normal (∆ = 0) and superconducting (∆ = 0.05 eV) phases, as

specified.

2.4. Tunneling conductivity

Integrating A(k, ω) for ∆ 6= 0 over k, we obtain the density of states
shown in Fig. 4. The most striking feature is that the system has a pseudo
gap even though we have taken an isotropic gap parameter ∆k ≡ ∆ in
the computations. Also, the two parts are not generally symmetric. These
properties of ρ(ω) are reflected in the single-particle tunneling. Namely,
suppose the tunneling current is of the form

I = I0

ωc/2
∫

−ωc/2

dξR

0
∫

−eV

dξL AR(ξR, ξL), (14)

with I0 ≡ 2e|T |2ρL(0) being a constant. From the current we can obtain the
conductance G(V ) = dI/dV , which provides information about the density
of states. In effect, for ∆ 6= 0 the conductance is nonzero at zero bias, and
has a deep minimum that reflects the presence of the pseudo gap (G(V ) ∼
ρ(ω = eV )). The behavior of the conductance (G(V ) = g0 + g1V ) for
small bias and the peak asymmetry reflect the results for various high-Tc

superconductors [15].
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Fig. 4. Same as in Fig. 2 in SC phase for values of ∆ = 10−2, and 5 × 10−2, for

δ = 0.1 (full line) and δ = 0.4 (dashed line).

2.5. The BCS self-consistent equation and the transition temperature

In accordance with the general scheme of BCS theory, one obtains the
following self-consistent equation for the superconducting gap at nonzero
temperature (T > 0)

∆k =
1

N

∑

k
′

Vkk
′∆k

′χk
′ , (15)

where

χk =
1

π

εc

k
∫

εs

k

dω
x(ω) cos(πα) tanh(βω/2)

(x(ω) sin(πα) + |∆k|2)2 + (x(ω) cos(πα))2

+
1

π

∞
∫

εc

k

dω
x(ω) sin(2πα) tanh(βω/2)

(x(ω) cos(2πα) + |∆k|2)2 + (x(ω) sin(2πα))2
, (16)

and
x(ω) = ω4α

c g−2(α)|ω2 − (εc
k)2|

1

2
−α|ω2 − (εs

k)2|
1

2
−α.

The self-consistent equation for ∆k has thus a nonstandard (non-Fermi liq-
uid) form. This is due to the absence of the quasiparticle poles in the
Luttinger–Green function. The contributions appearing in χk derives from
the cuts on the complex — ω plane.
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The BCS limit of the above equation can be obtained in two steps. First,
we must consider the α = 0 limit. Then, the second term on the right hand
side of the χk expression gives the contribution with tanh(βEk

2 ) term because
for small α the integrated function is a Dirac-delta function. However, the
first term giving the contribution from the cut still survives. As a result, in
the α → 0 limit we have

χk =
1

π

εc

k
∫

εs

k

dω
x(ω) tanh(βω/2)

(x(ω))2 + |∆k|4
+

|∆k|
2

√

((εc
k
)2 + (εs

k
)2)2 + 4|∆k|4

tanh(βEk/2)

Ek

.

(17)
Finally, the BCS limit is recovered by putting εc

k
= εs

k
, since then

χk =
1

2Ek

tanh

(

βEk

2

)

.

The value of the transition temperature is obtained by putting ∆k = 0
in χk and then solving again the self-consistent equation. Namely, taking
the constant value of N(0) for the density of states and assuming isotropic
form of Vkk

′ = V in the energy interval [−ωD, ωD] around the Fermi energy,
we obtain for 0 < α < 1/4 the expression

kBTc

ωD
=

[

cos(πα)h1(α, δ)+sin(2πα)h2(α, δ)−4πα( ωc

ωD
)4α 1

N(0)V

2(1−21−4α)Γ (4α+1)ζ(4α)(cos(πα)k1(α, δ)+sin(2πα)k2(α, δ))

]

1
4α,

(18)
where we defined the functions

h1 =

1+δ
∫

1−δ

dx((1 + δ)2 − x2)α−1/2(x2 − (1 − δ)2)α−1/2 ,

h2 =

∞
∫

1+δ

dx(x2 − (1 + δ)2)α−1/2(x2 − (1 − δ)2)α−1/2 ,

k1 =

1+δ
∫

1−δ

dx((1 + δ)2 − x2)α−1/2(x2 − (1 − δ)2)α−1/2x−4α ,

k2 =

∞
∫

1+δ

dx(x2 − (1 + δ)2)α−1/2(x2 − (1 − δ)2)α−1/2x−4α . (19)

Examining the Tc expression we note that the Tc is nonzero only when the
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(a)

(b)

(c)

Fig. 5. Critical temperature Tc as a function of (a) α for δ = 0.01, (b) δ for α = 0.01,

and (c) δ for α = 0. Note the discontinuity in the Tc value when α → 0.
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pairing potential exceeds a critical value given by

N(0)Vc =
4πα( ωc

ωD
)4α

cos(πα)h1 + sin(2πα)h2
. (20)

In the limit α = 0 but δ 6= 0 we obtain instead

kBTc = ~ωD
2eγ

π
exp






−

πγ

N(0)V

1

K
(√

1 − (1−δ
1+δ )2

)






, (21)

where K(x) is the complete elliptic integral of the first kind. Numerical
results are displayed in Figs. 5 (a)–(c), where both dependences on α and δ
are displayed. From figure 5(a) it follows that Tc is a decreasing function of
α and practically vanishes for α ∼ 0.05, depending on the value of N(0)V .
On the contrary, a spectacular rise (and divergence) of Tc is observed in
the limit α = 0 and δ → 1, i.e. when vs

F → 0. The physical origin of this
divergence is not clear to us.

2.6. Ginzburg–Landau functional

One can also derive the Ginzburg–Landau free-energy functional within
our model and for an isotropic form of the gap. It has the following form of
α 6= 0

1

4m

(

−i∇ +
2eA

c

)2

Ψ + aΨ + b | Ψ |2 Ψ , (22)

where

a = a′

(

1 −

(

T

Tc

)4α
)

, (23)

and a′ and b are complicated functions of α and δ. Thus the characteristic
lengths λ(T ) and ξ(T ), as well as the critical magnetic field will have a
nonstandard temperature dependence, with the power law scaling depending
on the value of α. This functional is in the same class as that derived by
Muthukumar et al. [16]. In the limit α = δ = 0 we obviously recover the
standard form.

3. Concluding remarks

In the present contribution we have briefly summarized the results ob-
tained for our choice of the Green function with branching cuts that possesses
the two fundamental features of the Luttinger liquid: the anomalous scaling
and the spin-charge separation. The two characteristics are accounted for
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through the parameters α and δ. The results indicate clearly that the phys-
ical properties of the Luttinger liquid are significantly different from those
of the Fermi liquid.

We should also emphasize that some of the properties of the high-temper-
ature superconductors can be understood within this phenomenology, partic-
ularly those at the optimal doping (when α → 0), since then the dc resistivity
ρ ∼ T and the value of Tc is maximal. However, to obtain a photoemission
line enhancement as one crosses the superconducting transition with dimin-
ishing temperature, one requires a further analysis. Also, a transformation
of the Luttinger liquid into the Fermi liquid should be studied carefully.

We are grateful to Prof. P.W. Anderson for useful comments.
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