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It is well known that fundamental linear higher-spin (> 2) fields are
unphysical: they cannot be a a source of gravity, i.e. their dynamics is
inconsistent unless they exist as test fields in an empty space. A certain
kind of nonlinear spin-2 field arises from vacuum nonlinear metric gravity
theories (Lagrangian being any smooth scalar function of Ricci tensor) as a
component of a multiplet of tensor fields describing gravity. These theories
can be reformulated as Einstein gravity theory with gravity described by
the metric field alone and the other fields contained in the multiplet acting
as a “matter” source in Einstein field equations. This framework provides a
consistent gravitational interaction for the spin-2 field. A number of open
problems still remains. This paper is a progress report on a joint work done
by Guido Magnano and myself.

PACS numbers: 04.20. Cv, 04.50. +h

1. Introduction

From the experimental point of view there is no necessity to construct a
theoretical description of a spin-2 field which acts as a source of gravity since
up to now we know no other elementary particle carrying spin two besides the
hypothetical graviton. Nevertheless there are various reasons for studying
linear higher-spin (s > 1 integer) fields in classical field theory [1]. Further-
more, in the last decade it was realized that certain spin-0 and spin-2 fields
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minimally coupled to a spacetime metric are generated in a natural way as
components of a multiplet of fields describing gravity in some extensions of
Einstein’s gravity theory. These extensions consisting in replacing Einstein—
Hilbert Lagrangian for vacuum gravity by a Lagrangian being any smooth
scalar function of Ricci and Weyl tensors are named metric nonlinear grav-
ity (NLG) theories or higher-order gravity. Impulses for investigating these
theories have recently come from various directions. In the low-energy field-
theory limit of superstring effective actions one recovers Einstein—Hilbert
Lagrangian plus higher order corrections in Riemann tensor [2|. Moreover
quantum theory suggests that a renormalizable quantum gravity necessitates
a quadratic Lagrangian having a classical limit more complicated than gen-
eral relativity. Last but not least, quadratic and higher-order in Riemann
curvature Lagrangians are possible candidates for a gravity theory avoiding
spacetime singularities [3].

Structure of a spin-2 field theory is quite different in the two cases: of
the massive linear field and the massive nonlinear field generated by an NLG
theory. In the first case the inconsistency of gravitational interactions of the
field is well known and I briefly present it in section 2 merely to stress the
difference to the other case. The nonlinear spin-2 field is described in section
3 where I report on progress on the subject made recently by G. Magnano
and myself.

2. Linear massive spin-2 field as a test field in empty space

A spin-2 field is usually described by a symmetric tensor field v¥,,. A
free field theory in flat spacetime is first constructed for a massless field
and the guiding principle is the postulate of a gauge invariance [1]; then an
appropriate mass term is added to the Lagrangian. In the next step one
introduces an interaction of the field with itself or other matter. The last
step, different from the previous one, consists in coupling of the field to
gravity.

The free field theory is consistent; inconsistency problems appear for in-
teractions. The problems arise since for spin > 1 the number of algebraically
independent components of the tensor field is larger than the number of dy-
namical degrees of freedom (for spin two there are 10 components of v, ver-
sus 5 physical degrees of freedom in the massive case) and some components
are redundant (represent a “pure gauge”). Then Lagrange equations of mo-
tion form a degenerate system, i.e. some of them are first-order constraints
on the initial data rather than being hyperbolic propagation equations. The
problem already arises for Maxwell electrodynamics and a massive vector
(Proca) field; for a free field one deals with it in an analogous way for all
spins > 1.
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As we are interested in gravitational interactions of a massive spin-2 field,
we omit the free field theory and construct a Lagrangian for ¢, in a curved
spacetime. To this aim we use a gravitational perturbation analogy [4]. One
takes any spacetime metric and perturbs it, g,, — g + dg,. The second
variation of Einstein-Hilbert action S[g] = [d*z\/—gR evaluated at the
“background” metric g,,, is a functional quadratic in the metric fluctuations
and if one identifies dg,, with v, the functional provides an action giving
rise to linear Lagrange equations for the field. Actually v, can be defined
as a linear function of dg,, , e.g. as 6(v/—gg,). Here we make the simplest
choice v, = dg,,, (which however leads to field equations which are not the
simplest possible; other choices provide equivalent theories) and the action is
defined as S[] = —2§25[g]. Next one assumes that 1, is a non-geometric
massive tensor field which interacts with gravity. In other terms from now on
9w is not regarded as a fixed background metric but rather as a dynamical
field coupled to 1),,. (This means that the equations of motion for the
fields are not perturbation equations of a given solution for pure gravity.)
To assign a mass to v, one puts in the Lagrangian by hand a mass term
which is appropriately chosen to avoid any additional scalar field. Finally the
second order action for 1), reads (the action is linear in second derivatives)

2
1) = [ atev=g [0 Gl + 00 G + i 03| (),

where ¢ = g"1),,,, and wa is the linear in v, part of Einstein tensor,

Gﬂ”(g+¢) = GHV(g) +Gﬁu(ga¢) + ey

1 . .
Gﬁy(ga 1/}) = 5(_Dw;w + wua;u’a + wua;u’a - w;;w - guuwaﬁ;aﬁ + g;wﬂlb

+guuwaﬁRaﬁ - T;Z),LWR) . (2)

Adding Einstein-Hilbert action S[g] to S[y] one derives the full system of
equations of motion consisting of Einstein’s field equations G, = T}, (g,v)
(we set 87G = ¢ = h = 1) where T},, is the variational energy-momentum
tensor following from (1) and Lagrange equations

I 1 m?
EMV = Guu(gaw) + §Guv(g)¢ - 7(9uu¢ - wuu) = 0. (3)

The latter form a degenerate system: only 6 out of 10 equations E,,, = 0 are
hyperbolic propagation ones for 1,,,, four equations Ey,(g,1) = 0 do not
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contain second time derivatives of the field and form so-called primary con-
straints on the initial Cauchy data. To get a consistent dynamics one should
replace the primary constraints by other constraints which allow to trans-
form the primary ones in four missing propagation equations. To this aim
one proceeds as in the massive case in flat spacetime. By taking divergence
of (3) one gets four secondary constraints on the initial data [5],

2
VY B9, 9) = Qu(9:9) = Vo0 Gpa)+ 590, Gag— o (=) = 0,
(4

where one has applied the linearized Bianchi identity

y e 1, 1
VY Gl (9:9) = Vit Cpa) + 59°5,Gap = 590G (5)

However the constraints ¢, = 0 are defective in the following sense. It is
natural to view them as first order differential constraints on the initial data
for v, at t = 0. But then replacing G, by T},, one arrives at the following
equations of motion:

2
E;/w = G,]Zy(g,ﬂ)) + %Tuu(g)¢ - m?(g,ulﬂb - ¢;w) =0, (Ga)
/o vo 1 af m2 AN

Q. = Vo (" T pa) + §¢ sulap — 7(¢;u — Pua’*) = 0. (6b)
The expression for T}, is extremely complicated and contains v,,.03 [4],
hence (6b) are four nonlinear third order propagation equations. The com-
ponents Ty, contain 1,300 What implies that E(’]ﬂ = 0 are no more con-
straints. As a consequence there are no constraints imposed on 1), which
are preserved in time and which decouple the unphysical modes ensuring the
existence of the correct number (five) of degrees of freedom.

The opposite possibility is to consider 1, as a test field on a fixed back-
ground determined by Einstein’s equations G, = t,,,(¢) with ¢, being the
stress tensor for some matter ¢. Then Ep, = 0 and @, = 0 are constraints
on initial values of 1),,. The necessary condition for having a consistent
dynamics for ¢, is that both primary and secondary constraints are pre-
served in time. This can be shown only for very special cases [6]. In general
there is no consistent dynamical description of spin-2 field on a given curved
spacetime.

The third possibility is to regard @, = 0 as restrictions on the spacetime
metric. Writing them as

m2

W~ ) =0 (7)

1
Qu= [(Gua‘;% + §Gaﬁ‘sz> Vo + leé;ﬁ:| ¢a6 -
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one sees that they contain third time derivatives of the metric and thus
restrict it in the whole spacetime. An admissible solution (though there is
no rigorous proof) is G, = 0. Then the secondary constraints reduce to

w;u/;y - w;u = 0. (8)

Their divergence is
¢MV;MV - ¢;M;M =0. (9)
On the other hand the trace of (3) is

v ; v 3
gﬂ Eul/ = 1/’;;/“ - 1/}“ 72 §m2¢ =0. (10)

Adding (9) to (10) one finds that v, is traceless, "1, =1 = 0, which in
turn reduces (8) to ¥, = 0. These are five secondary constraints ensuring
the purely spin-2 nature of the field. The constraints considerably simplify
Lagrange equations (3) to

(O — M) + 20" R 5 = 0, (11)

where R, = 0 has been used. These form a nondegenerate system of 10 hy-
perbolic propagation equations. As a final step in constructing a consistent
dynamics one proves the proposition [6]:

if the equations of motion (11) hold throughout an empty spacetime and
the following constraints restrict the initial data at ¢ = 0: Ep, = 0 and
Y = = ¢, = 0, then all the constraints, ¥, = 0 = ¢ and Eo, =0
are preserved in time.

Here one must assume an additional initial data constraint .o =0 at ¢t =0
to ensure vanishing of ¢ in the spacetime. The final conclusion is [4, 5]:
massive linear spin-2 field is consistent only if it is a test field in an empty
spacetime; then in the limit of vanishing mass it coincides with small grav-
itational fluctuations. The same argument applies to the massless field.
Inclusion of any non-minimal coupling to gravity cannot help [5]. A linear
spin-2 field cannot be a source of gravity and in this sense it is unphysical.

3. Consistent nonlinear spin-2 field in a curved spacetime

Dynamical evolution of a Lorentzian manifold (M, ) is determined in
the framework of a generic NLG theory by the Lagrangian
L = /=¢f(¥u, Rap(tu)) where a scalar function f may also depend on
the conformal tensor (in this section ¢ = det(¢,,)). In general Lagrange
equations of motion are of fourth order. Such a theory gives rise to a mas-
sive nonlinear spin-2 field (and a massive scalar field) in two ways. Firstly,



1084 L.M. SOKOLOWSKI

one can both lower the order of the equations of motion and generate ad-
ditional fields describing gravity in a way analogous to replacing Lagrange
formalism by canonical one in classical mechanics. One introduces “canon-
ical momenta” conjugate to Christoffel connection for v, using Legendre
transformations with respect to the irreducible parts of Ricci tensor |7]:

oL oL
V=t = 95 and VYo = ﬁ ) (12)
uv

where S, = RW — %RT,Z)W,. The fields 7*¥ and ¢ turn out to be massive
and carry spin two and zero respectively. The original Lagrangian L is
then replaced by a Helmholtz Lagrangian Ly generating second order field
equations for the triplet of the fields [7]. It is remarkable that for 1, one
gets exactly Einstein’s field equations G, (v) = T, (¢, 7, ¢) with a stress
tensor for the nongeometric part of the triplet which is however indefinite
[6]. In a weak-field limit one recovers the well known Stelle’s results for a
quadratic L [8].

The second approach is more sophisticated. One assumes that the field
Y appearing in L is a kind of a unifying field and does not coincide with
the physical spacetime metric (the Lagrangian may possibly come from a
more fundamental theory and v, is not a geometric quantity). The genuine
measurable metric should be recovered from L via a Legendre transformation

9, 10]
oL
det —
‘ (aRa/3>

If this transformation can be inverted one expresses the canonical “veloc-
ity” Ry, in terms of the “positions and momenta”, R, (1)) = 7, (9%, ag).
To view g"” as a spacetime metric one assumes that it is nonsingular, 7.e.
det(0f /OR,,) # 0 and g, is its inverse. In other terms one maps (M, 1, )
onto (M, g,,) and from now on one treats 1, as some tensor field on the
spacetime (M, g,,). As in classical mechanics one replaces the Lagrangian
by the Hamiltonian,

—-1/2 oL

m — gl
7= OR,,

(13)

D=

H(g,%) = /—99"1u(9.%) — (—det )

and then the latter by a Helmholtz Lagrangian
Li(g9,%) = V=99"" R (¥) — H(g, ). (15)

The Helmholtz action Sy = [ d*x Ly generates Hamilton equations for I
and v, as variational Lagrange equations and these are of second order.
Introducing a tensor being the difference of the Christoffel connections for

S W, ) (14)
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the two tensors, Qf, = fgy(i/)) —TI,(9), and applying the following identity
valid for any two nonsingular tensor fields [9],

Ru(¥) = R (9) = VaQ% — V(@50 + Q5,Q0 s — QsQln.  (16)

where VT = T, is the covariant derivative with respect to g,,, one can
finally express Ly in the form (up to a divergence term)

L = V=g[R(9) + K(9.%) = 2V(9.9)] = V=3 [R(9) + 9" (0. Q%

~Qiha)]| — V[ e - ()

NI

f(T/JMWTW)] - (17)

Here K being the quadratic polynomial in @, is a kinetic Lagrangian for
Y and is universal (is independent of the form of f) while the potential V' is
determined by the original Lagrangian. It is a straightforward calculation to
show that the theory based on Ly is dynamically equivalent to that based
on L = /—¢f |9, 10]. It is far from being obvious that it is possible to
define the genuine metric g,, in such a way that the gravitational part of
the Helmholtz Lagrangian is exactly equal to the curvature scalar. In this
sense Finstein general relativity is a universal Hamiltonian image (under a
Legendre transformation) of any NLG theory.
The field equations 05y /0g"” = 0 are just Einstein ones,

G,u,l/(g) = T,ul/(g7 rlzz)) = Qg(u;y) - ;O;V;a - quQgg + Qgﬁng + T,u,l/

1
+§guu9aﬁ(Qg}5;>\ - Qﬁ\\a;ﬁ + Qgng},\ - QgAQéﬁ - Taﬁ) -(18)
This T}, is the variational energy-momentum tensor following from (17);
the quickest way of deriving it is to apply the identity (16). In general the
stress tensor is indefinite and the energy density is not determined by initial
data since it depends on 1),,.o3. The kinetic part of it (made up of ijy) is
universal while the potential part is determined by r,,(g,v) and does not
depend explicitly on f. This stress tensor is rather complicated, nevertheless
it is considerably simpler than that for the linear inconsistent field discussed
in previous section [4].

Lagrange equations dSg /1), = 0 are too complicated to be presented
here [6]. These are quasi-linear second order equations whose “kinetic” part
is universal (due to (17)). This universality shows that there is no need
to study a generic NLG theory — to find out the physical content of all
these theories it is sufficient to investigate the simplest case: the original L
being a quadratic function of the curvature. Furthermore, if L is a cubic or
higher order polynomial in RW there are technical problems with inverting
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the definition (13) to get R,y () = 7 (9%%,vas). The particle content is
the same for all cases: in a weak-field limit of (17) we find that g,,, describes
the massless graviton (helicity 2) while 1, is a mixture of massive spin-2
and spin-0 fields. (If Weyl tensor is present in L this picture may become
more complex.) Our results are in agreement with Stelle [8] who studied the
quadratic Lagrangian R + aR? + bRWR‘“’ .

We choose the Lagrangian L = /=9 (R + aR? — 3aR,, R") with a =
const > 0 of dimension (length)?. The fourth-order field equations imply
R = 0. This corresponds to absence of the scalar canonical momentum ¢
defined in (12), ¢ = const. The field 7* (being now proportional to R*) is
traceless and divergenceless (with respect to 1), thus it describes purely
spin-2 particles; its equations of motion are

1 1
Om — 3_a7T“1/ + mgw/ﬂaﬁﬂag — QRQ(MV)ﬁﬂ'aﬁ =0. (19)
The field cannot be massless, m2 = %

The Legendre transformation (13) (usually named a transition to Ein-
stein conformal frame (ECF)) clearly shows that Einstein-Hilbert term in
L is essential. In fact, one gets

9" = Alg. ¥)[(1 + 2aR)y" — 6a R (20)

with A = |det(¢,,)/g]*/? and 4* being the inverse matrix to 1. From
now on we raise and lower tensor indices with the aid of g,,, e.g.

Y = gh g as  and P ay = 8 = YF ..

Due to presence of the linear term in L, for spacetimes close to flat space
(Ruu ~ 0) the tensor ¢g"” is nonsingular and has the correct signature; for
Minkowski space the transformation is the identity one (see also [11, 12]).
To invert (20) one first expresses R in terms of A and the trace t = 9" Y,
then one finds

Ry () = ru(g, %) [(t = 3A) Vv — Yuaty]. (21)

~ 6ad
The Helmholtz Lagrangian in ECF takes now the form

1 B
LH =v—9g R(g) + K(g,l/}) + @ <_Z + 6t — 12A>:| (22)
with B = t% — "), The potential contains a term linear in 1, .
The tensor v, should satisfy a number of constraints to represent a
spin-2 field on the spacetime (M, g,,). When viewed as a metric field it
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satisfies Bianchi identity v,,@z&m = 0 which gives rise to 4 differential
constraints 'yaﬁ(rﬂa;g — %raﬁ;“ — Qg‘{ﬁrw\) = 0. Inserting here r,, from (21)
one finds after some manipulations that

1 .
Zt’yaﬁwaﬁm - ¢ua7a =0. (23)
Denoting by
y 0 -2
=5 (757)
ng

the potential part of Lagrange equations one may write these equations as
EW = L (Q)—P" =0, L"(Q) being the universal kinetic part. Using the
explicit (and very intricate) form of L*” one can show that L#*"1),,, = 0 when
(23) holds. This in turn implies P*1),,, = 0 and for the potential as in (22)
the layter reads P*1),,, = Ay"r,, = 0. In other terms one recovers in ECF
that R = 0 and from (21) one finds that it is equivalent to 44 = ¢. Using
then a differential identity for the scalar A one can simplify the constraints
(23). The final outcome is that 1), is subject to 5 constraints: 44 =t and
ty = 2ua’”. With their aid one gets

1 1 B 3t 4
= -ty = L (B g Lo
(24)
Finally these relations allow to simplify the Lagrange equations of motion.
After a lengthy computation one arrives at

EW = [ — piv — A gy Int

B LV Vs Int + Vo™ 5 — T \aos + (36" Voo

— Mo n )V g Int] + 7> Wy P L00%ag + 1 (3har T Yppo
+20 g Yolip)] — P =0, (25)

where JH, = 2y gy [\ia]- There are only 9 algebraically independent
equations since L, = 0 = PH9,, identically. Complexity of the
equations, though considerable, is not hopeless. One can replace v, by
G = Yy — %tgw,. It follows from the constraints that ¢, is divergence-
less, ¢, = 0, it is not, however, traceless since g"”1p,,, = —t. For this field
the usual condition of vanishing trace is replaced by the constraint 44 =t
and the field has 5 degrees of freedom.
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4. Open problems

1. Explicit proof of consistency. The fourth-order Lagrange equations
for any NLG theory are consistent in the sense that their divergence vanishes
identically (as being a Bianchi identity following from the coordinate invari-
ance of the Lagrangian L). Consequently Lagrange equations (25) arising
from the Legendre transformation are consistent too. Can their consistency
be directly proven without invoking the original theory?

2. Stability of the ground state solution. The candidate ground states
for the theory are Minkowski, de Sitter and anti-de Sitter spaces [13]. Rather
little is known which of them are true vacuum states, i.e. which solutions
are stable.

3. To find simple “realistic” solutions for 1, and g,, and study their
physical content. In particular to study their energy density.

REFERENCES

[1] C. Fronsdal, Phys. Rev. D18, 3624 (1978). B. de Wit, D.Z. Freedman, Phys.
Rev. D21, 358 (1980). R. M. Wald, Phys. Rev. D33, 3613 (1986). M.J. Duff,
C.N. Pope, K.S. Stelle, Phys. Lett. B223, 386 (1989).

[2] B. Zwiebach, Phys. Lett. B156, 315 (1985). C. G. Callan, D. Friedan, E. Mar-
tinec, M.J. Perry, Nucl. Phys. B262, 593 (1985). C. G. Callan, I. Klebanov,
M.J. Perry, Nucl. Phys. B278, 78 (1986). A.A. Tseytlin, Phys. Lett. B176, 92
(1986). S. Deser, N. Redlich, Phys. Lett. B176, 350 (1986).

[3] A.A. Starobinsky, Phys. Lett. B91, 99 (1980). R. Brandenberger, V.
Mukhanov, A. Sornborger, Phys. Rev. D48, 1629 (1993). I. Antoniadis, J.
Rizos, K. Tamvakis, Nucl. Phys. B415, 497 (1994).

[4] C. Aragone, S. Deser, Nuovo Cim. 57B, 33 (1980).

[5] C. Aragone, S. Deser, Nuovo Cim. 3A, 709 (1971).

[6] G. Magnano, L. M. Sokotowski, unpublished.

[7] G. Magnano, M. Ferraris, M. Francaviglia, Classical Quantum Gravity 7, 557
(1990).

[8] K.S. Stelle, Phys. Rev. D16, 953 (1977); Gen. Rel. Grav. 9, 353(1978).

[9] G. Magnano, M. Ferraris, M. Francaviglia, Gen. Relativ. Gravitation 19,
465(1987); J. Math. Phys. 31, 378(1990).

[10] A. Jakubiec, J. Kijowski, Gen. Relativ. Gravitation 19, 719 (1987); Phys. Rev.
D37, 1406 (1988); J. Math. Phys. 30, 1073 (1989).

[11] G. Magnano, L. M. Sokotowski, Phys. Rev. D50, 5039 (1994).

[12] L. M. Sokolowski, Universality of Einstein’s General Relativity, in: Proceed-
ings of GR14 Conference, Florence, August 1995, ed. by M. Francaviglia et
al., World Sci., Singapore 1997, pp. 337-354.

[13] A. Hindawi, B. A. Ovrut, D. Waldram, Phys. Rev. D53, 5597 (1996).



