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The uncertainty relations associated to the covariant x-deformation
of D = 4 relativistic symmetries, with quantum “time” coordinate and
modified Heisenberg algebra, are shown to be consistent with independent
heuristic estimates of limitations on the measurability of space-time dis-
tances. Our analysis generalizes the one previously reported by one of us,
which considered only the space-time coordinate sector.
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1. Introduction

Several authors (see, e.g., [1-11]) have argued that the classical ideas
about space-time structure might fail to describe physics below some min-
imal length. A frequently investigated minimal-length scenario is the one
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motivated by critical string theories; there the appearance of a minimal dis-
tance follows from the analysis of string collisions at Planckian energies,
which are found to be characterized by the following modified uncertainty
relation (see [2])
h
Az > — 4+ aGAp, 1
= p (1)
where G = ¢“I7/h is the gravitational coupling (Newton) constant, ¢ and [,
are the speed-of-light and Planck-length constants respectively, and « is a
constant related to the string tension (Regge slope). The relation (1) implies
a lower bound on the measurability of distances

2l2

min Az ~ VhaG , (2)

which fits well the expectation of certain heuristic studies [3,7] of measurabil-
ity in quantum gravity!. It is also quite well understood that modifications
of the ordinary Heisenberg uncertainty relations structure [4-7]; in particu-
lar, in Ref. [6] it was shown that the relations (1)-(2) can come from SUy(n)
covariance.

A more stringent alternative to the bound (2) was recently proposed |§]
by one of the present authors?, being motivated by an heuristic quantum-
gravity analysis of the measurability of distances in which in particular it
was found that gravitational effects prevent one from relying on classical
agents for the measurement procedure. This originates [8] from the fact
that in the framework of general relativity the classical (i.e. infinite-mass)
limit leads to inconsistencies associated with the formation of horizons. By
taking into account both the quantum nature of the agents involved in the
measurement and the gravitational effects affecting the measurement, one
finds [8] that the measurability of distances is bound by a quantity that
grows with the time required by the measurement procedure, as needed for
the decoherence mechanism discussed in Ref. [9]. Specifically, the following
bound is found [8] for the measurability of a distance L:

min [AL] Nlp\/g Nlp\/z, (3)
s s

where s is a length scale characterizing the spatial extension of the devices
(e.g., clocks) used in the measurement, 7' is the time needed to complete

! Here and in the following we qualify as “heuristic quantum-gravity studies” the ones
that do not advocate a specific quantum-gravity model, but rather advocate a com-
bination of ordinary quantum mechanics and general-relativity arguments.

2 We also bring to the attention of the reader the Refs [9], in which related issues have
been discussed, although the structures identified in those studies are gravitational
corrections (8], rather than measurability bounds.
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the procedure of measuring L, and on the right-hand-side we used the fact
that, assuming the measurement procedure uses massless probes, one has
typically T" ~ L. Notice that for all acceptable values [8] of s, [, > s > L,
the bound (3) is more stringent than (2); this is a direct consequence of the
fact that the analyses leading to (2) had implicitly relied on the availability
of ideal classical agents in the measurement procedure.

While, as mentioned above, critical string theories provide a framework
for the bound (2), it appears that noncritical string theories provide a frame-
work for the bound (3). In particular, in the framework of “Liouville” non-
critical string theories, with the target time identified with the Liouville
mode [12], the nature of the dynamics of the light probes exchanged in a
typical procedure of measurement of a distance was shown [10] to lead to a
measurability bound of type dgboundgac.

An interesting problem is the one of finding a quantum-group (and
quantum-Lie-algebra) framework for (3), just like Ref. [6] has provided a
quantum-group framework for (2). The notion of quantum group as a Hopf
algebra permits to consider deformed symmetries; in fact, the Hopf algebra
axioms provide simultaneously an algebraic generalization of the definition
of Lie group as well as of Lie algebra. As exemplified by the formulae in the
following section, the phase space containing the coordinate and momen-
tum sectors can be described in the quantum-deformed case as a semidirect
product of two dual Hopf algebras describing the coordinates and momen-
tum sectors. Such a definition of quantum phase space has been first pro-
posed by Majid [4], and it is endoved with the property that in the unde-
formed case (coordinates and momenta described by Abelian Hopf algebra
with primitive coproducts) one obtains the standard quantum mechanical
Heisenberg commutation relations®. The so-called x-deformations [14-18]
provide an example of this type of quantum deformations of relativistic
symmetries, and one of us recently argued [11] that xk-deformed symmetries
might provide an algebraic abstraction of the measurability bound (3). The
analysis reported in [11] was somewhat preliminary since only the coordi-
nate sector was considered, but the bound (3) emerged rather compellingly,
as a direct consequence of the noncommuting space-time coordinates of x-
deformed Minkowski space [16-18|. Encouraged by the findings of Ref. [11],
in this Letter we explore further the relation between k-Poincaré and (3);
specifically, we extend the analysis of Ref. [11] from the confines of the space-
time coordinate sector to the full structure of the k-deformed phase space.
We consider the k-deformed Poincaré symmetries in the bicrossproduct ba-
sis [4,17], which appears to be a very natural framework for the quantum

3 In the literature sometimes the semidirect product construction for two dual Hopf
algebras describing respectively quantum Lie group and quantum Lie algebra is called
“Heisenberg double” (see, e.g., Ref. [13]).
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deformations of semidirect product algebras, and outside of the coordinate
sector we identify two structures which could affect the analysis of Ref. [11]:
the k-deformed mass-shell condition, which is associated to the Casimir and
modifies the propagation of the light probes exchanged during measurement,
and the nontrivial commutation relation between three-momenta and quan-
tum time coordinate, which we find to affect significantly the analysis of the
propagation of heavy probes exchanged during measurement. As discussed
below, our analysis uncovers new nonnegligible contributions to the bound
on the measurability of distances. These contributions are however compa-
rable to the one identified in Ref. [11], and therefore the order of magnitude
of the effect discussed in Ref. [11] is confirmed by our analysis. These find-
ings provide additional evidence of a relation between x-Poincaré and the
bound (3).

2. k-deformed quantum relativistic phase space

The standard form of the covariant fourdimensional Heisenberg commu-
tation relations, describing quantum-mechanical covariant phase space looks
as follows:

[x,uapl/] = ihg,ul/ ) Juv = diag(—l, 1,1, 1)' (4)

The space-time coordinates z, (© = 0,1,2,3) can be identified with the
translation sector of the Poincaré group, and the fourmomenta p, (1 =
0,1,2,3) are given by the translation generators of the Poincaré algebra.
In considering quantum deformations of relativistic symmetries as describ-
ing the modification of space-time structure one is lead to the study of the
possible quantum Poincaré groups®. The classification of quantum defor-
mations of D = 4 Poincaré groups in the framework of Hopf algebras was
given by Podles and Woronowicz ( [21]; see also [22]) and provides the most
general class of noncommutative space-time coordinates Z, allowed by the
quantum-group formalism. If we assume that the quantum deformation
does not affect the nonrelativistic kinematics, i.e. we preserve the nonrel-
ativistic O(3) rotations classical and O(3) covariance, the only consistent
class of noncommuting space-time coordinates is described by the relations
of the k-deformed Minkowski space (see Refs. [16-18]) with commuting clas-
sical space coordinates In order to describe the k-relativistic phase space we

* We take into consideration here only the genuine 10-generator quantum deformations
of D = 4 Poincaré symmetries. In particular, the “standard” g-deformations are
not allowed. In such a case the scheme requires adding an eleventh (dilatation)
generator, i.e. one deals with the dilatation extended Poincaré algebra [19]. In such
a case the corresponding quantum phase space is much more complicated (see, e.g.,
[20]), and the deformation parameter is dimensionless, rendering difficult the physical
separation between the ordinary regime of commutative space-time coordinates and
the short-distance regime in which non-commutativity sets in.
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start with the s-deformed Hopf subalgebra of fourmomenta p, written in
bicrossproduct basis [17,18]

[P, Pk) = O (5)
A(po) = po®1+1® po

. . Po .
Apr) = Pr® 1+ exe @ fy (6)

with antipode and counit given by
S(pr) = —e PO/ g S(hu) = Dy eB)=0. (7)

Note that both the fundamental constant ¢ (speed of light) and the (mass-
like) deformation parameter x are present in the coproduct 2.4b.

Using the duality relations involving the second fundamental constant A
(Planck’s constant)

(T, Pv) = —ihgu 9w = (—1,1,1,1) (8)

we obtain the noncommutative k-deformed configuration space X, as a Hopf
algebra with the following algebra and coalgebra structure

- ih .

[Zo, k] = T [Tk, 2] =0 9)
Ald) = &y @1+ 10, (2.10a)
S(3,) = —2, £(,) = 0 (2.10D)

The k-deformed phase space can be considered as the vector space X, ® Py
with the product (see [4])

(z@p)(T®p) = z(pa)>T) @ PP (2.11)

where left action is given by
pra=(p,xe)rnm (2.12)

The product 2.7 can be rewritten as the commutators between coordinates
and momenta by using the obvious isomorphism z ~ 2 ® 1, p ~ 1 ® p.
Application to the case of k-Poincaré algebra provides the following relations
(see also [23,24])

[Tg,p1] = ihdw, [@x,Po] = O, 213)
(B0, pk] = —Lpy, [Z0,p0) = —ih.
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The set of relations 2.4a, 2.6a and (2.9) describes the x-deformed relativistic
quantum phase space, which is k-Poincaré covariant®.

The modified covariant Heisenberg uncertainty relations follow from the
relations 2.7 and 2.8. Introducing the dispersion of the observable @ in
quantum mechanical sense by

AGa) = {a?) — (a)? (2.14)
we have 1
Aa)A(b) > 5! {e) ], where ¢ = la,b] (2.15)
We obtain k-deformed uncertainty relations
. h 11,
PN A '
AtAZy 2 gog| (@) [ = 57 (@) |, (2.16a)
1
AppAz; > §h5kla (2.16b)
IS 1
AEAE > oh, (2.16¢)
ApdE > Sl = 5 (o) (2164)
prAE = s (Pi) | = 5 1)) - :

where [, = K—hc describes the fundamental length at which the time variable

should already be considered noncommutative. In the recent estimates x >
1012GeV (see, e.g., Ref. [26]) i.e. I, < 10~?6cm; in particular one can put &
equal to the Planck mass which implies that [,, = [, ~ 10~%3cm.

In comparison with the discussion in Ref. [11], which only considered
the coordinate sector, the significant new element emerged in our present
analysis is the relation 2.11d. Interestingly, multiplying the three relations
2.11a, 2.11b and 2.11d one obtains

ST/ A a A A D RiZ ., .
(AP (ABAR? > 575 (i) ()] (2.17)
(where no sum over the index [ is to be understood). This indicates that
a wave packet with minimal standard (AzAp) uncertainty has the largest
uncertainty in the localization of time. (In ordinary quantum mechanics
I, = 0 and there is no such correlation.)

It is also interesting to consider the relation 2.11d under the assumption

that the three-momenta pp can be expressed by a general formula p; =

® The s-covariance of the relations 2.6a has been shown firstly in Ref. [17]. The &-
covariance of the whole quantum k-deformed Heisenberg algebra follows from the
general properties of the semidirect product, defined by the relations 2.6a and 2.9.
(see, e.g., [25])
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M(v?)v;, in which case Ap; = M;;Avy with M;; = M([6;; + 2v;v;(In M)'].
Then 2.11d implies

. l _ A

AiAv; > f/\/t(v) M) v (@) ()] - (2.18)

Because in part of our measurement analysis we shall consider light

probes, we now discuss the modification of the kinematics of k-deformed

photons. We shall assume that the generators of the k-deformed Poincaré

algebra in bicrossproduct basis describes the “physical” generators of space-

time symmetries. In the bicrossproduct basis the xk-deformed mass Casimir

takes the form
1 = Py Py

Cy = S P?% e — (2ksinh — )% = —M?, 2.19

2 02 ( 2/10) ( )

where P, are the generators of space-time translations and M denotes the

k-invariant mass parameter. For M = 0 (k-deformed photons) from 2.14
one obtains that (we identify P, = p,)

12l

KC

ik 1
)= 1p| — —+0(§

o ) (2.20)

Po = keln(1 +

and in particular the velocity formula for massless k-deformed quanta looks
as follows® (E = cpy)

OF D
v= e = CIT‘ L (2.21a)
Pi 14 1B p]
or .
; 1
v = = —— :c—@+0(—2) (2.21D)
1+ 12l K K

The inverse formula, which can be inserted in 2.new2 looks as follows

. c,c
pi = nv(v 1)v; (2.22)
and it is linear in the deformation parameter x.

This three-momentum-dependent (i.e. energy-dependent) “speed of ligh
is a completely novel phenomenon that arises in the formalism here consid-
ered. Interestingly, it has the same functional form (upon appropriate iden-
tification between x and the string scale) as the energy-dependent speed

7

6 The relation (2.21a) is valid as a consequence of the Hamiltonian equation of motion
&; = OH/0pi — (xi/k)OH/Oxo. [See Ref. [18], Eq. (4.22).] For the s-photon here
considered, since H = H(p;), the velocities are classical ([vi, v;] = 0).
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of light recently discussed [9] in the non-critical (“Liouville”) string litera-
ture. Both in the k-Poincaré and in the string theory contexts the deviation
from ordinary physics, while very significant at the conceptual level, is rather
marginal from the phenomenological viewpoint. For example, for photons
of energies of order 1 GeV the Eq. 2.16b entails a minuscule 10~¢ cor-
rection with respect to the ordinary scenario with constant speed of light.
As discussed in greater detail in [9], at least when & is identified with the
Planck scale, the Eq.2.16b is completely consistent with available experi-
mental data. As manifest in the relations 2.11a-2.11d, the s-modifications
of the covariant Heisenberg commutations relations are of quantum mechan-
ical nature, i.e. proportional to the Planck constant A. This suggests that
the k-deformation (together with its exotic energy-dependent speed of light)
can be related with the quantum corrections to the classical dynamics of
space-time.

3. Measurement of distance and covariant k-deformed phase
space

In this section we analyze the measurement of the distance L between
two bodies as it results from a plausible physical interpretation of the un-
certainty relations 2.11a-2.11d. Like the related studies [8-10] we consider
the procedure of measurement of distances set out by Wigner [27], which
relies on the exchange of a probe/signal between the bodies. The distance is
therefore measured as L = vT'/2, where v is the velocity of the probe and T’
is the time (being measured by a clock) spent by the probe to go from one
body to the other and return. In general the quantum mechanical nature
of the agents intervening in the experiment introduces uncertainties in the
measurement of L, and in particular one finds that 7

AL > [AL]clock + [AL]probe ) (323)

i.e. the uncertainty in the measurement of L receives of course contribu-
tions that originate from the quantum mechanical nature of the clock (i.e.
the timing/triggering device employed in the measurement) and from the
quantum mechanical nature of the probe exchanged between the bodies.

A significant contribution to ALgk was uncovered in Ref. [8]; this re-
sults in the relation

N

[AL]clock > lp ‘ ) (324)

S

" Of course there are other contributions to AL (e.g., coming from the quantum me-
chanical nature of the other devices used in the experiment [8]); however, since they
obviously contribute additively to the total uncertainty in the measurement of L,
these uncertainties could only make stronger the bound derived in the following.
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where s is a length scale characterizing the spatial extension of the clock
(e.g., the radius of a spherically-symmetric clock) and T is the time needed
to complete the procedure of measuring L (i.e. T is time that the clock
measures).

Within ordinary quantum mechanics the quantum mechanical nature of
the probe (while contributing in general to the uncertainty) does not con-
tribute to the bound on the measurability of L (i.e. a suitable measurement
set up can be found so that the quantum mechanical nature of the probe
does not lead to a contribution to AL). It was shown in Ref. [11] that
instead the kinematics of quantum x-Minkowski space-time does lead to a
nontrivial [AL],,ope, and interestingly this turns out to be of the same type
of the [AL]coek in (3.24). As announced in the Introduction we are inter-
ested in extending the analysis of Ref. [11] to include structure from the full
r-deformed phase space. We are also more general than Ref. [11] and other
related work (see, e.g., Ref. [8-10]) in that we not only consider massless
particles as the probes exchanged in the Wigner measurement, but we also
consider the opposite limit in which the probes are ultra-heavy.

3.1. Using a heavy probe

In general combining the contribution (3.24) originating from the quan-
tum mechanical nature of the clock with uncertainties due to the quantum
mechanical nature of the probe one finds that

T
ALZZP\/%—FAJU—H)AI‘/—FTAU (3.25)

where Az and At are the uncertainties on the space-time position ® of the
probe at the “final time” T, while Av is the uncertainty on the velocity of
the probe.

The first contribution on the right-hand-side of (3.25) originates from
the quantum mechanical nature of the clock, and it is interesting to notice
that in the case of a heavy probe the proportionality to v/T of that term,
which always signals decoherence effects (e.g., the more time goes by, the
more the quantum clock decoheres according to the ideas in Refs. [8,9]),
can be turned into a proportionality to \/L/v, i.e. the uncertainty actually
diverges in the limit of vanishing velocity as expected in a context involving
decoherence since there small velocities imply large times.

Concerning the contributions on the right-hand-side of (3.25) that orig-
inate from the quantum mechanical nature of the probe, it is interesting to

8 As implicit in the terminology here adopted, the Wigner measurement procedure is
essentially one-dimensional, and the only relevant spatial coordinate is the one along
the axis passing through the bodies whose distance is being measured.
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observe that in ordinary quantum mechanics Az, At and Av are not cor-
related and therefore they do not lead to a contribution to the bound on
the measurability of L. However, the x deformation induces correlations
between Az, At and Av. In particular, we observe that 2.11a-2.11d imply
(for an ideal heavy /nonrelativistic probe with p = Mv and interpreting the
x on the right-hand-side of 2.11a as the distance traveled by the probe)

l. VAL

Av > 2
vz (3.26)
and .
Ap > ——5— 3.27
r= 2kc At ( )

This relations together with the fact that v ~ L/T allow to rewrite (3.25)
as

cT l. L L l. L
AL > 1,4/ — u —At u )
— PV s +2ncAt+T +2/<;cAt

This uncertainty can be minimized by preparing the probe in a state with

v~ clp/Vsl, te. T ~ Ly/sl/(cl,), and At ~ /1, T/c, and this results in

the measurability bound
. Iy
min[AL] ~ ([ Lly\/ — . (3.29)
S

The fact that this bound emerging from our analysis of Wigner mea-
surement using a heavy probe manifests the same /L behavior encountered
in the heuristic quantum-gravity analysis of the clock involved in the mea-
surement is a rather nontrivial aspect of the covariantly x-deformed phase
space. In fact, the x-deformed kinematics of the heavy probe leads to an
uncertainty with this v/L behavior just as a direct result of Eq.(3.26), which
reflects the specific structure of the k-deformed commutation relation be-
tween three-momenta and quantum time coordinate. This effect could not
be uncovered in Ref. [11], since it requires the introduction of the x-deformed
four-momentum sector.

(3.28)

3.2. Using a massless probe

Of course, also in the case of a Wigner measurement involving a massless
probe one finds that

ALle\/g—l—Ax%—cAt—i—TAv , (3.30)
s
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and again the x deformation induces correlations between Az, At and Awv.
In particular, concerning the correlation between Az and At using again

9.11a one finds
hL

At> ————. 3.31
~ 2kc? Ax (3:31)
Moreover, if the probe is massless with modified velocity? 2.16b one finds

that

AP h
A ~N —
v K 2k Az’

where on the right-hand-side we used 2.11b.
Using 3starb and deltavofE one can rewrite 3.1light as

cT hL hT
AL > 1\ —+ A .
=PV s * x+2nch+2/<;Ax’ (3:33)

(3.32)

and therefore, also taking into account that L ~ ¢T/2 and I, = h/(kc),
one finds that the minimal value of AL is obtained if (Ax)? ~ Ll,; and this
implies that the minimal uncertainty in the measurement of the distance L
is
L2
min[AL] ~ [ —2 + /LI, (3.34)
s

Again we find the v/L behavior, and again the full structure of the covari-
antly k-deformed phase space advocated here plays a rather central role in
obtaining this result; in fact, the relation (2.16) ensures that the fourth term
on the right-hand side of Eq. 3.1light (which was not considered in Ref. [11])
is of the same order as the second term on the right-hand side of Eq. 3.1light,
which is the one considered in Ref. [11].

While the v/L behavior is of course the most robust outcome of these
analyses, it is interesting to notice the interplay between the scale [,;, which
characterizes the x deformation, and the scales s and [,, which characterize
heuristic quantum-gravity arguments. The magnitude of these scales is actu-
ally quite important for the issue of the phenomenological implications [10]
of this type of measurability bounds, but unfortunately very little is known
about them. However, it is quite natural to guess that if k deformations

9 It is interesting to notice that x-deformed mass-shell condition and k-commutation
relation between three-momenta and quantum time coordinate are somewhat related.
In fact, for a minimum-uncertainty state in the framework of x-deformed kinemat-
ics one has AEAt ~ h/2 and Ap At ~ l,.p/(2c), and this is consistent with a given
dispersion relation E(p) only if E(p) ~ (ch/l.) In(p/p*) (with p* a constant to be oth-
erwise determined) which coincides with the asymptotic behavior of the x-deformed
dispersion relation (see 2.15).
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were to have physical applications it might be that [, ~ [,. Moreover, from
the role of s in the measurement procedure it is clear [8,11] that s > [,
and since the measurability bound should be a general property of the the-
ory it is quite conceivable that also s ~ [,. This for example appears to
fit rather well the schemes, such as the one discussed in Ref. [28], in which
“fundamental clocks” are intrinsic to the formulation of the quantum-gravity
approach. For [, ~ [, ~ s the heavy probe and the massless probe consid-
ered in this and in the previous subsection lead to exactly (up to an overall
numerical factor of order 1) the same bound in the context of the Wigner
measurement, and even the heuristic quantum-gravity measurement analysis
of Ref. [8] reproduces this bound exactly (again up to an overall numerical
factor of order 1). Nevertheless, especially in light of the fact that very lit-
tle will be known about s until a fully consistent (and genuinely quantum)
theory of gravity is available, it is interesting to observe that if s # [, (i.e.
s > 1,) the Wigner measurement using a heavy probe is actually a “better
measurement” (weaker bound) than its counterpart using a massless probe.
Since most of the previous studies of quantum-gravity measurability bounds
have relied on massless probes, our results suggest that a reanalysis of those
studies might be necessary.

4. Closing remarks

The covariant x-deformation of relativistic symmetries here considered,
and the associated covariant k-deformation of the Heisenberg algebra 2.9,
has several appealing properties as a candidate for the high-energy modifi-
cation of classical relativistic symmetries. As a dimensionful deformation it
is relevant only to the description of processes characterized by energies of
order x or higher. In addition, in an appropriate sense, it provides a rather
moderate (at least in comparison with some of its alternatives) deformation
of classical relativistic symmetries, which in particular reflects the reason-
able expectation that, if any of the space-time coordinates is to be special,
the special coordinate should be time. (Interestingly this intuition appears
to be also realized in certain approaches to string theory, see e.g. Ref. [12].)

In extending the analysis of Ref. [11] from the space-time coordinate sec-
tor to the full structure of the x-deformed phase space, our analysis has pro-
vided additional evidence that the bounds on the measurability of distances
associated with the uncertainty relations characterizing the k-deformed co-
variant Heisenberg algebra 2.4a, 2.6a and (2.9) are consistent with inde-
pendent heuristic quantum-gravity analyses of such measurability bounds.
The consistency between heuristic quantum-gravity measurability analysis
and k-Poincaré measurability analysis might signal that below some length
scale characterized by the deformation parameter s (and possibly related
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or even identified with the Planck length) the k-deformations of Poincaré
symmetries might play a role in the description of gravity. Also important is
the nature of the x-dependent kinematics of massless particles that we em-
ployed here. We expect that the experimental consequences of this modified
photon kinematics should be a main ground for the physical testing of the
idea of k-deformation.
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